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�à¥æ¨§¨®®¥ ¨§¬¥à¥¨¥ à áé¥¯«¥¨ï

á¥¯ à âà¨áë ¥«¨¥©®£® à¥§® á 

�.�. �¥ç¥á« ¢®¢, �.�. �¨à¨ª®¢

��� ¨¬. �.�. �ã¤ª¥à , 630090 �®¢®á¨¡¨àáª, �®áá¨ï.

�®â æ¨ï

�à¥¤áâ ¢«¥ë à¥§ã«ìâ âë ç¨á«¥ëå íªá¯¥à¨¬¥â®¢ ¨ â¥®à¥â¨ç¥áª®£®   «¨§  à áé¥¯-

«¥¨ï á¥¯ à âà¨áë ¥«¨¥©®£® à¥§® á  ¢ ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¥ ¤«ï ¬®¤¥«¨ áâ -

¤ àâ®£® ®â®¡à ¦¥¨ï. �¯¥à¢ë¥ ¯àï¬®¥ ¨§¬¥à¥¨¥ ã£«  à áé¥¯«¥¨ï �(K), £¤¥ K � 1

¬ «ë© ¯ à ¬¥âà á¨áâ¥¬ë, ¢ë¯®«¥® ¢ ®£à®¬®¬ ¤¨ ¯ §®¥ 0:1

>

�

�

>

�

10

�208

(1 � K � 0:0004)

á ®â®á¨â¥«ì®© â®ç®áâìî «ãçè¥ 10

�25

¨ áà¥¤¥© â®ç®áâìî � 10

�30

. �â® ¯®§¢®«¨«® ¯à®-

¢¥áâ¨ ¤¥â «ì®¥ áà ¢¥¨¥ á áãé¥áâ¢ãîé¥©  á¨¬¯â®â¨ç¥áª®© â¥®à¨¥© ¨ ®¡ àã¦¨âì àï¤

®¢ëå íää¥ªâ®¢. � ©¤¥® ®â®á¨â¥«ì® ¯à®áâ®¥ í¬¯¨à¨ç¥áª®¥ ¢ëà ¦¥¨¥ ¤«ï § ¢¨á¨¬®-

áâ¨ �(K) ¢ ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¥, ®¡« áâì ª®â®à®© ®ª § « áì ¥®¦¨¤ ® è¨à®ª®©:

K

<

�

10

�2

. �áá«¥¤®¢  â ª¦¥ íää¥ªâ èã¬ , ¢ ç áâ®áâ¨ ®è¨¡®ª ¨§¬¥à¥¨ï ã£« , ª®â®àë©

®ª § «áï § ç¨â¥«ì® ¡®«¥¥ áãé¥áâ¢¥ë¬ ¨ á«®¦ë¬, ç¥¬ íâ® ¬®¦® ¡ë«® ¯à¥¤¯®« £ âì.

�â¬¥ç¥ë ¥à¥è¥ë¥ ¢®¯à®áë ¨ ¢®§¬®¦ë¥  ¯à ¢«¥¨ï ¤ «ì¥©è¨å ¨áá«¥¤®¢ ¨© íâ®©

¯à®¡«¥¬ë.

Precise measurement of separatrix splitting

in a nonlinear resonance

B.V. Chirikov and V.V. Vecheslavov

Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia

Abstract

The results of numerical experiments and of theoretical analysis of the separatrix splitting of

a nonlinear resonance in the intermediate asymptotics for the standard map model are presented.

Direct measurement of the splitting angle �(K), where K � 1 is a small system's parameter,

has been carried out for the �rst time in a big range 0:1

>

�

�

>

�

10

�208

(1 � K � 0:0004) with

a relative accuracy better than 10

�25

, and the average accuracy � 10

�30

. This allowed us to

make a detailed comparison with the present asymptotic theory, and, moreover, to �nd out a

number of new e�ects. A simple empirical relation �(K) in the intermediate asymptotics has

been constructed, the range of the latter turning out to be surprisingly wide: K

<

�

10

�2

. The

e�ect of noise, particularly of errors in the angle measurement, was also investigated and found

to be far more important and complicated than one might expect. Open questions as well as

possible directions of further studies into this problem are listed.
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.

1 �¢¥¤¥¨¥

�¨ ¬¨ª  £ ¬¨«ìâ®®¢ëå (¡¥§¤¨áá¨¯ â¨¢ëå) á¨áâ¥¬ ®¯à¥¤¥«ï¥âáï ¢§ ¨¬®¤¥©áâ¢¨-

¥¬ ¥«¨¥©ëå à¥§® á®¢, ª®â®àë¥ ï¢«ïîâáï ®á®¢ë¬¨ í«¥¬¥â ¬¨ ª®áâàãªæ¨¨

á®¢à¥¬¥®© â¥®à¨¨ ¥«¨¥©ëå ª®«¥¡ ¨© [1{4]. � ¬¨«ìâ®¨  â ª®© á¨áâ¥¬ë ¬®-

¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥:

H(I; �; t) = H

0

(I) + "

X

n;m

V

nm

(I) exp(in� + itm
) ; (1:1)

£¤¥ " { ¬ «ë© ¯ à ¬¥âà ¢®§¬ãé¥¨ï; I; � ¯¥à¥¬¥ë¥ ¤¥©áâ¢¨¥{ã£®«, 
 { ¢¥ªâ®à

ç áâ®â ¢¥è¥£® ¢®§¬ãé¥¨ï á £ à¬®¨ª ¬¨ m
,   n { ®¬¥à £ à¬®¨ª á®¡áâ¢¥ëå

ª®«¥¡ ¨© á ¥¢®§¬ãé¥ë¬¨ ç áâ®â ¬¨

!(I) =

@H

0

(I)

@I

: (1:2)

� ¦¤ë© ç«¥ ¢®§¬ãé¥¨ï ¢ (1.1) ®¯à¥¤¥«ï¥â ¯¥à¢¨çë© à¥§® á

!

nm

� n!(I) +m
 � 0 : (1:3)

� á«ãç ¥ «¨¥©ëå ª®«¥¡ ¨© ç áâ®âë ï¢«ïîâáï ¯ à ¬¥âà ¬¨ á¨áâ¥¬ë, ª®â®à ï ¯®-

¯ ¤ ¥â ¨«¨ ¥ ¯®¯ ¤ ¥â ¢ à¥§® á ¥§ ¢¨á¨¬® ®â  ç «ìëå ãá«®¢¨© ¤¢¨¦¥¨ï. � ¨-

¡®«¥¥ áãé¥áâ¢¥®© ®á®¡¥®áâìî ¥«¨¥©ëå ª®«¥¡ ¨© ¨ ï¢«ï¥âáï ª ª à § ¨§¬¥¥-

¨¥ ç áâ®â ª®«¥¡ ¨© ¢ ¯à®æ¥áá¥ ¤¢¨¦¥¨ï ¢á«¥¤áâ¢¨¥ § ¢¨á¨¬®áâ¨ ¨å ®â ¯¥à¥¬¥ëå

¤¥©áâ¢¨ï. �¨¦¥ ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì á«ãç © á¨«ì®© ¥«¨¥©®áâ¨, ª®£¤  â ª ï

§ ¢¨á¨¬®áâì ¨¬¥¥â ¬¥áâ® ã¦¥ ¤«ï ¥¢®§¬ãé¥ëå ç áâ®â:

@!(I)

@I

=

@

2

H

0

@I

2

6= 0 : (1:4)

� íâ®¬ ¤®áâ â®ç® è¨à®ª®¬ ª« áá¥ ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ ®¯¨á ¨¥ ¥«¨¥©ëå à¥-

§® á®¢ ¨ ¨å ¢§ ¨¬®¤¥©áâ¢¨ï ®ª §ë¢ ¥âáï ã¨¢¥àá «ìë¬ ¨ ®â®á¨â¥«ì® ¯à®áâë¬

[2].

