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Degree-degree correlation & Notations

e ∈ Ee ∈ En

e∗ e∗

D+(e∗) D−(e∗)Dα(e∗) Dβ(e∗)Dαn (e∗) Dβn (E ∗)

Index degree type by α,β ∈ {+,−}.
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Degree-degree correlation & Notations

Given a sequence {Gn}n∈N of directed graphs. Denote by
Gn = (Vn,En) an element of this sequence.
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General formula edges

rβα (G ) =
1

σα(G )σβ(G )

1

|E |

∑
e∈E

Dα(e∗)D
β(e∗) − r̂βα (G )

r̂βα (G ) =
1

σα(G )σβ(G )

1

|E |2

∑
e∈E

Dα(e∗)
∑
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σα(G ) =

√√√√ 1

|E |

∑
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Dα(e∗)2 −
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|E |2

(∑
e∈E

Dα(e∗)

)2

σβ(G ) =
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|E |
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∑
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v∈V

D+(v)Dα(v)k
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Sequences of ’heavy-tailed’ graphs

The space Gγ+,γ−

Denote by Gγ+,γ− the space of all sequences {Gn}n∈N of directed
graphs with the following properties:

G1 |Vn| = n.

G2 There exists and N ∈ N such that for all n ≥ N there exist
v ,w ∈ Vn with Dαn (v), D

α
n (w) > 0 and Dαn (v) 6= Dαn (w), for

all α ∈ {+,−}.

G3 For all p, q ∈ R>0,∑
v∈Vn

D+
n (v)

pD−
n (v)

q = Θ(np/γ+∨q/γ−∨1).
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Sequences of ’heavy-tailed’ graphs

The space Gγ+,γ−

Denote by Gγ+,γ− the space of all sequences {Gn}n∈N of directed
graphs with the following properties:

G4 For all p, q ∈ R>0, if p < γ+ and q < γ− then

lim
n→∞ 1

n

∑
v∈Vn

D+
n (v)

pD−
n (v)

q := d(p, q) ∈ (0,∞).

Where the limits are such that for all a, b ∈ N, k ,m > 1 with
1/k + 1/m = 1, a + p < γ+ and b + q < γ− we have,

d(a, b)
1
m d(p, q)

1
k > d(

a

m
+

p

k
,
b

m
+

q

k
).
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Convergence of Pearson’s correlation coefficients

Theorem

Let α,β ∈ {+,−}, then there exists an area Aβα ⊂ R2 such that for
(γ+, γ−) ∈ Aβα and {Gn}n∈N ∈ Gγ+,γ−

lim
n→∞ r̂βα (Gn) = 0

and hence
lim
n→∞ rβα (Gn) ≥ 0.

[Pim van der Hoorn, Nelly Litvak] 12/26
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Spearman’s rho

Let X ,Y ∈ Rn and let RX ,RY be their rankings.

ρ(X ,Y ) =
12

∑n
i=1 RX (i)RY (i) − 2n(n + 1)2

n3 − n

For a directed graph G , take Spearman’s rho of the vectors

{Dα(e∗)}e∈E and {Dβ(e∗)}e∈E .

v

D+(e∗)
e
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Resloving ties uniform at random

Take a directed graph G = (V ,E )
Let U,W we independent uniform random variables on (0, 1).

Take i.i.d. copies {Ue }e∈E and {We }e∈E of U and W , respectively.

Rα(e∗) the rank of Dα(e∗) + Ue

Rβ(e∗) the rank of Dβ(e∗) +We

ρβα(G ) =
12

∑
e∈E Rα(e∗)R

β(e∗) − 3|E |(|E |+ 1)2

|E |3 − |E |

3|E |(|E |+ 1)2

|E |3 − |E |
= 3 +

6(|E |+ 1)

|E |2 − 1
≥ 3

[Pim van der Hoorn, Nelly Litvak] 16/26
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Taking average ranking
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Kendall’s tau

