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Many years ago Shnirelman had announced [1] and recently proved [2] the theorem on
asymptotic multiplicity of the quantum spectrum in a classically KAM-integrable system.
Here is a few first lines from Ref.[1]:

”Let an arbitrary smooth Riemannien metrics, sufficiently close to the Euclidian one,
be given on a 2D torus M, and let A be the Laplace operator of the former metrics,
A= V—=A, ui, us... the eigenfunctions of A with eigenvalues Ay < Ay < ...

Theorem. YNICx >0, VYn>1 min(Ag1 — Any Aw — Aq) < Cyn ™V

...Thus, the asymptotic multiplicity of the spectrum is a stable phenomenon which
does not necessarily require the presence of any symmetry of the manifold. As a matter
of fact the symmetry of the geodesic flow is of importance which is always present.”

In Ref.[2] this theorem was formulated (and proved) in a more modest way:

AD.2.7. Theorem. If M is a 2D torus, and Condition AD.2.6 is valid, then the
spectrum of A s asymptotically multiple, i.e. for each N > 0 there exists C'y > 0 such
that

min (Ang1 — Any An — Apo1) < Oy

The principal difference is in omitting the statement ¥n > 1 (see above) even though in
an informal explanation of the latter theorem Shnirelman still insists [2]: ”...the whole
sequence of eigenfunctions is asymptotically multiple. (We guess that in fact, in the
generic case, this sequence is asymptotically double).”

Recently there were many discussions on a possible physical interpretation of this, less
known, Shnirelman theorem. The correct interpretation is important for the attempts to
extend its implications from a very specific Shnirelman’s example onto a more broad class
of quantum systems.

Two possible mechanisms were considered:
(i) the effect of the classical KAM structure of everywhere dense set of resonances, and

ii) the quantum tunneling which transforms the exact degeneracy in the classical limi
ii) the quantum t ling which transfi th t deg y in the classical limit
into a quasidegeneracy that is a splitting of the energy levels, relatively small com-

pared to the mean level spacing.



The implications of the first mechanism are still vague but, most likely, that can provide
the quasidegeneracy for a relatively small number of levels only [3].

Unlike this, the tunneling quasidegeneracy is well known from the beginning of quan-
tum mechanics (a standard example is the spatially symmetric double-well potential).
However, in the
Shnirelman theorem a different symmetry is only required, one with respect to the time
reversal. The corresponding quasidegeneracy, produced by the tunneling in momentum
space was also studied recently [4-6] but for the accidental degeneracy in the frame of the
theory of avoided energy level crossings.

The tunneling mechanism of the global quasidegeneracy, predicted by Shnirelman, was
checked and received a preliminary confirmation [7] by computation of the level spacing
distribution following a suggestion in Ref.[8]. Simple analytical estimates were also derived
which further support such an interpretation [7]. The mechanism was conjectured to work
in some completely integrable systems as well.

Here we analyze the latter case in some detail taking the approach similar to that in
Ref.[5]. It is based on the reduction of the problem of tunneling through a nonlinear
resonance to the Mathieu equation [7]. Two critical remarks on this approach in the first
Ref.[4] seem to us irrelevant.

The first remark is: 71t is unlikely that the approximations used by Uzer et al involving
quantizing the Birkhoff — Gustavson effective Hamiltonian are valid in the limit A — 0.”
To the contrary, just in the quasiclassical region the classical canonical transformations,
which form a basis of this approach, acquire unambiguous quantum counterpart, the
corresponding unitary transformations [9,10].

The second remark: ”Another difficulty with their approach is that it is the rational
tori which are destroyed by perturbations in a generic system; thus their theory describes
the quantization of tori which do not exist” is apparently a misunderstanding. Indeed,
sufficiently weak perturbation does not destroy the resonance torus but only modifies it,
particularly producing an exponentially narrow chaotic layer along the resonance separa-

trix. The accuracy of this approximation is the same as that for the adiabatic invariance

(see, e.g., Refs.[11,12]).