� ç¨á«¥ëå íªá¯¥à¨¬¥â å § ç¨â¥«ì® ã¤®¡¥¥ ¯¥à¥©â¨ ®â ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© ¢ ¥¯à¥àë¢®¬ ¢à¥¬¥¨ ª ¤¨áªà¥â®¬ã ®â®¡à ¦¥¨î [1{4]. �¤®© ¨§ ¯à®-

áâëå ® á®¤¥à¦ â¥«ìëå ¬®¤¥«¥© â ª®£® â¨¯  ï¢«ï¥âáï â ª  §ë¢ ¥¬®¥ áâ ¤ àâ®¥

®â®¡à ¦¥¨¥ [2] (¯® ¯®¢®¤ã ¨áâ®à¨¨ íâ®© ¬®¤¥«¨ ¨ ¥¥ ä¨§¨ç¥áª¨å ¯à¨«®¦¥¨© á¬.[5]):

p = p + K � sinx ; x = x + p : (1:5)
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�¤¥áì p; x { ¯¥à¥¬¥ë¥ ¤¥©áâ¢¨¥{ã£®«,   K � 1 { ¥¤¨áâ¢¥ë© ¯ à ¬¥âà ¬®¤¥-

«¨, å à ªâ¥à¨§ãîé¨© íää¥ªâ ¢®§¬ãé¥¨ï   ¯¥à¨®¤¥ ®â®¡à ¦¥¨ï, ª®â®àë© ¯à¨ïâ

à ¢ë¬ ¥¤¨¨æ¥. � ¥¯à¥àë¢®¬ ¢à¥¬¥¨ íâ  ¬®¤¥«ì ®¯¨áë¢ ¥âáï £ ¬¨«ìâ®¨ ®¬

(áà.(1.1)):

H(p; x; t) =

p

2

2

+ K

1

X

m=�1

cos (x � m
t) ; (1:6)

£¤¥ ®á®¢ ï ç áâ®â  ¢¥è¥£® ¢®§¬ãé¥¨ï 
 = 2�. �®¤¥«ì ¯à¥¤áâ ¢«ï¥â ¡¥áª®¥ç-

ãî á¨áâ¥¬ã á¨«ì® ¥«¨¥©ëå à¥§® á®¢ (@

2

H=@p

2

= 1), ¤¢¨¦¥¨¥ ¢¡«¨§¨ ª ¦¤®£®

¨§ ª®â®àëå ¨¤¥â¨ç® á â®ç®áâìî ¤® á¤¢¨£  ¯® ¤¥©áâ¢¨î: p� p

m

! p, £¤¥ p

m

= m


{ à¥§® á®¥ § ç¥¨¥ ¤¥©áâ¢¨ï. � áâ®â  ¬ «ëå á®¡áâ¢¥ëå ª®«¥¡ ¨© ¢ «î¡®¬

à¥§® á¥ à ¢  !

0

=

p

K � 1. �®âï  ¬¯«¨âã¤ë ¢á¥å à¥§® á®¢ ®¤¨ ª®¢ë (K), ¢á¥

®¨ ªà®¬¥ ®á®¢®£®, ¢ë¤¥«¥®£®  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¤¢¨¦¥¨ï, ¯à¥¤áâ ¢«ïîâ

«¨èì ®ç¥ì á« ¡®¥ ¢®§¬ãé¥¨¥. �â® ®¡êïáï¥âáï ¡®«ìè®© ç áâ®â®© ¢®§¬ãé¥¨ï ¯®

áà ¢¥¨î á á®¡áâ¢¥®© ç áâ®â®© ª®«¥¡ ¨©   ¢ë¤¥«¥®¬ à¥§® á¥:

� =




!

0

=

2�

p

K

� 1 : (1:7)

�§ ¨¬®¤¥©áâ¢¨¥ à¥§® á®¢ ¯à¨ íâ®¬ ï¢«ï¥âáï  ¤¨ ¡ â¨ç¥áª¨¬,   ¥£® íää¥ªâ { íªá-

¯®¥æ¨ «ì® ¬ «ë¬ ¯® ¡®«ìè®¬ã ¯ à ¬¥âàã  ¤¨ ¡ â¨ç®áâ¨ �.

�à¥¥¡à¥£ ï á« ¡®© ¥ ¤¨ ¡ â¨ç®áâìî, ®¤¨®çë© à¥§® á,  ¯à¨¬¥à á m = 0

(á¬.(1.6)), ¬®¦® ®¯¨á âì £ ¬¨«ìâ®¨ ®¬ "¬ ïâ¨ª ":

H

1

(p; x) =

p

2

2

+ K � cosx : (1:8)

� ª ï ¯à®áâ ï ä®à¬  à¥§® á®£® £ ¬¨«ìâ®¨   ®ª §ë¢ ¥âáï ã¨¢¥àá «ì®© ¢ á«ã-

ç ¥ á¨«ì®© ¥«¨¥©®áâ¨ [2]. � ¨¡®«¥¥ ¢ ¦ ï, ¢ à áá¬ âà¨¢ ¥¬®© § ¤ ç¥, å à ª-

â¥à¨áâ¨ª  ¥«¨¥©®£® à¥§® á  (1.8) {  «¨ç¨¥ á¥¯ à âà¨áë

p

s

= � 2!

0

� sin

�

x

2

�

; H

(s)

1

= !

2

0

= K ; (1:9)

®á®¡®© âà ¥ªâ®à¨¨, ª®â®à ï ®â¤¥«ï¥â ª®«¥¡ ¨ï ä §ë (¢ãâà¨ à¥§® á ) ®â ¥¥ ¢à -

é¥¨ï (¢¥ à¥§® á ). �á®, çâ® ¤¢¨¦¥¨¥ á¨áâ¥¬ë (1.8) ¢¡«¨§¨ á¥¯ à âà¨áë çà¥§-

¢ëç ©® ¥ãáâ®©ç¨¢®, ¯®áª®«ìªã ¯®çâ¨ «î¡®¥ áª®«ì ã£®¤® ¬ «®¥ ¢®§¬ãé¥¨¥ ª ç¥-

áâ¢¥® ¨§¬¥ï¥â ¥£® å à ªâ¥à (¢à é¥¨¥ ¯¥à¥å®¤¨â ¢ ª®«¥¡ ¨ï ¨  ®¡®à®â). �¬¥-

® §¤¥áì ¨ ¢®§¨ª ¥â å ®á ¥«¨¥©ëå ª®«¥¡ ¨©. � áª®«ìª®  ¬ ¨§¢¥áâ®, ¢¯¥à¢ë¥

íâ®  ¡«î¤ «®áì ¢ ç¨á«¥ëå íªá¯¥à¨¬¥â å [6] ¨ § â¥¬ ¨§ãç «®áì ¢® ¬®£¨å à ¡®â å

(á¬.  ¯à¨¬¥à [7,1{4]).

�à®áâë¬ ¯à¨¬¥à®¬ â ª®© á« ¡®© ¥ ¤¨ ¡ â¨ç®áâ¨ ï¢«ï¥âáï ¢§ ¨¬®¤¥©áâ¢¨¥ ¢á¥-

£® ¤¢ãå ¥«¨¥©ëå à¥§® á®¢,  ¯à¨¬¥à á m = 0 ¨ m = 1, ª®â®à®¥ ®¯¨áë¢ ¥âáï

£ ¬¨«ìâ®¨ ®¬ (á¬. (1.6)):

H

2

(p; x; t) =

p

2

2

+ K � cos x + � � cos (x � 
t) ; (1:10)

£¤¥ � {  ¬¯«¨âã¤  ¢®§¬ãé îé¥£® à¥§® á . �¢¨¦¥¨¥ ¢¡«¨§¨ á¥¯ à âà¨áë ®á®¢-

®£® à¥§® á  (m = 0) ¬®¤¥«¨àã¥âáï ¯à¨¡«¨¦¥® â ª  §ë¢ ¥¬ë¬ á¥¯ à âà¨áë¬

4



®â®¡à ¦¥¨¥¬, ª®â®à®¥ ¢¯¥à¢ë¥ ¡ë«® ¢¢¥¤¥® (¥ï¢®) ¢ [7]. �¨¦¥ ¬ë ¯à¨¢®¤¨¬ ¥£®

¢ ä®à¬¥ [2] (á¬. â ª¦¥ [4]):

w = w + W � sin� ; � = � + � � ln

 

32

jwj

!

