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Applications of Google matrix to directed networks and Big Data

Colloque de restitution du Défi MASTODONS CNRS 2016

 http://www.quantware.ups-tlse.fr/APLIGOOGLE/

Google matrix G of the English Wikipedia network (Aug. ‘09) N=3 282 257. Left panel : close up 200x200 first elements.

http://www.quantware.ups-tlse.fr/APLIGOOGLE/
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ApliGoogle partners

ApliGoogle « Kick-off » meeting, Luchon, May 16th 2016
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ApliGoogle partners

Laboratoire de Physique Théorique 
de Toulouse (UMR CNRS 5152)

● DR1 D. Shepelyansky (PI)
● Pr. K. Frahm

Expertises: Quantum chaos, 
Random Matrix Theory, Complex 
directed networks

ApliGoogle « Kick-off » meeting, Luchon, May 16th 2016

LPT

http://www.quantware.ups-tlse.fr/dima

http://www.quantware.ups-tlse.fr/dima
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ApliGoogle partners

Institut de Recherche en 
Informatique de Toulouse 
(UMR CNRS 5152)

● MCF K. Jaffrès-Runser
● Samer El Zant (doctorant)
● Dr. T. Peng (post-doctorant)

Expertises: Wireless networks

ApliGoogle « Kick-off » meeting, Luchon, May 16th 2016

LPT
IRIT

Laboratoire de Physique Théorique 
de Toulouse (UMR CNRS 5152)

● DR1 D. Shepelyansky (PI)
● Pr. K. Frahm

Expertises: Quantum chaos, 
Random Matrix Theory, Complex 
directed networks

http://www.quantware.ups-tlse.fr/dima

http://www.irit.fr/~Katia.Jaffres

http://www.quantware.ups-tlse.fr/dima
http://www.irit.fr/~Katia.Jaffres
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ApliGoogle partners

Institut Curie (INSERM U900)

● Dr. A. Zinovyev
● Dr. I. Kuperstein
● Dr. L. Calzone
● U. Czerwinska (doctorante)

Expertises: Computational Biology, 
Systems Biology of Cancer

ApliGoogle « Kick-off » meeting, Luchon, May 16th 2016

LPT
IRIT

Inst. Curie

Laboratoire de Physique Théorique 
de Toulouse (UMR CNRS 5152)

● DR1 D. Shepelyansky (PI)
● Pr. K. Frahm

Expertises: Quantum chaos, 
Random Matrix Theory, Complex 
directed networks

Institut de Recherche en 
Informatique de Toulouse 
(UMR CNRS 5152)

● MCF K. Jaffrès-Runser
● Samer El Zant (doctorant)
● Dr. T. Peng (post-doctorant)

Expertises: Wireless networks

Institut de Recherche en 
Informatique de Toulouse 
(UMR CNRS 5152)

● MCF K. Jaffrès-Runser
● Samer El Zant (doctorant)
● Dr. T. Peng (post-doctorant)

Expertises: Wireless networks

Institut de Recherche en 
Informatique de Toulouse 
(UMR CNRS 5152)

● MCF K. Jaffrès-Runser
● Samer El Zant (doctorant)
● Dr. T. Peng (post-doctorant)

Expertises: Wireless networks

http://www.ihes.fr/~zinovyev/

http://www.quantware.ups-tlse.fr/dima

http://www.irit.fr/~Katia.Jaffres

http://www.ihes.fr/~zinovyev/
http://www.quantware.ups-tlse.fr/dima
http://www.irit.fr/~Katia.Jaffres
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ApliGoogle partners

Institut UTINAM
(UMR CNRS 6213)

● MCF J. Lages
● S. Diakité (ingénieur)
● F. Gazelle (ingénieur)

Expertises: Quantum 
chaos, Random Matrix 
Theory, Complex directed 
networks

ApliGoogle « Kick-off » meeting, Luchon, May 16th 2016

LPT
IRIT

Inst. Curie

UTINAM

Laboratoire de Physique Théorique 
de Toulouse (UMR CNRS 5152)

● DR1 D. Shepelyansky (PI)
● Pr. K. Frahm

Expertises: Quantum chaos, 
Random Matrix Theory, Complex 
directed networks

Institut de Recherche en 
Informatique de Toulouse 
(UMR CNRS 5152)

● MCF K. Jaffrès-Runser
● Samer El Zant (doctorant)
● Dr. T. Peng (post-doctorant)

Expertises: Wireless networks

Institut Curie (INSERM U900)

● Dr. A. Zinovyev
● Dr. I. Kuperstein
● Dr. L. Calzone
● U. Czerwinska (doctorante)

Expertises: Computational Biology, 
Systems Biology of Cancer

http://www.ihes.fr/~zinovyev/

http://perso.utinam.cnrs.fr/~lages

http://www.quantware.ups-tlse.fr/dima

http://www.irit.fr/~Katia.Jaffres

http://www.ihes.fr/~zinovyev/
http://perso.utinam.cnrs.fr/~lages
http://www.quantware.ups-tlse.fr/dima
http://www.irit.fr/~Katia.Jaffres
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How Google works

From Markov (1906) to Brin & Page (1998)

Markovian process : a random surfer probe the structure of a directed 
network. A each step, the surfer choose randomly an adjacent node to hop 
and continue its journey.