1. Tunneling asymptotics of the Mathieu equation

In Refs.[5,6] the tunneling and quasidegeneracy were considered for weakly nonlinear
resonances that is for a perturbed linear oscillator. The structure of such resonances is
generally rather complicated and, moreover, essentially depends on a particular model.
Here we consider a simpler case of the strongly nonlinear resonance when the unperturbed
frequencies are energy—dependent. As is well known (see, e.g., Ref.[11]) such a resonance
admits, for sufficiently weak perturbation ¢ — 0, a universal description by the pendu-

lum resonance Hamiltonian (including many—dimensional oscillations). After appropriate



canonical transformations this Hamiltonian can be written in the form:

2

H = % + € cos (26) (1.1)

where n, 6 are the action—angle variables, n being the angular momentum of free (e = 0)
rotation in 6.
In quantum case n, 6 become operators, particularly in quasiclassical region (n — o0)

n = —19/06 (h = 1). The Schrodinger equation for eigenfunctions of system (1.1) is the
Mathieu equation

d*y

T + (a — 2g-cos(20))y =0 (1.2)
with @ = 2F,(¢) and ¢ = € where integer n enumerates energy levels identified in the
unperturbed limit as £(*) = n?/2. The family E,(¢) of periodic solutions to the Mathieu
equation forms a well-known picture of the parametric resonance ’'tongues’ (see, e.g.,
Fig.8A in Ref.[13]).

Tunneling in momentum space, or the above—barrier backscattering. The

resonance separatrix at energy F,; = € corresponds to the parameter
g=—=—==1 (1.3)

Consider the region g < 1 outside the resonance where the classical motion is a nonuniform
rotation in 6. In model (1.1) there are two symmetric rotations in opposite senses which
are exchanged under the exact discrete symmetry with respect to the time reversal. In
quantum mechanics each rotation is represented by a wave propagating in one direction.
Neither of these two waves can be eigenstate of Hamiltonian (1.1) because of the above—
barrier backscattering for any € > 0 that is for any violation of the continuous symmetry
of the free homogeneous rotation. In the latter case there is exact (double) degeneracy
of each eigenstate. If € > 0 the eigenstates are formed by symmetric and antisymmetric
superpositions of both rotations with different energies £y — F_ = A. As n — oo the
energy splitting A — 0 which is called quasidegeneracy.

Equation (1.2) for the quantum eigenfunctions can be also viewed as the motion equa-
tion for a classical linear oscillator with unperturbed (¢ = 0) frequency wy = v/a under the
parametric perturbation, phase # playing the role of time. Quasiclassical region (n — o0)
corresponds here to the adiabatic perturbation with respect to the unperturbed motion
P O(0) ~ exp(inh). Nevertheless, parametric resonances occur for arbitrarily large n
satisfying

n ~ \a (1.4)

The instability band has a finite width Aa & 4npg proportional to the maximal instability
rate g at the exact resonance [14,15,12]. On both edges of the band g = 0, and the motion

is periodic. These solutions correspond to a splitted quantum eigenstate with

—
2

A =2npuy = 2|V_,,| (1.5)



where V_, , is the matrix element of the adiabatic perturbation between the two states
of a nonuniform rotation. If the unperturbed energies of the two states differ by Ag the
relation (1.5) takes the form (see, e.g., Ref.[16])

A* = A2+ 4|Vogrl (1.6)

and describes the so—called avoided crossing of the two energy levels.
The width of the instability band for the Mathieu equation with ¢ < 1 was calculated
in Ref.[14] (see also Refs.[18,19]):

q" 2n (e2q\"  2n [ \"
A, =~ — |—] =~ — = 1.
(201 (n — 1)!)2 - T (4712) T (8 g (1.7)

The latter, asymptotic, relation has a reasonable accuracy even for n =1 (!). This result

was confirmed in Ref.[15] by a different method using the asymptotic resonance theory.
The same result is obtained employing the standard quasiclassical relation for the

tunneling energy splitting (see, e.g., Ref.[16], and Appendix A below):

2w(g)

A,

%

exp (—5,) (1.8)

Here

T VIE G
w(g):§m\/5~n

is the mean rotation frequency, K (k) is the complete elliptic integral of the first kind with

(1.9)

k* = 2g/(1 + g), and the tunneling action in n

S, = / 10(n)| dn (1.10)

—n

is given by the integral over a classically forbidden 6 path.

Since g = ¢/ E in Eq.(1.7) is a classical parameter the dependence of A/A on quantum
parameter n (and, hence, on /) is the simple exponential in agreement with Ref.[4].
However, the prefactor A = 2n/7E ~ h (in units of Ref.[4]) is different (A ~ £*/?).
Apparently, the prefactor is not universal. Also, I wonder if it was really possible to
discern the dependence ~ h*? from that ~ h numerically (see Fig.2 in second Ref.[4]).