: (1:11)

�¤¥áì w = H

2

=K � 1 { ¡¥§à §¬¥à®¥ ®âª«®¥¨¥ ®â ¥¢®§¬ãé¥®© á¥¯ à âà¨áë ¯®

í¥à£¨¨; � = 
t { ä §  ¢®§¬ãé¥¨ï ¢ ¬®¬¥â ¯à®å®¦¤¥¨ï ¯®«®¦¥¨ï ãáâ®©ç¨¢®£®

à ¢®¢¥á¨ï "¬ ïâ¨ª "x = �,   W {  ¬¯«¨âã¤  ¥ ¤¨ ¡ â¨ç®áâ¨. �á«¨ ¢®§¬ãé -

îé¨© à¥§® á ¬®£® á« ¡¥¥ ®á®¢®£® (� � K),  ¬¯«¨âã¤  W ¢ëç¨á«ï¥âáï ®â®-

á¨â¥«ì® ¯à®áâ® ¯® ¬¥â®¤ã �¥«ì¨ª®¢  [8] (á¬. [2{4]) ¨ ¯à¨ � � 1 ¯à¨¡«¨¦¥®

à ¢ :

W � 8�f

�

K

�

2

e

���=2

: (1:12)

�â¬¥â¨¬, çâ® íâ  § ¤ ç  ¥ ¬®¦¥â ¡ëâì à¥è¥  ¯® â¥®à¨¨ ¢®§¬ãé¥¨©, â ª ª ª

§ ¢¨á¨¬®áâì â ª®£® (ª ª ¨ «î¡®£® ¤àã£®£®) ¥ ¤¨ ¡ â¨ç¥áª®£® íää¥ªâ  (W (K)) ®â

¨áå®¤®£® ¯ à ¬¥âà  ¢®§¬ãé¥¨ï (K) ¥ ï¢«ï¥âáï   «¨â¨ç¥áª®© ¯à¨K = 0. �¤ ª®

¯®á«¥ ¢ë¤¥«¥¨ï íâ®£® íää¥ªâ  â¥®à¨ï ¢®§¬ãé¥¨© ¢®§¬®¦  ¨ ãá¯¥è® ¯à¨¬¥ï¥â-

áï ¤«ï ¯à¨¡«¨¦¥ëå ãà ¢¥¨© ¤¢¨¦¥¨ï â¨¯  á¥¯ à âà¨á®£® ®â®¡à ¦¥¨ï. �®-

¢¨¤¨¬®¬ã, ¢¯¥à¢ë¥ ¯®¤®¡ ï § ¤ ç  ¡ë«  à¥è¥  ¥é¥ �ã ª à¥ [9]. �§ (1.12) ¢¨¤®

â ª¦¥, çâ® ¢ à áá¬ âà¨¢ ¥¬®© ¬®¤¥«¨ (1.6) ¢ª« ¤ ¤àã£¨å à¥§® á®¢ (jmj > 1) ¯à¥¥-

¡à¥¦¨¬® ¬ « (�

m

= m�). �¤ ª® ¢ íâ®© ¬®¤¥«¨  ¬¯«¨âã¤ë ¢á¥å à¥§® á®¢ à ¢ë:

� = K (1.6). �â® ¯à¨¢®¤¨â ª ¯®ï¢«¥¨î ¤®¯®«¨â¥«ì®£® ¬®¦¨â¥«ï f � 1 ¢ (1.12).

� ç¥áâ¢¥®¥ ®¡êïá¥¨¥ ¯®ï¢«¥¨ï íâ®£® ä ªâ®à  ª ª íää¥ªâ  ¢ëáè¨å ¯à¨¡«¨¦¥-

¨© â¥®à¨¨ ¢®§¬ãé¥¨© ¤ ® ¢ [2], £¤¥ ¯à¨¢¥¤¥® â ª¦¥ ¥£® § ç¥¨¥, ¯®«ãç¥®¥ ¨§

ç¨á«¥ëå íªá¯¥à¨¬¥â®¢:

f = 2:15 � 0:04 : (1:13)

�¨§ª ï â®ç®áâì ¨§¬¥à¥¨ï (ª â®¬ã ¦¥, ª ª ®ª § «®áì, § ¢ëè¥ ï) ®¡êïáï¥âáï ª ª

¥¤®áâ â®ç® ¬ «ë¬¨ (¯® â¥å¨ç¥áª¨¬ ¯à¨ç¨ ¬) § ç¥¨ï¬¨ K = 0:1 � 1, â ª ¨

¯à¨¡«¨¦¥ë¬ å à ªâ¥à®¬ á ¬®£® á¥¯ à âà¨á®£® ®â®¡à ¦¥¨ï.

� ç¨â¥«ìë© ¯à®£à¥áá ¢ à¥è¥¨¨ íâ®© § ¤ ç¨ ¡ë« ¤®áâ¨£ãâ «¨èì ®â®á¨â¥«ì®

¥¤ ¢® (1984) ¢ à ¡®â å � §ãâª¨  ¨ á®âàã¤¨ª®¢ [10,11]. � ç¥¨¥ ¯®¯à ¢®ç®£®

¬®¦¨â¥«ï f = 2:2552::: ¡ë«® ¯®«ãç¥® ¨§ ç¨á«¥®£® à¥è¥¨ï ¢á¯®¬®£ â¥«ì®£®

ãà ¢¥¨ï, ¢ ª®â®à®¬ ¡ë« ¨áª«îç¥ íªá¯®¥æ¨ «ìë© ä ªâ®à. � ®â«¨ç¨¥ ®â ®¡é¥£®

¢ëà ¦¥¨ï (1.12) ¬®¦¨â¥«ì f ¥ ï¢«ï¥âáï ã¨¢¥àá «ìë¬, ª ª ¯à¥¤¯®« £ «®áì ¢

[10],   § ¢¨á¨â ®â ª®ªà¥â®© á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãîé¨å à¥§® á®¢ [12].

� ¬ â¥¬ â¨ç¥áª¨å à ¡®â å [8{12] ¨ ¤à. ¢ëç¨á«ï«áï ¥ á ¬ íää¥ªâ  àãè¥¨ï

 ¤¨ ¡ â¨ç®áâ¨ (1.11), ª®â®àë© ¨§ãç «áï ¯®§¤¥¥ ä¨§¨ª ¬¨ [1{7],   ¢á¯®¬®£ â¥«ì-

 ï ¢¥«¨ç¨  - ã£®« à áé¥¯«¥¨ï á¥¯ à âà¨áë �. �®âï íâ®£® ¨ ¥¤®áâ â®ç® ¤«ï

¢®ááâ ®¢«¥¨ï ¯®«®© ¤¨ ¬¨ª¨ ¢¡«¨§¨ á¥¯ à âà¨áë, ¢¥«¨ç¨  � ï¢«ï¥âáï ¢ ¦®©

å à ªâ¥à¨áâ¨ª®© ¢§ ¨¬®¤¥©áâ¢¨ï à¥§® á®¢, ª®â®à ï ¢ ®â«¨ç¨¥ ®â W áâà®£® ®¯à¥-

¤¥«¥  ¨ ¬®¦¥â ¡ëâì ¢ëç¨á«¥  á «î¡®© â®ç®áâìî.

� áé¥¯«¥¨¥ á¥¯ à âà¨áë ¯à¨¡«¨¦¥® ®¯¨áë¢ ¥âáï ®â®¡à ¦¥¨¥¬ (1.11) á«¥-

¤ãîé¨¬ ®¡à §®¬. � ®âáãâáâ¢¨¨ ¢®§¬ãé¥¨ï (W = 0) ª ¦¤ ï ¨§ ¤¢ãå ¢¥â¢¥© á¥-

¯ à âà¨áë (1.9) ¯à¥¤áâ ¢«ï¥â á®¡®©  á¨¬¯â®â¨ç¥áªãî âà ¥ªâ®à¨î á ¡¥áª®¥çë¬
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¯¥à¨®¤®¬ ¤¢¨¦¥¨ï, ª®â®à ï ¢ëå®¤¨â (w = 0; t! �1) ¨§ ¯®«®¦¥¨ï ¥ãáâ®©ç¨¢®£®

à ¢®¢¥á¨ï x = 0 mod 2� ¨ ¯à¨å®¤¨â ¢ ¥£® ¦¥ (w = 0; t ! +1). �®¤ ¤¥©áâ¢¨¥¬

¢®§¬ãé¥¨ï (W 6= 0) ¢®§¨ª îâ ¤¢¥ ¯¥à¥á¥ª îé¨åáï âà ¥ªâ®à¨¨, ®¤  ¨§ ª®â®àëå

¯®-¯à¥¦¥¬ã ¢ëå®¤¨â ¨§ â®çª¨ x = p = 0 (w = 0; t ! �1), ® ¨ª®£¤  ¥ ¢®§-

¢à é ¥âáï  § ¤ (w 6= 0; t ! +1), â®£¤  ª ª ¢â®à ï ¢¥¤¥â á¥¡ï  ®¡®à®â, â.¥. ª ª

¯¥à¢ ï ¯à¨ ®¡à é¥¨¨ ¢à¥¬¥¨ (t ! �t). �¢®¡®¤ë¥ ª®æë à áé¥¯«¥®© á¥¯ à -

âà¨áë ®¡à §ãîâ ¡¥áª®¥ç®¥ ç¨á«® ¯¥â¥«ì ¥®£à ¨ç¥® ¢®§à áâ îé¥© ¤«¨ë [9,8],

ª®â®àë¥ § ¯®«ïîâ, ®¤ ª®, ®£à ¨ç¥ãî ¨ ã§ªãî ®¡« áâì ¢¤®«ì ¥¢®§¬ãé¥®© á¥-

¯ à âà¨áë, ®¡à §ãï â ª  §ë¢ ¥¬ë© å ®â¨ç¥áª¨© á«®© [1{7]. �¤®© ¨§ ¥£® ¢ ¦ëå

å à ªâ¥à¨áâ¨ª ï¢«ï¥âáï ¯®«ãè¨à¨  w

s

� �W � 4�=!