Adjacency matrix
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How Google works

From Markov (1906) to Brin & Page (1998)

Markovian process : a random surfer probe the structure of a directed 
network. A each step, the surfer choose randomly an adjacent node to hop 
and continue its journey.

Adjacency matrix Stochastic matrix Google matrix

/N

PageRank vector

is the probability that random 
surfer arrives at node i at the 

nth step.

is the G matrix eigenvector 
associated with eigenvalue 1

Perron-Frobenius operator
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How Google works

From Markov (1906) to Brin & Page (1998)

Markovian process : a random surfer probe the structure of a directed 
network. At each step, the surfer choose randomly an adjacent node to hop 
and continue its journey.

Adjacency matrix Stochastic matrix Google matrix

/N

PageRank vector

is the probability that random 
surfer arrives at node i at the 

nth step.

is the G matrix eigenvector 
associated with eigenvalue 1

The most important node is the one with the highest probability.
“Recursive definition”: the more a node is pointed by important nodes, the 
more it is important.

PageRank measures the influence of a node.

PageRank is (was?) at the heart of                search engine (Brin, Page ‘98).

Perron-Frobenius operator
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How Google works

From Markov (1906) to Brin & Page (1998)

Markovian process : a random surfer probe the structure of a directed 
network. At each step, the surfer choose randomly an adjacent node to hop 
and continue its journey.

Adjacency matrix Stochastic matrix Google matrix

/N

PageRank vector

is the probability that random 
surfer arrives at node i at the 

nth step.

is the G matrix eigenvector 
associated with eigenvalue 1

The most important node is the one with the highest probability.
“Recursive definition”: the more a node is pointed by important nodes, the 
more it is important.

PageRank measures the influence of a node.

PageRank is (was?) at the heart of                search engine (Brin, Page ‘98).

CheiRank vector

Similar to PageRank of the inverted network. With inverted adjacency 
matrix elements               , it is possible to define the stochastic matrix 
elements             , and the Google matrix elements             associated to 
the inverted network (Fogaras ‘03, Chepelianskii ‘10).

“Recursive definition”: the more a node pointed toward important nodes, 
the more it is important.

CheiRank measures the diffusion/the communication of a node.

Perron-Frobenius operator
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Real directed complex networks

Properties of real networks (WWW, social networks, ...)

● “Small world” property: average distance between two nodes
● Scale-free property: distribution of the number of ingoing or outgoing 

links is 

PageRank distribution properties

Google matrix G of the English Wikipedia network (Aug. ‘09)

N=3 282 257

Figures from :
Ermann, Frahm, Shepelyansky 
(2016), Scholarpedia, 
11(11):30944

Ermann, Frahm, Shepelyansky 
(2015), Rev. Mod. Phys. 87, 1261. 

Google matrix spectrumPageRank distribution properties

Theory of real directed complex networks

Random Matrix Theory introduced by Wigner ‘67 describes universal spectral properties 
shared by complex nuclei/atoms/molecules and also mesoscopic and quantum chaos 
systems (Hermitean and unitary matrices statistical ensembles).

Challenge : A Random Matrix Theory for Markov chains and Google matrix ensembles 
is still lacking                        We need more examples / more applications  

Wikipedia english ‘13 network
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Big Data seen as directed networks

Non exhaustive list of applications

Data Nodes Links between nodes

WWW Web pages Hyperliens

Wikipedia Wiki articles Citations intra-wiki

Twitter / social networks Members Follow relations

World Trade (from WTO, 
UN, OECD, ...)

Goods x countries Economical balance 
between countries

Omics Proteins Inhibition/activation

Linux Kernel commands Command succession

DNA Pattern Pattern successions

Brain activity Neurons Synaptic connections

Go game Played patterns Pattern sucessions

For a review, see Ermann, Frahm, Shepelyansky (2015), Rev. Mod. Phys. 87, 1261.
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World Trade Google matrix

The analysis of World Trade Google matrix allows to treat every country, poor or rich, in an equal footing. Indeed, 
for a given country, imported quantities from or exported quantities toward another country are normalized by the 
total imported or exported (different point of view in comparison with usual import-export classification).

PageRank naturally characterizes the capacity of a country to import.

CheiRank naturally characterizes the capacity of a country to export. 
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75% overlap between top 20 countries in K-K* 
plane and G20 members

Data from UN-COMTRADE
227 countries
~5000 products

Ermann, Shepelyansky ‘11
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World Trade Google matrix

PageRank-CheiRank balance

Sensitivity of the PageRank-
CheiRank balance to the 
increase petroleum cost

Data from UN ‘14



  

Colloque de restitution du Défi MASTODONS CNRS 2016 – jeudi 9 février 2017

World Trade Google matrix

Sensitivity over the 
years of the 
PageRank-CheiRank 
balance to the 
increase of labor 
cost in Germany

Study of crisis
Recomendations
Risks 

Data from WTO
58 countries
37 activity sectors

Collaboration with H. Escaith from WTO
Geneva

Kandiah, Escaith, Shepelyansky ‘15
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Highlight of some results from ApliGoogle project
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WRWU: Wikipedia Ranking of World Universities
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WRWU: Wikipedia Ranking of World Universities

1024 ranked Universities

Definitely, as ARWU, WRWU measures academic excellence but not only ...