Given a vector {Xi ,Yi }1≤i≤n of joint observations

τ =
#concordant pairs − #disconcordant pairs

n(n − 1)/2

G = (V ,E ) a directed graph

C
β
α, Dβ

α concordant and disconcordant pairs
(
Dα(e∗),D

β(e∗)
)
e∈E

τβα(G ) =
2
(
C
β
α −D

β
α

)
|E |(|E |− 1)
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Ĝ (n, a)

[Pim van der Hoorn, Nelly Litvak] 20/26



Two In/Out bridge graphs

v1

vi

vn

e1

ei

en

v g w

w1

wj

wan

f1
fj

fan

G (n, a)

v1

vi

vn

e1

ei

en

v g1

u

g2 w

w1

wj

wan

f1
fj

fan
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Two In/Out bridge graphs, scatterplots
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Ĝ (n, a)
D+(e∗)

D−(e∗)

n

an

1

1
•fj

•
ei •g2

•g1

lim
n→∞ r(G (n, a)) = 1

lim
n→∞ ρ(G (n, a)) = −1

lim
n→∞ τ(G (n, a)) = −a/(a + 1)2

lim
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Degree-degree correlations in Wikipedia

Graph α/β Pearson Spearman Kendall
Average Uniform

DE wiki

+/- -0.0552 -0.1435 -0.1434 -0.0986
-/+ 0.0154 0.0484 0.0481 0.0326
+/+ -0.0323 -0.0640 -0.0640 -0.0446
-/- -0.0123 0.0120 0.0119 0.0074

EN wiki

+/- -0.0557 -0.1999 -0.1999 -0.1364
-/+ -0.0007 0.0240 0.0239 0.0163
+/+ -0.0713 -0.0855 -0.0855 -0.0581
-/- -0.0074 -0.0666 -0.0664 -0.0457

NL wiki

+/- -0.0585 -0.3018 -0.3017 -0.2089
-/+ 0.0100 0.0730 0.0727 0.0504
+/+ -0.0628 0.0016 0.0016 0.0015
-/- -0.0233 -0.1505 -0.1498 -0.1048

Table: Results on the wikipedia graphs obtained from the
http://law.di.unimi.it/ database
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Further research

I Convergence theorem for Spearman’s rho and Kendall’s tau

I Directed graph models (Configuration, Preferential
Attachment)

I Degree-degree correlations in directed superstar models

I Statistical estimator for rank correlations on a random graph
models

[Pim van der Hoorn, Nelly Litvak] 25/26



Further research

I Convergence theorem for Spearman’s rho and Kendall’s tau

I Directed graph models (Configuration, Preferential
Attachment)

I Degree-degree correlations in directed superstar models

I Statistical estimator for rank correlations on a random graph
models

[Pim van der Hoorn, Nelly Litvak] 25/26



Further research

I Convergence theorem for Spearman’s rho and Kendall’s tau

I Directed graph models (Configuration, Preferential
Attachment)

I Degree-degree correlations in directed superstar models

I Statistical estimator for rank correlations on a random graph
models

[Pim van der Hoorn, Nelly Litvak] 25/26



Further research

I Convergence theorem for Spearman’s rho and Kendall’s tau

I Directed graph models (Configuration, Preferential
Attachment)

I Degree-degree correlations in directed superstar models

I Statistical estimator for rank correlations on a random graph
models

[Pim van der Hoorn, Nelly Litvak] 25/26



Further research

I Convergence theorem for Spearman’s rho and Kendall’s tau

I Directed graph models (Configuration, Preferential
Attachment)

I Degree-degree correlations in directed superstar models

I Statistical estimator for rank correlations on a random graph
models

[Pim van der Hoorn, Nelly Litvak] 25/26



γ−

γ+
1

1

3

3

A−
+

γ−

γ+
2

2

1

1

A+
−

Thank you
γ−

γ+
1 3

1

A+
+

γ−

γ+
1

3

1

A−
−


	Introduction
	Degree-degree correlations
	Pearson's correlation coefficients
	Rank correlations
	Example
	Wikipedia
	Further research