0

[2], ¥¯®áà¥¤áâ¢¥® á¢ï§ -

 ï á ã£«®¬ à áé¥¯«¥¨ï (á¬. (1.15)). �¬¥® íâ¨ á«®¨ ¨ ï¢«ïîâáï ã¨¢¥àá «ìë¬

¯¥à¢®¨áâ®ç¨ª®¬ å ®á  ¥«¨¥©ëå ª®«¥¡ ¨©.

�¡¥ ¢¥â¢¨ à áé¥¯«¥®© á¥¯ à âà¨áë ¯¥à¥á¥ª îâáï, ¢ ç áâ®áâ¨, ¯à¨ x = � ¨ ¥-

ª®â®à®¬ p

s

(�) � p

0

= 2!

0

(á¬. (1.9)). �£®« � ¨¬¥® ¢ íâ®¬ ¯¥à¥á¥ç¥¨¨ ¨ ¨§ãç ¥âáï

®¡ëç®, ¢ â®¬ ç¨á«¥ ¨ ¢  áâ®ïé¥© à ¡®â¥. �¥à¥á¥ç¥¨î ¢¥â¢¥© á¥¯ à âà¨áë á®®â-

¢¥âáâ¢ã¥â ¢ (1.11) § ç¥¨¥ ä §ë ¢®§¬ãé¥¨ï �(�) = 0. � ®ªà¥áâ®áâ¨ ¯¥à¥á¥ç¥¨ï

®âª«®¥¨¥ ®¡¥¨å ¢¥â¢¥© á¥¯ à âà¨áë ®â ¥¢®§¬ãé¥®© ®¯¨áë¢ ¥âáï ¯à¨¡«¨¦¥®

¯à®áâë¬ ¢ëà ¦¥¨¥¬:

q

�

(y) = p

�

(x) � p

s

(x) � �W

!

0

4

sin

 

�y

2

!

; (1:14)

£¤¥ y = x�� ¨ ¨á¯®«ì§®¢ ë á®®â®è¥¨ï: dw=dp = 2=!

0

¨ � = 
t = 
y=p

0

= 
y=2!

0

.

�à®¬¥ â®£®, ¨§¬¥¥¨¥ w ¢ â®çª¥ ¯¥à¥á¥ç¥¨ï à ¢® ¯®«®¢¨¥ ¯®«®£® ¨§¬¥¥¨ï w

(1.11), ¯®áª®«ìªã ¯®á«¥¤¥¥ ¯à®¨áå®¤¨â á¨¬¬¥âà¨ç® ®â®á¨â¥«ì® x = � [2]. �

à¥§ã«ìâ â¥ ¤«ï ¯®«®£® ã£«  à áé¥¯«¥¨ï á¥¯ à âà¨áë ¯®«ãç ¥¬:

�(�) � 2

dq

dy

�

!

0

�W

4

= 2�f!

0

�

3

�

!

2

0

e

���=2

= (2�)

4

f

e

���=2

K

: (1:15)

� ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ ¯®¤áâ ¢«¥ë ¯ à ¬¥âàë áâ ¤ àâ®£® ®â®¡à ¦¥¨ï: � =

!

2

0

= K; 
 = 2�. �â¬¥â¨¬, çâ® íâ® ¯à®áâ®¥ ¨ ¢ ¦®¥ á®®â®è¥¨¥ á¯à ¢¥¤«¨¢®

â®«ìª® ¤«ï ã£«  à áé¥¯«¥¨ï ¯à¨ x = �.

�¢¥¤¥ ï ¢ [10,11] ¢¥«¨ç¨  L, ª®â®àãî ¬ë ¡ã¤¥¬  §ë¢ âì ¯®áâ®ï®© � §ãâ-

ª¨ , á¢ï§   á ä ªâ®à®¬ f á®®â®è¥¨¥¬:

L = 16�

3

f = 1118:82770595::: : (1:16)

� ¨¡®«¥¥ â®ç®¥ § ç¥¨¥ L ¯®  è¨¬ ¤ ë¬ ¯à¨¢¥¤¥® ¨¦¥ (4.14). �â¬¥â¨¬, çâ®

ä ªâ®à f � L ¡®«¥¥ ¯à ¢¨«ì® å à ªâ¥à¨§ã¥â ¯®àï¤®ª íää¥ªâ  ª®¥ç®©  ¬¯«¨âã¤ë

¢®§¬ãé îé¥£® à¥§® á .

�®á«¥¤¥¥ ¢ëà ¦¥¨¥ (1.15) á â®çë¬ § ç¥¨¥¬ ¯®áâ®ï®© L ¨«¨ f ¤ ¥â  á¨¬-

¯â®â¨ç¥áª®¥ (�!1) § ç¥¨¥ ã£«  à áé¥¯«¥¨ï: �

1

= �(1). � à ¡®â¥ [10] ¯à¨¢¥-

¤¥  â ª¦¥ ®æ¥ª  ¯®¯à ¢ª¨ ª �

1

¢ ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¥ 0 < K � 1:

c

�

(�) =

�(�)

�

1

� 1

>

�

K

1=8

: (1:17)
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� è¨ ¯à¥¤¢ à¨â¥«ìë¥ ç¨á«¥ë¥ íªá¯¥à¨¬¥âë ¯®ª § «¨, ®¤ ª®, çâ® ä ªâ¨ç¥áª¨

¯®¯à ¢ª  ã¡ë¢ ¥â á K § ç¨â¥«ì® ¡ëáâà¥¥: c

�

� K

1=2

.

�â¬¥â¨¬ áà §ã, çâ® íâ  "¯®¯à ¢ª "¨ ®¯¨áë¢ ¥â ¨â¥à¥áãîéãî  á ¯à®¬¥¦ã-

â®çãî  á¨¬¯â®â¨ªã à áé¥¯«¥¨ï á¥¯ à âà¨áë,   á«¥¤®¢ â¥«ì® ¨ ®¡à §®¢ ¨ï å -

®â¨ç¥áª®£® á«®ï. �¬¥® íâ  ¯à®¡«¥¬  ¨ ï¢«ï¥âáï ®á®¢ë¬ ¯à¥¤¬¥â®¬  áâ®ïé¨å

¨áá«¥¤®¢ ¨©.

� ¨¡®«¥¥ ¯à®¤¢¨ãâ ï â¥®à¨ï à áé¥¯«¥¨ï á¥¯ à âà¨áë áâ ¤ àâ®£® ®â®¡à -

¦¥¨ï [11] ¯à¥¤áª §ë¢ ¥â ¥ â®«ìª® ¥é¥ ¡®«¥¥ ¡ëáâà®¥ ã¡ë¢ ¨¥ ¯®¯à ¢ª¨, ® ¨

¯®§¢®«ï¥â ¢ëç¨á«¨âì ¯¥à¢ë¥ ç«¥ë ¥¥ áâ¥¯¥®£® à §«®¦¥¨ï, â ª¦¥ á ¯®¬®éìî ç¨-

á«¥®£® à¥è¥¨ï ¢á¯®¬®£ â¥«ìëå ãà ¢¥¨©. �á¯¥å ¯®á«¥¤¥© â¥®à¨¨ áãé¥áâ¢¥®

®¯à¥¤¥«ï¥âáï,    è ¢§£«ï¤, ã¤ ç®© § ¬¥®© ¯¥à¥¬¥ëå § ¤ ç¨: (K; �) ! (h; �),

£¤¥

h(K) = ln

0

@

1 +

K

2

+

s

K +

K

2

4

1

A

�

p

K (1:18)

¯®«®¦¨â¥«ìë© å à ªâ¥à¨áâ¨ç¥áª¨© ¯®ª § â¥«ì ª á â¥«ì®£® («¨¥ à¨§®¢ ®£®) ®â®-

¡à ¦¥¨ï (1.5) ¢ ¥ãáâ®©ç¨¢®© ¥¯®¤¢¨¦®© â®çª¥ x = p = 0,

�(h) = �(h) � sin� (1:19)

á¨¬¯«¥ªâ¨ç¥áª¨© ¨¢ à¨ â,   �(h) { ¥ª®â®à ï ®à¬  ª á â¥«ìëå ¢¥ªâ®à®¢.

� [11] ¡ë«®  ©¤¥® ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ íâ®© § ¤ ç¨, ª®â®à®¥ â ª¦¥ ¬®¦¥â

¡ëâì § ¯¨á ® ¢ ¢¨¤¥ ¯®¯à ¢ª¨ ª ¨¢ à¨ âã   «®£¨ç®© (1.17):

c

�

(h) =

�(h)

�

1

� 1 =

1

X

m=1

a

�

(m)h

2m

; (1:20)

£¤¥ �

1

= 4�

1

. � ªâ¨ç¥áª¨ ¢ [11] ¡ë«¨ ¢ëç¨á«¥ë «¨èì 4 ª®íää¨æ¨¥â  àï¤  (á¬.