Notice that dependence (1.7) holds true for a completely integrable system (1.1) in
agreement with a conjecture in Ref.[7] (see also Ref.[6]) but contrary to the conclusion in
Ref.[4]. We remind that a single resonance is integrable, including a many-dimensional
case, in spite of broken continuous symmetry in #. The perturbation parameter ¢ in
this case does not introduce any chaos but only switches from continuous to a discrete
symmetry. What is really necessary for quasidegeneracy is a violation of the continuous
symmetry.

For a fixed n the dependence of the energy splitting on symmetry—breaking parameter
¢ is a power law with integer exponent (1.7) as was numerically found in Ref.[4]. However,

this exponent is not always integer either (see below).
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The quasidegeneracy can be distinguished from the level fluctuations if A <« A, the
mean level spacing. The latter depends on the number of freedoms F, roughly as A ~

n?~F. Hence, the condition for quasidegeneracy takes the form

A
s (1.11)

and is always fulfilled, as n — oo, for any ¢ < 1 that is for any rotational state but not
only for g < 1 [6].

Tunneling in #—space. Consider now the region ¢ > 1 inside the resonance separatrix
with bounded oscillations in §. Here, there is also quasidegeneracy, for g > 1, which is
explained by the tunneling through a potential barrier. Asymptotic relation F,(€) in
this region is derived by the standard quasiclassical quantization (see, e.g., Ref.[16] and

Appendix B). In the simplest approximation[13] it is given by

1
E, ~ —e¢ + 2\/c (n + 5) (1.12)

which is reasonably good in the lower half of the potential well: —e < E,, < 0 (for exact
relation and a better approximation in the whole range |E,| < € see Appendix B). Integer
n = 0,1,2... enumerates the energy levels from the bottom of the potential well and
corresponds to that of symmetric (with respect to 6 = 0) eigenfunctions of £, (0).

The quasiclassical energy splitting is described by the standard relation (1.8) with

oscillation frequency
s

w(g) = ﬁ;) ~ 24/e (1 . %) (1.13)

where f =1/g < 1; k* = (1 + f)/2, and with tunneling action (f > 0):
Sy ~ g\/g(l — ) =aw —n) < mnw (1.14)

Here ny &~ 4y/¢/m (B.3) is the total number of states within each of the two potential
wells.

Multiplicity of quasidegeneracy. Energy splitting outside the resonance (g < 1)
in 1D approximation (1.1) is double independent of m (in Eq.(A.1)) because there are
only two classically separated symmetric domains on both sides of the resonance. Inside
resonance (¢ > 1) the situation is more complicated. For the standard Mathieu equation
(1.2) the splitting here is also double because the second—harmonic perturbation produces
two classically separated and symmetric potential wells. In case of the first-harmonic
resonance (V(0) = cosf) the tunneling into a single barrier results in a slight shift of
eigenvalues without any splitting. In the classical picture (1.1) the parametric resonance
occurs here for any half-integer n. However, in quantum mechanics n must be integer
if the physical perturbation is 27—periodic. Hence, half of periodic solutions disappear
together with the energy splitting for large ¢ while the splitting for small ¢ persists.

In case of the perturbation with arbitrary harmonic (V(8) = cos (m#), see Appendices

A and B) the splitting is generally multiple because there are additional periodic solutions
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inside each stable region. The simplest example is the Mathieu equation itself which has
both 27— and 7m-periodic solutions, hence the multiplicity M;, = 2. Generally M;, is equal
to the number of linearly independent solutions with a period Ty such that both mT, /27
and 27 /Ty are integer. This is equivalent to a decomposition of harmonic number m into
the product of two integers: m = my - my. If, for example, m = p > 1 is a prime number
there are only two such decompositions: m = 1-p = p- 1. This implies two solutions
of periods Ty = 27/p and 27, respectively, hence M,,(p) = 2 (doublet). Since the total
number of solutions is p, p — 1 of them (with period 27) are exactly degenerated in spite
of perturbation. These are the solutions shifted by 27 /p in 8. Altogether, there are p
such solutions but only p — 1 of them are independent as the sum of the former is zero.
Particular case of m = 3 was considered in detail in Refs.[17]. Another simple example is
m = p* for which M,, = k + 1. Apparently, the upper limit M,,(m) = m is reached for
m = 1 and 2 only.