J. Lages, A. Patt, D. L. Shepelyansky, The European Physical Journal B (2016) 89: 69
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WRWU: Wikipedia Ranking of World Universities

… WRWU measures also historical, 
societal and regional importance of 
universities.

WRWU is free from any cultural preferences 
since :
- it takes into account many cultural point of 
view as we use encyclopaedic knowledge 
contained in 24 Wikipedia langage editions 
(17 millions wiki articles)
- these points of view are treated on equal 
footing with the same statistical analysis 
(PageRank, CheiRank, ...)

WRWU can be considered as 
complementary to already existing rankins 
such as ARWU (Shanghai), THE, …, but in 
fact it encodes already all existing 
rankings since Wikipedia contains 
information on it.

Universal ranking ?

Communicative Univs

Influent Univs

J. Lages, A. Patt, D. L. Shepelyansky
The European Physical Journal B (2016) 89: 69
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WRWU: Wikipedia Ranking of World Universities

Web page of WRWU with detailed data (ranking by country, by foundation century, …)
Is your Univ. well ranked ? Check at : http://perso.utinam.cnrs.fr/~lages/datasets/WRWU/

In the media (100 press articles in 22 countries) : http://perso.utinam.cnrs.fr/~lages/datasets/WRWU/press/Press.html

http://perso.utinam.cnrs.fr/~lages/datasets/WRWU/
http://perso.utinam.cnrs.fr/~lages/datasets/WRWU/press/Press.html
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Reduced Google matrix
Consider a network with            nodes.
Consider a sub-network (a community) of              nodes. Google matrix of the N size network and the associated 
PageRank vector can be written

We define the reduced Google matrix         associated to the size        community such as

The reduced Google matrix can be written

                                                          Very slow convergence since the eigenvalue       of                       is very close to 1.

Contribution 
from direct 

links

Contribution from 
indirect links

(scattering term)

K. M. Frahm, and D. L. Shepelyansky, 
arXiv:1602.02394 [physics.soc-ph]
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Reduced Google matrix
Consider a network with            nodes.
Consider a sub-network (a community) of              nodes. Google matrix of the N size network and the associated 
PageRank vector can be written

We define the reduced Google matrix         associated to the size        community such as

The reduced Google matrix can be written

K. M. Frahm, and D. L. Shepelyansky, 
arXiv:1602.02394 [physics.soc-ph]

Contribution 
from direct 

links

Contribution 
from hidden 

links

Contribution 
from 

« PageRank »
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Wikipedia mining of hidden links between political leaders

direct links hidden links

Frahm, Jaffrès-Runser, Shepelyansky, Eur. Phys. J. B (2016) 89: 269

2013 Wikipedia edition
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Wikipedia mining of hidden links between political leaders

direct links hidden links

Frahm, Jaffrès-Runser, Shepelyansky, Eur. Phys. J. B (2016) 89: 269

2013 Wikipedia edition
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Wikipedia mining of hidden links between political leaders

direct links hidden links

Frahm, Jaffrès-Runser, Shepelyansky, Eur. Phys. J. B (2016) 89: 269

2013 Wikipedia editionCircles of influence
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Google matrix analysis of causal cancer protein networks

Lages, Shepelyansky, Zinovyev, bioRxiv 096362, submitted to eLife

Strong hidden links

Hidden interactions between proteins
Global network (signaling network SIGNOR) 2432 proteins (nodes)
Example of a sub-network of 76 proteins (direct transcriptional targets of E2F1 protein)

direct links hidden links
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Google matrix analysis of causal cancer protein networks

Lages, Shepelyansky, Zinovyev, bioRxiv 096362, submitted to eLife

General scheme
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Google matrix analysis of causal cancer protein networks

Lages, Shepelyansky, Zinovyev, bioRxiv 096362, submitted to eLife
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Planned further works
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Planned further works

● Global multiproduct world trade network
Merging UN, WTO and OECD data to construct a global network of 
about 2 million nodes.
Analysis of global world trade along decades.
Use of reduced Google matrix to find hidden links between activity 
sectors or products.

● Bitcoin transactions network
Currently about 10 millions transaction per month / 10 billion US dollars 
volume.

● Global multilingual Wikipedia network
Build a global Wikipedia network (size about 20 million nodes/articles) 
using the links between articles from different language editions.
Use of reduced Google matrix to find hidden links between concepts 
(many possible directions of investigation)

● Mobile network / Social network
With data collected from a bunch of mobile, construct a network of 
applications/instructions.

● Googlomics : application of Google matrix to mulfunctionnal 
network of omics (proteins, genes, ...)

Bitcoin transactions network density in 
PageRank-CheiRank plane for all period 
from creation in 2009 till April 2013 (about 
2 million users, the number of transactions 
is about 20 millions) [preliminary result]
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Thank You !
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