â ¡«¨æã 2). �« ¢ë¬ ®£à ¨ç¥¨¥¬ ¯®«ãç¥®£® à¥è¥¨ï ®áâ ¥âáï ¥ï¢ ï § ¢¨-

á¨¬®áâì �(�), ª®â®à ï ¬®¦¥â ¡ëâì  ©¤¥  â®«ìª® ç¨á«¥® ¨§-§  ¤®¯®«¨â¥«ì®©

¥¨§¢¥áâ®© äãªæ¨¨ �(h).

�  áâ®ïé¥© à ¡®â¥ ¬ë ¯à¥¤áâ ¢«ï¥¬ ¯¥à¢ë¥ à¥§ã«ìâ âë ¯àï¬ëå ¨§¬¥à¥¨© ã£« 

à áé¥¯«¥¨ï á¥¯ à âà¨áë áâ ¤ àâ®£® ®â®¡à ¦¥¨ï (1.5) ¢ è¨à®ª®¬ ¤¨ ¯ §®¥ ¯ -

à ¬¥âà  1 � K � 0:0004 (1

>

�

h

>

�

0:02); 0:1

>

�

�

>

�

10

�208

á ®â®á¨â¥«ì®© â®ç®áâìî «ãçè¥

10

�25

¨ áà¥¤¥© â®ç®áâìî � 10

�30

. �«ï à¥è¥¨ï íâ®© § ¤ ç¨ ¡ë«  à §à ¡®â  

á¯¥æ¨ «ì ï ¬¥â®¤¨ª  ¨§¬¥à¥¨ï ¨ ®¡à ¡®âª¨ à¥§ã«ìâ â®¢ á ¨á¯®«ì§®¢ ¨¥¬ ã¨¢¥à-

á «ì®© ª®¬¯ìîâ¥à®© ¯à®£à ¬¬ë [13] á ¯à®¨§¢®«ì®© â®ç®áâìî áç¥â . � ªâ¨ç¥áª¨

â®ç®áâì ç¨á«¥ëå íªá¯¥à¨¬¥â®¢ ¤®áâ¨£ «  ¢¥«¨ç¨ë � 10

�300

.

�®¬¨¬® ã£«  �, ¥¯®áà¥¤áâ¢¥® á¢ï§ ®£® á ¥ ¤¨ ¡ â¨ç®áâìî W , ¨§¬¥àï«áï

â ª¦¥ ¨¢ à¨ â � (1.19) ¤«ï áà ¢¥¨ï á â¥®à¨¥©. �¥®¡å®¤¨¬ ï ¤«ï íâ®£® äãª-

æ¨ï �(h),   «¨â¨ç¥áª®¥ ¢ëà ¦¥¨¥ ª®â®à®© ¥¨§¢¥áâ®,  å®¤¨« áì ç¨á«¥® ¯®

á¯¥æ¨ «ì®© ¯à®£à ¬¬¥, «î¡¥§® ¯à¥¤®áâ ¢«¥®©  ¬ �.�.�¥«ìäà¥©å®¬, ª®â®à®¬ã

¬ë ¢ëà ¦ ¥¬ ¨áªà¥îî ¯à¨§ â¥«ì®áâì. �á¥ íâ® ¯®§¢®«¨«® ¯à®¢¥áâ¨ ¤¥â «ì®¥

áà ¢¥¨¥ á  á¨¬¯â®â¨ç¥áª®© â¥®à¨¥© [11], ª®â®à ï ¯®«®áâìî ¯®¤â¢¥à¤¨« áì,   â ª-

¦¥ ®¡ àã¦¨âì àï¤ ®¢ëå íää¥ªâ®¢. � ©¤¥® ®â®á¨â¥«ì® ¯à®áâ®¥ í¬¯¨à¨ç¥áª®¥
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¢ëà ¦¥¨¥ ¤«ï § ¢¨á¨¬®áâ¨ �(K) ¢ ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¥, ®¡« áâì ª®â®à®©

®ª § « áì ¥®¦¨¤ ® è¨à®ª®©: K

<

�

10

�2

. �áá«¥¤®¢  â ª¦¥ íää¥ªâ èã¬ , ¢ ç áâ-

®áâ¨ ®è¨¡®ª ¨§¬¥à¥¨ï ã£« , ª®â®àë© ®ª § «áï § ç¨â¥«ì® ¡®«¥¥ áãé¥áâ¢¥ë¬ ¨

á«®¦ë¬, ç¥¬ íâ® ¬®¦® ¡ë«® ¯à¥¤¯®« £ âì.

�ë ¢¥áì¬  ¯à¨§ â¥«ìë �.�. �¨ª áª®¬ã §  ¯à¥¤®áâ ¢«¥ãî ¢®§¬®¦®áâì ¨á-

¯®«ì§®¢ âì ª®¬¯ìîâ¥à �����{4100, �.�. �¥«ìäà¥©åã §  ¯®«¥§ë¥ ¨ ¨â¥à¥áë¥

®¡áã¦¤¥¨ï ¨ ¯®¬®éì ¯à¨ áà ¢¥¨¨ á â¥®à¨¥©; �.�. �à®§¨ã §  ¯à¥¤®áâ ¢«¥¨¥

¯à®£à ¬¬ë áç¥â  á ¯à®¨§¢®«ì®© â®ç®áâìî [13] ¨ á®¤¥©áâ¢¨¥ ¯à¨ à ¡®â¥ á ¥© ¨

�.�. � ©«® §  ¡®«ìèãî ¯®¬®éì ¯à¨ ¯à®¢¥¤¥¨¨ ç¨á«¥ëå íªá¯¥à¨¬¥â®¢. � ¡®â 

ç áâ¨ç® ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â

97{01{00865).

2 �§¬¥à¥¨¥ ã£«  à áé¥¯«¥¨ï á¥¯ à âà¨áë

�á®¢ ï âàã¤®áâì ¯àï¬®£® ¨§¬¥à¥¨ï ã£«  à áé¥¯«¥¨ï á¥¯ à âà¨áë � á¢ï§   á

¥£® çà¥§¢ëç ©® ¬ «®© ¢¥«¨ç¨®©. � ª, ¯à¨ § ç¥¨¨ ¢ (1.5) ¯ à ¬¥âà  ¢®§¬ãé¥¨ï

K = 0:0004 íâ®â ã£®« á®áâ ¢«ï¥â ¢á¥£® � 4:2 � 10

�208

à ¤¨  . � ª ®â¬¥ç «®áì ¢®

¢¢¥¤¥¨¨, à¥è¥¨¥ íâ®© § ¤ ç¨ ¡ë«® ¯®«ãç¥® ¡« £®¤ àï ¨á¯®«ì§®¢ ¨î á¯¥æ¨ «ì®-

£® ¯ ª¥â  ¯à®£à ¬¬ [13], ¯®§¢®«ïîé¥£® à¥ «¨§®¢ë¢ âì ¢á¥ áâ ¤ àâë¥ ¢®§¬®¦®áâ¨

ï§ëª  �®àâà  á ¯à®¨§¢®«ìë¬ ãà®¢¥¬ â®ç®áâ¨ áç¥â , ª®â®àë© § ¤ ¥âáï ãª § ¨-

¥¬ ª®«¨ç¥áâ¢  N

c

æ¨äà ¬ â¨ááë ¢ ¤¥áïâ¨ç®¬ ¯à¥¤áâ ¢«¥¨¨ ¢¥é¥áâ¢¥®£® ç¨á« .