In a many—dimensional system of F' freedoms perturbed by a single resonance there
are additional F' — 1 exact motion integrals I, (r = 2,3, ..., F) beside the resonance one,
the energy or the corresponding pendulum action /; [11]. Transitions I, — —1,. increase
the multiplicity of quasidegeneracy both outside and inside the resonance provided de-
pendence of the perturbation on other phases 6,. This is only possible in the presence of
additional resonances when the motion is no longer completely integrable. The maximal
multiplicity in this case is M,, = 2F. This simple consideration gives some support on a
rich quasidegeneracy structure in many freedoms [7]. In other words, the simple backscat-
tering turns into a multidimensional scattering in the action space, the quasidegeneracy
corresponding to some rational scattering angles on the lattice of quantum numbers.

Multidimensional tunneling was recently considered in Ref.[25].

2. The Hill equation: distorted resonance

The Mathieu equation posseses both temporal, or time-reversal, (n — —n) as well as
spatial (6 — 0+27/m; § — —0) discrete symmetries. In light of the Shnirelman theorem,
discussed in the Introduction above, it is interesting to consider a model with only time—
reversal symmetry left. To this end we need a more general periodic perturbation in
resonance Hamiltonian (1.1):

my

V(8) = Z Vi cos (mb + én,) (2.1)

m#£0
represented by a finite or infinite (m; = o) Fourier series. The corresponding Schrodinger
Eq.(1.2) is known as Hill’s equation.
For a particular harmonic m the rotation energy splitting is given by (see Appendix
A):
A, v (O gVl (2.2)

T
with factor C' ~ 1.



Critical perturbation harmonic. Asymptotically (n — o0), the main contribution
to A, comes from a certain critical harmonic m = m. which, depending on the rate of
V. decay and other parameters, may be the lowest one (m. = 1), the highest (m. = my)
or intermediate (1 < m. < my, see Appendix C). In case of infinite Fourier series (2.1)
the value of m in Eq.(2.2) is bounded from above by the first instability zone (the main
parametric resonance): m < 2n.

To the best of my knowledge the intermediate regime has not been considered as
yet. On the contrary, there are various assertions in the literature that such regime
does not exist at all. For example, in the second Ref.[18] there is a brief remark (without
reference): "For a general Hill’s equation (with arbitrary coefficient V(6) [in our notations,
see Eq.(2.1)]) the situation is completely different; the width of any zone decreases for
typical V() as the first power of €”. Apparently, the (implicit) formulation of the latter
problem is different, namely, to study the asymptotic behavior of a resonance zone as
e — 0 for a fired n. Then, m, increases and eventually reaches the upper limit m, = 2n

below which (in €) Eq.(2.2) gives
2
A, =~ ZCgn*Vsy, (2.3)
T

so that the splitting is indeed simply proportional to the perturbation strength ¢ = ¢/ F,,.
Here we consider also the intermediate asymptotics: 1 > ¢ > ¢. where ¢, is determined
by the condition: m.(e.) = 2n (see Eq.(C.7)). This is only possible for a sufficiently fast
decay of perturbation Fourier harmonics. Apparently, the critical decay is approximately
the simple exponential: V,, ~ exp (—om).

The same is true for the finite Fourier series as well. In this case the critical ¢, is
found from the equation m.(e.) = ms. Again, there is an apparent contradiction with the
rigorous results in Ref.[18] that m. = m; always that is for arbitrary V() but only, as

far as I understand, in the limit e — 0.

3. Statistics of quasidegeneracies

A global characteristic of quantum degeneracy is the statistics of energy splittings A
recently studied in Ref.[7] in an attempt to clarify the physical meaning of the Shnirelman
theorem. The model used was somewhat different from Eq.(1.1), namely, the kicked

rotator on a torus specified by the Hamiltonian:
2

H = % + k- V(0) - 57(t) (3.1)
where 47 is the d—function of period T, and the following perturbation
1
V(0) = cosf — 5 sin (20) (3.2)

was chosen to completely destroy the spatial symmetry. For a sufficiently small classical
perturbation parameter K = kT ~ 0.2 < 1 we may expect the global behavior, partic-
ularly, degeneracy to be close to that for integrable system (1.1) with perturbation (2.1)
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and m; = 2 (see also below). There is, of course, a chaotic component of the motion but
it is relatively small.