�ëç¨á«¥¨¥ ã£«  � ®áãé¥áâ¢«ï«®áì ¯® á«¥¤ãîé¥© áå¥¬¥. �à¥¦¤¥ ¢á¥£®, ¯à¨ ª -

¦¤®¬ § ¤ ®¬ § ç¥¨¨ ¯ à ¬¥âà  ¢®§¬ãé¥¨ï K   «¨¨¨ x = � ®âëáª¨¢ « áì

®à¤¨ â  p

s

(�) â®çª¨ ¯¥à¥á¥ç¥¨ï ¢¥â¢¥© á¥¯ à âà¨áë. � ª ç¥áâ¢¥  ç «ì®£® ¯à¨-

¨¬ «®áì â¥®à¥â¨ç¥áª®¥ ¥¢®§¬ãé¥®¥ § ç¥¨¥ p(�) = p

0

= 2

p

K (1.9) ¨ ¤«ï âà ¥ª-

â®à¨¨, áâ àâãîé¥© ¨§ â®çª¨ (�; p(�)) ¢ëïáï«áï å à ªâ¥à (¢à é¥¨¥ ¨«¨ ª®«¥¡ ¨¥)

¯®¢¥¤¥¨ï ä §ë x. � § ¢¨á¨¬®áâ¨ ®â à¥§ã«ìâ â  § ç¥¨¥ p(�) ¯®á«¥¤®¢ â¥«ì® ã¢¥-

«¨ç¨¢ «®áì ¨«¨ ã¬¥ìè «®áì á ¥ª®â®àë¬ è £®¬ ¤® â¥å ¯®à, ¯®ª  å à ªâ¥à ¯®¢¥¤¥-

¨ï ä §ë ¥ ¨§¬¥ï«áï   ¯à®â¨¢®¯®«®¦ë©. �â® ¯®§¢®«ï«® ®¯à¥¤¥«¨âì  ç «ìë©

¨â¥à¢ « «®ª «¨§ æ¨¨ â®çª¨ ¯¥à¥á¥ç¥¨ï, ¢¥àåïï £à ¨æ  p

r

(�) ª®â®à®£® ®â¢¥ç « 

à¥¦¨¬ã ¢à é¥¨ï ä §ë x,   ¨¦ïï p

l

(�) ª®«¥¡ ¨ï¬ ä §ë ¥§ ¢¨á¨¬® ®â  ¯à ¢«¥-

¨ï ¢à¥¬¥¨. � ¯®¬¨¬, çâ® ª ¦¤ ï ¨§ à áé¥¯«¥ëå ¢¥â¢¥© á¥¯ à âà¨áë ®áâ ¥âáï

£à ¨æ¥© ¬¥¦¤ã ª®«¥¡ ¨¥¬ ¨ ¢à é¥¨¥¬ ä §ë ¤«ï "á¢®¥£®" ¯à ¢«¥¨ï ¢à¥¬¥¨

(á¬. ¢¢¥¤¥¨¥). � £ ¨§¬¥¥¨ï ¯® ¨¬¯ã«ìáã ¢ë¡¨à «áï ¢á¥£¤  ¡®«ìè¥ ®¦¨¤ ¥¬®©

è¨à¨ë å ®â¨ç¥áª®£® á«®ï (� 4�), ¯®íâ®¬ã è¨à¨  íâ®£®  ç «ì®£® ¨â¥à¢ « 

dp(�) = p

r

(�)�p

l

(�) ®ª §ë¢ « áì ¬®£® ¡®«ìè¥ âà¥¡ã¥¬®© ¢¥«¨ç¨ë dp

s

(�), ª®â®à ï,

 ¯à®â¨¢, ¢á¥£¤  § ¤ ¢ « áì ¬®£® ¬¥ìè¥© è¨à¨ë á«®ï (á¬.¨¦¥). � ¯à¨¬¥à, ¤«ï

¬¨¨¬ «ì®£® ¨á¯®«ì§®¢ ®£®  ¬¨ § ç¥¨ï ¯ à ¬¥âà  ¢®§¬ãé¥¨ï K = 0:0004

è¨à¨  å ®â¨ç¥áª®£® á«®ï � 2 � 10

�207

,   ãà®¢¥ì â®ç®áâ¨ áç¥â  N

c

¨ âà¥¡ã¥¬ ï

â®ç®áâì dp

s

(�) = 10

�N

a

«®ª «¨§ æ¨¨ ®à¤¨ âë p

s

(�)  § ç «¨áì, á®®â¢¥âáâ¢¥®,

à ¢ë¬¨ N

c

= 300 (çâ® ®â¢¥ç ¥â â®ç®áâ¨ áç¥â  � 10

�300

) ¨ N

a

= 280.

�®á«¥ ãáâ ®¢«¥¨ï  ç «ì®£® ¨â¥à¢ «  [p

l

(�); p

r

(�)] ®áãé¥áâ¢«ï« áì ¯à®æ¥-
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¤ãà  ¯®á«¥¤®¢ â¥«ì®£® ¤¥«¥¨ï ¥£® ¯®¯®« ¬ ¤® ¢ë¯®«¥¨ï ¥à ¢¥áâ¢  dp(�) �

dp

s

(�) ¨ § â¥¬ ¨áª®¬ ï ®à¤¨ â  â®çª¨ ¯¥à¥á¥ç¥¨ï ¢ëç¨á«ï« áì ¯® ä®à¬ã«¥ p

s

(�) =

[p

r

(�) + p

l

(�)]=2. � ¬¥â¨¬ ¯®¯ãâ®, çâ® ¨¬¥®   íâ®â íâ ¯ ¢ëç¨á«¥¨© âà â¨« áì

®á®¢ ï ¤®«ï ¢à¥¬¥¨ áç¥â  (á¬. ¨¦¥): ¯® ¬¥à¥ áã¦¥¨ï ¨â¥à¢ «  ®à¡¨â  ¢á¥ ¡«¨-

¦¥ ¯®¤å®¤¨«  ª ¥ãáâ®©ç¨¢®© ¥¯®¤¢¨¦®© â®çª¥ ¨ ¯¥à¨®¤ ¤¢¨¦¥¨ï (ç¨á«® ¨â¥à æ¨©

®â®¡à ¦¥¨ï) áãé¥áâ¢¥® ¢®§à áâ «.

�®á«¥ ®âëáª ¨ï â®çª¨ ¯¥à¥á¥ç¥¨ï ¢¥â¢¥© á¥¯ à âà¨áë ®  ¯à¨¨¬ « áì §  æ¥âà

®¢®© á¨áâ¥¬ë ª®®à¤¨ â (y = x��; q = p�p

s

(�)), ¢ ª®â®à®© ¨ ¯à®¢®¤¨«¨áì ¤ «ì¥©-

è¨¥ ¯®áâà®¥¨ï ¯® ¢ëç¨á«¥¨î ã£«  �. �«ï ¤¢ãå § ç¥¨© ä §ë y = ��y; j�yj � 1

á¯à ¢  ¨ á«¥¢  ®â ®¢®£®  ç «  ª®®à¤¨ â (y = q = 0) â ª¦¥ ®âëáª¨¢ «¨áì (á ¯à¥¦-

¥© â®ç®áâìî dp

s

(�) = 10

�N

a

) £à ¨æë ¬¥¦¤ã ª®«¥¡ ¨¥¬ ¨ ¢à é¥¨¥¬ ¯à¨ å®¤¥

¢à¥¬¥¨ ¢¯¥à¥¤. �â® ¯®§¢®«ï«®  ¯¯à®ªá¨¬¨à®¢ âì ®âà¥§®ª ¯àï¬®© ¢¥â¢¨ á¥¯ à âà¨-

áë ¬®£®ç«¥®¬ ¢â®à®© áâ¥¯¥¨ q = Q

2

(y) ¨, ®¯à¥¤¥«¨¢ ¥£® ª®íää¨æ¨¥âë,  ©â¨ ã£®«

 ª«®  ª á â¥«ì®© ª ¥©. �®¢â®àïï íâ¨ ¢ëç¨á«¥¨ï ¯à¨ â¥ç¥¨¨ ¢à¥¬¥¨  § ¤ ¬ë

 å®¤¨«¨ ã£®«  ª«®  ª á â¥«ì®© ¤«ï ®¡à â®© ¢¥â¢¨ á¥¯ à âà¨áë ¨ ®¯à¥¤¥«ï«¨

¨áª®¬ë© ã£®« ¯¥à¥á¥ç¥¨ï �

2

ª ª à §®áâì ¤¢ãå  ©¤¥ëå ã£«®¢  ª«® .

�¥ «¨§ æ¨ï ®¯¨á ®© áå¥¬ë ¯®âà¥¡®¢ «  à §à ¡®âª¨ ¨ ¢ë¯®«¥¨ï ¥ª®â®àëå

á¯¥æ¨ «ìëå ¬¥à.

�«ï ¢á¥£® ¨áá«¥¤®¢ ®£® ¤¨ ¯ §®  K ¬ë áâà¥¬¨«¨áì ¯®«ãç¨âì ®â®á¨â¥«ìãî

â®ç®áâì ¢ ¨§¬¥à¥¨¨ ã£«  � ¥ åã¦¥ 10

�25

. � íâ®© æ¥«ìî ¯à¨å®¤¨«®áì ¯®¤¡¨à âì

ã¦ë¥ § ç¥¨ï ¢á¥å ã¯®¬¨ ¢è¨åáï ¢ëè¥ ¯ à ¬¥âà®¢ áç¥â : ãà®¢ï â®ç®áâ¨ ¢ë-

ç¨á«¥¨© N

c

, â®ç®áâ¨ dp

s

(�) = 10

�N

a

«®ª «¨§ æ¨¨ ®à¤¨ âë p

s

(�) ¨ ®âáâà®©ª¨ ¯®

ä §¥ �y ¤«ï ¯®áâà®¥¨ï  ¯¯à®ªá¨¬¨àãîé¨å ¯®«¨®¬®¢, ¯à¨ç¥¬ ¯®¤¡®à íâ®© ¯®á«¥¤-

¥© ¢¥«¨ç¨ë ¡ë«  ¨¡®«¥¥ ªà¨â¨çë¬. � ááâ®ï¨¥ ¯® ä §¥ �y ¬¥¦¤ã æ¥âà «ì®©

¨ á®á¥¤¥© á ¥© â®çª ¬¨ ¯¥à¥á¥ç¥¨©, á®£« á® (1.14), à ¢® �y � 2�=� =

p

K ¨

®âáâà®©ªã ¯® ä §¥ ã¤®¡® § ¤ ¢ âì ª ª ¤®«î íâ®£® à ááâ®ï¨ï

�y = �

p

K ; (2:1)

¯à¨ç¥¬ § ç¥¨¥ � ¤«ï ¢á¥å ¢ à¨ â®¢ áç¥â  ®¡ëç®  å®¤¨«®áì ¢ ¯à¥¤¥« å (10

�12

�

10

�16

).

�à¥¦¤¥ ¢á¥£®, ¯à¥¤áâ®ï«® ¢ëïá¨âì, ¤®áâ¨£ãâ  «¨ ä ªâ¨ç¥áª¨ ¦¥« ¥¬ ï ®â®-

á¨â¥«ì ï â®ç®áâì 10

�25

 ©¤¥®£® § ç¥¨ï �

2

(ïá®, çâ® ¥¥ ¨ ¢ ª®¥¬ á«ãç ¥

¥«ì§ï ®â®¦¤¥áâ¢¨âì á â®ç®áâìî áç¥â  N

c

). � æ¥«ìî ®â¢¥â    íâ®â ¢®¯à®á ®¯¨á -

ë¥ ¢ëè¥ ¢ëç¨á«¥¨ï ¯à®¢®¤¨«¨áì ¤«ï ¥é¥ ®¤®© ¯ àë ã¤¢®¥ëå § ç¥¨© ä §ë

y = �2�y ¨ ®¡®¨å  ¯à ¢«¥¨© ¢à¥¬¥¨. �â® ¢¬¥áâ¥ á ¯à¥¤ë¤ãé¥© ¯ à®© â®ç¥ª ¤ -

¢ «® ¢®§¬®¦®áâì ¯®áâà®¨âì  ¯¯à®ªá¨¬¨àãîé¨¥ ¬®£®ç«¥ë q = Q

4

(y) ç¥â¢¥àâ®©

áâ¥¯¥¨ ¨ ¯®«ãç¨âì ¯® ¨¬ ãâ®ç¥®¥ § ç¥¨¥ ã£«  �

4

.

� ®¡é¥¬ á«ãç ¥ ª ª®¥-â® ª®«¨ç¥áâ¢® N

�

¯¥à¢ëå § ç é¨å æ¨äà (á ãç¥â®¬ ®ªàã£-

«¥¨©) ¢ ¢ëà ¦¥¨ïå �

2

¨ �

4

á®¢¯ ¤ îâ,   ¤ «¥¥ íâ¨ § ç¥¨ï à áå®¤ïâáï. �ë ¢á¥£¤ 

¤®¡¨¢ «¨áì ¥à ¢¥áâ¢  N

�

� 25, çâ® ¨ ¤ ¢ «® ®â®á¨â¥«ìãî â®ç®áâì ¢ ®¯à¥¤¥«¥-

¨¨ ã£«  ¥ åã¦¥ 10

�25

. �ç¥â á ¯®«¨®¬ ¬¨ ¡®«¥¥ ¢ëá®ª¨å áâ¥¯¥¥© ¨ á ¯®¢ëè¥®©

â®ç®áâìî ¯®¤â¢¥à¤¨« ¯à ¢¨«ì®áâì íâ®£® ªà¨â¥à¨ï. �  á ¬®¬ ¤¥«¥ ®â®á¨â¥«ì ï

â®ç®áâì ®ª § « áì ¢ëè¥ ¨ á®áâ ¢¨«  ¢ áà¥¤¥¬ � 10

�30

(á¬. à §¤¥« 3).
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� ¬¥â¨¬, çâ® ¯àï¬®¥ ¢ëç¨á«¥¨¥ â®ç¥ª ¢¥â¢¨ á¥¯ à âà¨áë ¯à¨ ®¡à â®¬ å®¤¥ ¢à¥-

¬¥¨ ¥ âà¥¡ã¥âáï. �â ¤ àâ®¥ ®â®¡à ¦¥¨¥ (1.5) ®¡« ¤ ¥â á¨¬¬¥âà¨¥©, ¯®§¢®«ïî-

é¥©, ¢ ç áâ®áâ¨, «î¡ãî â®çªã (x

f

; p

f

)   ¯àï¬®© ¢¥â¢¨ á¥¯ à âà¨áë ¯¥à¥áç¨âë¢ âì

¢ á®®â¢¥âáâ¢ãîéãî ¥© â®çªã (x

b

; p

b

)   ®¡à â®© ¢¥â¢¨ ¯® ¯à®áâë¬ á®®â®è¥¨ï¬

(á¬. [11]):

x

b

= 2� � x

f

; p

b

= p

f

+K � sin(x

f

) : (2:2)

�¥¬ á ¬ë¬, ¯®áâà®¥¨¥  ¯¯à®ªá¨¬¨àãîé¨å ¯®«¨®¬®¢ ¤«ï ®¡¥¨å ¢¥â¢¥© ¢ë¯®«ï¥â-

áï ä ªâ¨ç¥áª¨ ®¤®¢à¥¬¥® ¨ ¥ âà¥¡ã¥â ¤®¯®«¨â¥«ìëå ¢ëç¨á«¨â¥«ìëå § âà â.

�¤ ª®, á æ¥«ìî ¯à®¢¥àª¨ ¡ë«¨ ¯à®¢¥¤¥ë ¢ë¡®à®çë¥ ª®âà®«ìë¥ à áç¥âë ¯à¨

®¡à â®¬ å®¤¥ ¢à¥¬¥¨ ¤«ï ¥ª®â®àëå § ç¥¨© ¯ à ¬¥âà  ¢®§¬ãé¥¨ï. �â¨ à áç¥-

âë ¯®¤â¢¥à¤¨«¨ ¯à ¢¨«ì®áâì ®¯¨á ®© áå¥¬ë ¢ëç¨á«¥¨ï ã£« .

�« ¢ ï âàã¤®áâì ®ª § « áì á¢ï§   á ¯à®¡«¥¬®© ®âëáª ¨ï ª®íää¨æ¨¥â®¢ ¯®-

«¨®¬®¢,  ¯¯à®ªá¨¬¨àãîé¨å ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã ¯¥à¥á¥ç¥¨ï y = q = 0 ®âà¥§ª¨

á¥¯ à âà¨á

q = a

1

y + a

2

y

2

+ a

3

y

3

+ a

4

y

4

: (2:3)

�á¯®«ì§ãï § ¨¥ ç¥âëà¥å ®¯®àëå â®ç¥ª, ¬ë ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ «¨¥©ëå ãà ¢-

¥¨© á ¬ âà¨æ¥© ¢¨¤ 

0

B

B

B

B

B

@

�y (�y)

2

(�y)

3

(�y)

4

��y (�y)

2

�(�y)

3

(�y)

4

2�y 4(�y)

2

8(�y)

3

16(�y)

4

�2�y 4(�y)

2

�8(�y)

3

�16(�y)

4

:

1

C

C

C

C

C

A

(2:4)

�¥«¨ç¨ë í«¥¬¥â®¢ íâ®© ¬ âà¨æë à §«¨ç îâáï   ¬®£® ¯®àï¤ª®¢ (¢ á¨«ã ¬ «®áâ¨

¢¥«¨ç¨ë ®âáâà®©ª¨ ¯® ä §¥ �y á®£« á® (2.1)) ¨ ¥¥ ¤¥â¥à¬¨ â ®ª §ë¢ ¥âáï ¡«¨§®ª

ª ª®¬¯ìîâ¥à®¬ã ã«î, çâ® ¥ ¯®§¢®«ï¥â ¯®áâà®¨âì ®¡à âãî ¬ âà¨æã.