Circumference of the torus N (in n) is equal to the total number of quantum states.
There are r = NT'/2m = 2 identical resonances at n = 0 and n = N/2. Each of them is
characterized by the potential well (3.2) with [V (0)| < 3v/3/4 = V4.

The A-statistics is described by integral probability

P(s) = % - %” (3.3)

where s = A/A = 2A is the quasienergy splitting normalized to the mean level spacing

A =27/TN =1/r = 1/2. The minimal s &~ 0 is reached at n = N/4 (because of the two

resonances present), and the total number of splitted states cannot exceed N/2.
According to the above theory the splitting is determined, for sufficiently small s, by

the second harmonic of perturbation (3.2) with e = k£/T and the classical parameter

_MT K (E)Q (3.4)
9= n2/2 8% \n '
Using Eq.(2.2) we obtain
4 vOCK N
Ins =1In (—) +Inn+2n(L—Inn); L=In (047&) (3.5)
T T

The dependence of I = NP on Ins was found in a certain range of s to be close to linear

one (Fig.1). Indeed, Eq.(3.5) implies (n > 1):

; (3.6)

dlns 1 1 1 Cg
a1 7—1—%—L—I—lnn~1—|—lsp>1, lsp——§lﬂ< )

where [ is the empirical slope of function I(Ins), and [, is the slope for a fized classical
parameter n/N, or g (see Eqs.(2.2) and (3.4)). The former is always less than 1 contrary
to empirical result [ ~ 1.8 [7]. The difference is clearly seen in Fig.1.

To understand the origin of discrepancy the derivative df/dIns is shown in Fig.2
together with theoretical dependence (3.6). In case of a single harmonic (Mathieu’s equa-
tion) the factor C' &~ 1 with renormalized § = ¢V,, = ¢/2 in Eq.(3.6) (see Eq.(2.2) and
Appendix A). For Hill’s equation a plausible approximation would be renormalization to

the full amplitude of the perturbation:
g =9V (3.7)

Then, C =~ 2V, = 3v/3/2 ~ 2.6 in Eq.(3.6). The best fit, shown in Fig.1, gives a
reasonably close value of C' = 3.1 (fitting parameter Cy = C~'/2 = 0.57). Beside a poor
theoretical approximation for C' used, apparently s is not small enough owing to numerical
errors in computing eigenvalues for s <107%. I think this is the main cause of the above

discrepancy.
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Figure 1: Statistics of quasidegeneracies in model (3.1): k& = 6 — 10; K ~ 0.15 —
0.25; N =501 (after Ref.[7]). Solid line is the best fit of numerical data[7] to theoretical
dependence (3.5) with ' =1/CZ.
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Figure 2: Derivative of the distribution function in Fig.1. Solid line shows dependence
(3.6) with the same fitting parameter Cy = 0.57.
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Instead of the integrable approximation we may use Eq.(1.5) with matrix element for

the direct one-kick transition —n — n of approximate kick operator [7]

. k
V = exp (ig-sin(ZG))

Then,
1 er gn\" A
Val = o (0 2 18
Vornl — 5N 5 (3.8)

which differs from Eq.(2.2) used above by a small classical factor n/N, thus giving negligi-
ble A for g <« 1. Nevertheless, this approach provides a correct estimate for [, [7] but not
for A. The main reason for underestimating A is apparently in that the uniform-rotation
eigenfunctions are used in evaluating Eq.(3.8) instead the nonuniform ones (cf. Eq.(1.5)).

The region inside the resonance does not contribute to quasidegeneracy because of the
broken spatial symmetry [7]. Apparently, the second (later) formulation of the Shnirelman

theorem (see Introduction above) is more accurate or, perhaps, more general.

4. Two symmetric resonances

Hamiltonian (1.1) describes a nonlinear resonance to some approximation only. Next
terms, e.g., ~ n® would generally destroy the symmetry of states £n leaving behind only
accidental degeneracy with some avoided level crossings. In case of exact time-reversal
symmetry the only exclusion corresponds to the resonance exactly at ng = 0. We remind
that in model (1.1) variable n is generally the difference (n — ny).

However, under time-reversal symmetry to each resonance shifted from zero (ny # 0)
there is symmetric resonance at —ng. This restores the global tunneling and quasidegen-
eracy.

Consider Hamiltonian

2

H = n + 2¢-cos (mb) - cos ()

2
n?
=3 + €-cos(mb — Qt) + €-cos(mb + Qt) (4.1)
which describes two resonances at ng = +Q/m. This system is no longer completely

integrable but for a large adiabaticity parameter A = ng/v/2¢ = /fo chaotic component
is of exponentially small measure in A [11] (the so—called KAM integrability). For the
problem in question it is unimportant (cf. Section 3).

There are three regions different with respect to the tunneling in momentum space:

(i) outside resonances where the tunneling goes through both of them and the region

inbetween,

(ii) between resonances with tunneling away from both, and
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(iii) inside resonances where the energy splitting is caused by the tunneling in momentum
space between two resonances but not inside them which is negligible for m =1 (see
Section 1).

In evaluating the energy splitting under condition A > 1 the combined action of both
resonances can be neglected. Then, by a change of variables the problem is reduced to a
single resonance with

9= (4.2)

In the simplest case g < 1 we can use expression (2.2) to obtain, assuming C' = 1, the
following rough estimates (see Appendix A). In regions (ii) and (iii), defined above, the
tunneling action is given by Eq.(A.5), and we have:

m 2ng
A, ~ —|n — nolgy™ , 0 <nXno (4.3)
m

where go(n) = ¢(0). In region (i) the tunneling is generally more complicated. If n 2 2ng

the tunneling through each resonance is incomplete at one side: 0 < n < ng. Then, using

Eq.(A.6) we obtain:
Ay ~ Zln = nolgm™,  n2ng (4.4)
T

In the interval ng < n < 2ng there is a competition of two tunnelings, one between the
resonances, Eq.(4.3), and another through both of them. If the latter is decisive that is
providing less A,, then

4(n—ng)

m
A, ~ ?|n — nglg™ ™ (4.5)

otherwise estimate (4.3) holds. The transition between both tunnelings is roughly at
n & 3ng/2. In all regions the energy splitting A,, — 0 as quantum parameter n — oo.

For a time dependent Hamiltonian like (4.1) the mean quasienergy level spacing
A= — (4.6)

where N is the total number of states (cf. Section 3). As N — oo mean spacing A — 0.
However, in a conservative system with compact energy surfaces A is always finite and,

for two freedoms, is independent of quantum parameter n.

5. Conclusion: a new time scale of quantum chaos

How simple and specific the model of a single (1.1) or even double (4.1) resonance
may seem it actually represent, at least qualitatively, a rather general picture of the bulk
quantum quasidegeneracy. Indeed, the principal condition for the latter is the existence of
a discrete and only discrete symmetry between some well separated domains in phase space
[7]. The present results provide additional confirmation to the physical interpretation of
the Shnirelman theorem in Ref.[7].
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The models discussed above do not include chaotic motion where the global quasidegen-
eracy may also occur [20,8,7] (see also Ref.[23] where a similar dual problem in symmetric
random potential is considered). The main condition for the chaotic quasidegeneracy is a
strong quantum localization which separates symmetric domains. For example, in model
(3.1) this condition takes the form

[y < N (5.1)

where [ &~ D is the localization length ( in the number of states) of the quantum steady
state [21], D stands for the classical diffusion rate, and N is the total number of states.

The quasienergy splitting is given by the estimate [22] (see also Ref.[8]):

2
A & A-exp(— n) (5.2)
lsp
where n is the distance of a localized state from the center of symmetry (n = 0, see

Section 3), [5, ~ [, and A is some constant.

In a sense, the tunneling counteracts quantum localization. It is characterized by the

1 2n
1y ~ N eXP (—) (5.3)

lsp

tunneling time scale

This is the third principal time scale in addition to random (¢,) and relaxation (or local-

ization) (tgr) time scales which, for model (3.1), are given by the estimates [21]:

1
t, ~ Ink; tp ~ <~ [y ~ k? (5.4)

The quasidegeneracy can be observed only if (cf. Section 1)
t A
— ~ =21 5.5
Unlike two scales (5.4) which indefinitely grow with quantum parameter k the scale ¢
decreases (5.3) until the quasidegeneracy gets lost (5.5) within level fluctuations.
The first, to my knowledge, direct observation of the tunneling time scale was reported
in Ref.[20] (see Fig.2 there): a narrow wave packet was shown numerically to oscillate.

Due to dispersion of tunneling frequences (5.2) in the quantum steady state which we

assume in the form

4/l
€2m/ls + €—2m/lS

f(n) = |s(n)* =

where m = n — ng, the oscillation decays, roughly as (see Appendix D)

<§0> ~ cos(r Ccos (%)) : eXP<_TSin (%)) (5.7)

with parameter ¢ = [5/l5,, and 7 = Agt, Ag = A(ng) (5.2). From a single example of

(5.6)

tunneling relaxation in Ref.[20] it is difficult to judge whether the variation of < n > shows

!The tunneling through chaos between regular domains was studied much before in many papers (see [26] and references

therein).
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some residual oscillation or just a fluctuation. In the latter case [, = [, as expected [§],
and the relaxation (5.7) would be a pure exponential. In any case the tunneling relaxation
leads to a new, "double-hump”, steady state with two symmetric "humps” at n = £ny.
The fluctuation of < n > in this steady state can be roughly estimated in the same way
as that for energy [24] (see also Ref.[8]): A < n > [ng ~ k7% ~ 0.4, which does not

contradict with numerical data in Ref.[20].
Acknowledgments. [ appreciate interesting and stimulating discussions with J.Bellissard,
O.Bohigas, G.Casati, F.M.Izrailev, M.Robnik, D.L.Shepelyansky, Ya.G.Sinai.
Appendix A: tunneling in momentum space
Consider a slightly different form of Hamiltonian (1.1), namely
2

H(I, 0) = % + € cos (mb) (A1)

Then, in classically forbidden domain of # including resonance (I < 2¢(f — 1) = I})

2 m|d| —m|8|
Cos(mG):f—[— _ e fe = F(l) >1
2e 2
whence | I (2F
0] = —In(F + VF? — 1) = n(2F) (A.2)
m m
if f > 1. The action integral
Il 2 Il 2[
S = 2/ 0(1)|dI ~ _/ In(2F(1)dl ~ — == In(Cg) (A.3)
0 m Jo m

where F/(I}) =1 and g = 1/f = 2¢/I*. Asymptotic value of factor C' = €?/8 = 0.92 (g <
1) while C' — 1 as ¢ — 1. Using Eq.(1.8) with prefactor mw(g)/m we arrive at Eq.(1.7) for
m = 2 (standard Mathieu equation), and I ~ n. Multiplier m accounts for the coherent
backscattering from m barriers of the potential in Eq.(A.1).

Notice also that approximations (1.4) and (1.9) are fairly good for small ¢:

e (10 2) i (1 2) »

There is also a classically forbidden domain in 6 outside resonance (1? > 2¢(f+1) = I3)
where Eq.(A.2) holds as well with F' = [?/2¢ — f > 1. Here the action integral

IO 2 IO 2[ 2
S = 2/ 0(1)|dI ~ = [ In(2F(I))dl ~ —=—1n (% go) (A.5)
I m

m Ji,

if Iy > I = /2¢/g, and go = 2¢/1; < 1. In this approximation Eq.(A.5) remains
unchanged upon substitution of any I > 0 instead of I that is by starting integration
inside the resonance. Relations (A.5) and (A.3) are similar, in both S is determined by
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the larger value of I on the integration path. However, asymptotic value of C' = €?/2 in
(A.5) is larger than in (A.3).
Finally, consider the incomplete tunneling through half of a resonance (cf. Eq.(A.3)):

S = /010 o0 dl ~ — 101 (9—0) (A.6)

m 2

where Iy < I = /2¢/g. Again, the result is similar to Eqs.(A.3) and (A.5) with a different

factor C' = 1/2. For rough estimates to logarithmic accuracy we can use in all cases C' = 1.

Appendix B: f—tunneling within the resonance

The quasiclassical asymptotics of the spectrum for Hamiltonian (A.1) at f = 1/g =
E, /e <1 is given by the action integral (see, e.g., Ref.[16]):

S, = f[(e)de - 4\”/? /0 Jf + coszdz =

lE(k) _ %K(k)] Conn 12 et Yo S gy

0.15>
" (5-Y)
where E(k) is the complete elliptic integral of the second kind, and k? = (1 + f)/2. The

last simple expression in (B.1) provides a fairly good approximation to S, in the whole

16,/e

m

range |f| < 1. At the bottom of the potential well Eq.(B.1) gives the spectrum of a linear
oscillator with frequency m/e:

En:—c—km\/E(n—l—%) (B.2)

which is also well known asymptotics of the Mathieu equation [13]. Near the separatrix

we obtain the total number of states within each of m wells:

Sve (B.3)

mT™m

nw ~

which is very close to the total number of rotating states up to separatrix energy F; =
€~ %(1 + ¢*/8) = 9n%/16 (see Eq.(A.4)). In this approximation we have (m = 2)
nw/ngr ~ 3/7 = 0.95.

The tunneling action in 6 is given by the integral (cf. Eq.(B.1)):

Se(f) = / 11(0)|do = 27{? /0 Jeosz — fde = S“(;f) (B.4)

In the upper half of the potential barrier f > 0 (and in the lower half of the well) we

can neglect a slight variation of denominator in approximate relation (B.1) to obtain still

simpler expression

g(l — ) = m(nw — n). (B.5)

%

Sy T

It corresponds to the harmonic oscillator approximation for 9,.
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Appendix C: intermediate critical harmonic in the Hill equation

Rewrite the contribution of m-th harmonic (2.2) in the form

InA(m) = In (ﬁ) + Inm — 2n - G(m); G(m)

s

_ Inf 4+ v(m)

m

(C.1)

where f =n?/2¢ = 1/g > 1, and v(m) = —InV,,. Asymptotically, as n — oo, the main

contribution comes from the harmonic m = m, which minimizes G/(m), whence
Inf + v(m:) = mo'(m.) = A.v(m,) (C.2)

Then,
nMm, 2n. A

- gme Re—1 (C.3)

A, = A(m,) ~

T
provided m. > 1 and m. < min(my, 2n) (see Section 2).

For example, if V;,, ~ exp (—om) Eq.(C.2) has no solution, and the critical harmonic
m. = min(my, 2n) is as large as possible. Another example is a faster exponential decay
of V,, with

v(m) = om’ (C.4)

The above inequality m. > 1 implies

Then, A\, = A > 1, and

g < e7?OY (C.6)

otherwise m. = 1, and Eq.(2.2) should be used instead of Eq.(C.3). Another condition

m. < m; where m; = min(my, 2n) leads to
g > eoO-0m (C.7)

otherwise m. = m; in Eq.(2.2).

A more interesting example is the perturbation
V() = sin(Bsind) = 2 Y J,(B) sin(mb) (C.8)
m=1
where .J,,(3) are the Bessel functions, and all m are odd. For sufficiently large m

v(im) = (m + 1/2) Inm — m In(PBe/2) + %ln(w/Z)

and

; Inlnf : 1
me. ~ Inf + n;f%lnf; Ae &1+

(C.9)

17



2
perturbation (C.8) is very small, yet its effect on the energy splitting may be quite big:

where f = f - \/E6 For # < 1 the distortion of resonance (1.1) with V(0) = cos(8) by

Alme) ~ [A)); P = % <1 (C.10)

m

if g << B3, (me>1).

Appendix D: tunneling relaxation

For each degeneracy doublet the state initially localized in one of two symmetric do-

mains, e.g., at n = ng (for model (3.1)) will oscillate so that

<n>

ng

v(t) = = cos (A - 1) (D.1)

where < n > denotes the quantum averaging in an instantaneous state, and

A = Ao-exp(—Qm) (D.2)

loy

is the energy splitting with m = n — ng and Ag = A(ng) in Eq.(5.2). The relaxation
v — 0 as t — oo is determined by the spectrum w(A) which, in turn, depends on the

quantum steady state assumed in the form

4/mls
i) = Wl = e (D3)
Combining Eqgs.(D.2) and (D.3) we obtain for the spectrum
dm 2p wPl
N il T S DA
wiw) = fim) |20) = 22T (D4

where w = A /A, is dimensionless freguency, and p = [5,/ls stands for the ratio of splitting
and localization scales. Assuming decoherence of chaotic eigenstates, the relaxation is

given by the integral
/OO (1 + —) ccos (wT) w(w) dw ~ /OO cos (w ) w(w) dw (D.5)
0

neglecting a small term with m/ng ~ [;/ng in the latter expression, 7 = Agt. In a

particular case p = 1 (l5, = [5) the relaxation is a pure exponential
v=exp(—1) (D.6)

Otherwise the oscillation arises due to the singularity at w = 9. Asymptotically as 7 — oo

v(T) ~ cos [T - cos (%) ] - exp [— T sin (%)] (D.7)

18
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