�¥è¥¨¥ ã¤ «®áì  ©â¨, ¢ë¯®«¨¢ § ¬¥ã ¯¥à¥¬¥ëå ¢¨¤  (y; q)! (Y = Sy;Q =

Sq). � ®¢ëå ¯¥à¥¬¥ëå ¯®«¨®¬ § ¯¨áë¢ ¥âáï â ª

Q = a

1

Y + b

2

Y

2

+ b

3

Y

3

+ b

4

Y

4

; (2:5)

¨ ¢¨¤®, çâ® ¥¤¨áâ¢¥® ¨â¥à¥áãîé¨©  á ¯¥à¢ë© ª®íää¨æ¨¥â a

1

= tg(�

4

) ®áâ -

¥âáï ¥¨§¬¥ë¬ ¯à¨ «î¡®© ¢¥«¨ç¨¥ ¬ áèâ ¡®£® ¬®¦¨â¥«ï S. �â® ¯®ïâ®, ¯®-

áª®«ìªã  è  § ¬¥  £¥®¬¥âà¨ç¥áª¨ ®§ ç ¥â ¯à®áâ®¥ ã¢¥«¨ç¥¨¥ ¢á¥© ª àâ¨ª¨ ¢ S

à §. �ë ®¡ëç®  § ç «¨ S = 1=�y, çâ® ¢ëà ¢¨¢ «® ¯®àï¤ª¨ ¢¥«¨ç¨ í«¥¬¥â®¢

¬ âà¨æë ¨ á¨¬ «® ¢á¥ âàã¤®áâ¨ á ¥¥ ®¡à ¡®âª®©.

�® ®¯¨á ®© áå¥¬¥ ¡ë«   ©¤¥  § ¢¨á¨¬®áâì �(K) ¤«ï 60 § ç¥¨© ¯ à ¬¥âà 

¢®§¬ãé¥¨ï ¢ ¨â¥à¢ «¥ 1 � K � 0:0004. �¥«¨ç¨  ã£«  § ¯¨áë¢ « áì á á®åà ¥¨¥¬

35 § ç é¨å æ¨äà, çâ® ¤ ¢ «® ¥ª®â®àë© § ¯ á á¢¥àå ¬¨¨¬ «ì®© (10

�25

, á¬. ¢ëè¥)

¨ áà¥¤¥© (� 10

�30

, á¬. à §¤¥« 3) ®â®á¨â¥«ìëå â®ç®áâ¥© ¢ ¥¥ ®¯à¥¤¥«¥¨¨.

�¨¨¬ «ì®¥ § ç¥¨¥ ¯ à ¬¥âà  ¢®§¬ãé¥¨ï K = 0:0004, ¤® ª®â®à®£®  ¬ ã¤ -

«®áì ¤®©â¨, ®£à ¨ç¨¢ «®áì ¢à¥¬¥¥¬ áç¥â  ®¤®£® ¢ à¨ â  (®ª®«® áãâ®ª). �â®

¢à¥¬ï ¡ëáâà® à áâ¥â á ã¬¥ìè¥¨¥¬ K £« ¢ë¬ ®¡à §®¬ §  áç¥â ã¢¥«¨ç¥¨ï ¥®¡-

å®¤¨¬®£® ç¨á«  ¨â¥à æ¨© ®â®¡à ¦¥¨ï (1.5). �®á«¥¤¥¥ ¥áâì ¯à®¨§¢¥¤¥¨¥ ¯¥à¨®¤ 
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¤¢¨¦¥¨ï ¢¡«¨§¨ á¥¯ à âà¨áë (� j ln dp

s

(�)j=

p

K � N

a

=

p

K, á¬.[2])   ç¨á«® ¯®á«¥-

¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© ª â®çª¥ ¯¥à¥á¥ç¥¨ï (� j ln dp

s

(�)j � N

a

). �®¬¨¬® íâ®£®

¢à¥¬ï ¢ëç¨á«¥¨ï sin x ¢ (1.5) â ª¦¥ à áâ¥â ¯à¨¡«¨§¨â¥«ì® ¯à®¯®àæ¨® «ì® N

c

(¢ ¨â¥à¥áãîé¥©  á ®¡« áâ¨ ã¬¥à¥®© â®ç®áâ¨ N

c

<

�

300). � ¨â®£¥ ¤«ï ¯®«®£®

¢à¥¬¥¨ áç¥â  ®¤®£® ¢ à¨ â  T ¯®«ãç ¥âáï ®æ¥ª 

T � T

0

N

c

N

a

2

p

K

; (2:6)

£¤¥ í¬¯¨à¨ç¥áª®¥ § ç¥¨¥ ¯ à ¬¥âà  T

0

� 2 � 10

�8

ç á®¢.

3 �¡à ¡®âª  à¥§ã«ìâ â®¢ ¨§¬¥à¥¨©

�áå®¤ë¬ í¬¯¨à¨ç¥áª¨¬ ¬ â¥à¨ «®¬ ¤«ï   «¨§  § ¢¨á¨¬®áâ¨ �(K) á«ã¦¨«¨ 60 ¨§-

¬¥à¥ëå § ç¥¨© íâ®© ¥¨§¢¥áâ®© äãªæ¨¨ (à §¤¥« 2). �  ¯¥à¢®¬ íâ ¯¥ ®¡à ¡®âª¨

¤«ï ¢ëç¨á«¥¨ï ¯®¯à ¢ª¨ c

�

¨á¯®«ì§®¢ «®áì  ¨¡®«¥¥ â®ç®¥ ®¯ã¡«¨ª®¢ ®¥ § ç¥-

¨¥ L (1.16) [10]. �«ï áà ¢¥¨ï á â¥®à¨¥© [11]   «®£¨çë¬ ®¡à §®¬ ®¡à ¡ âë¢ « áì

í¬¯¨à¨ç¥áª ï § ¢¨á¨¬®áâì ¯®¯à ¢ª¨ c

�

ª ¨¢ à¨ âã �, ¢ëç¨á«¥®¬ã ¯® ä®à¬ã«¥

(1.19).

�¨á. 1: �à¨¬¥à § ¢¨á¨¬®áâ¨ ª®íää¨æ¨¥â®¢ àï¤  (3.1),  ©¤¥ëå ¨§ ¨â¥à¯®«ïæ¨¨

í¬¯¨à¨ç¥áª¨å ¤ ëå, ®â ¯®«®£® ç¨á«  ç«¥®¢ àï¤  M ¤«ï ã£«  (âà¥ã£®«ì¨ª¨) ¨

¤«ï ¨¢ à¨ â  (ªàã¦ª¨); «®£ à¨ä¬ ¤¥áïâ¨çë©.

� á®®â¢¥âáâ¢¨¥ á â¥®à¨¥© [11] ®¡¥ ¯®¯à ¢ª¨ ¨áª «¨áì ¢ ¢¨¤¥ ª®¥ç®£® àï¤  ¯®

ç¥âë¬ áâ¥¯¥ï¬ h:

~c(h) = a(0) +

M

X

m=1

a(m)h

2m

(3:1)
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á ¯®¬®éìî ¨â¥à¯®«ïæ¨¨ ¯® ¬¥â®¤ã  ¨¬¥ìè¨å ª¢ ¤à â®¢ (á¬.,  ¯à¨¬¥à [14]).

�®âï ä®à¬ «ì® ª®íää¨æ¨¥â a(0) = 0 (á¬. (1.17),(1.20)), ¢ª«îç¥¨¥ ¥£® ¢ (3.1) ¯®-

§¢®«ï¥â áãé¥áâ¢¥® ãâ®ç¨âì ¯ à ¬¥âà L ¯® áà ¢¥¨î á ¥£® ¨§¢¥áâë¬ § ç¥¨¥¬

(1.16).

�á®¢ ï âàã¤®áâì ¨â¥à¯®«ïæ¨¨ í¬¯¨à¨ç¥áª¨å ¤ ëå á ¯®¬®éìî àï¤  (3.1)

á®áâ®¨â ¢ â®¬, çâ® à §«¨çë¥ ç«¥ë íâ®£® àï¤  ®â«¨ç îâáï ¯® ¢¥«¨ç¨¥   ¬®£®

¯®àï¤ª®¢. � ª, ¢ â¨¯¨ç®¬ á«ãç ¥ h � 0:05; M = 10 ®â®è¥¨¥ (a

10

=a

1

)h

18

� 10

�27

.

�®íâ®¬ã ¥á¬®âàï   á¯¥æ¨ «ìë¥ ãå¨éà¥¨ï ¢ ¬¥â®¤¨ª¥ ®¡à ¡®âª¨, ¤ ¦¥    -

ç «ì®¬ íâ ¯¥ ®  ¯à®¨§¢®¤¨« áì á ç¥â¢¥à®© â®ç®áâìî,   ®ª®ç â¥«ì ï ®¡à ¡®â-

ª  ¯®âà¥¡®¢ «  â®ç®áâ¨ � 10

�100

. �¤ ª® ¨ íâ®£® ®ª § «®áì ¥¤®áâ â®ç®. � ª ¨

¯à¨ ¨â¥à¯®«ïæ¨¨ ¢¥â¢¥© á¥¯ à âà¨áë (à §¤¥« 2) áâ®«ì ¥®¤®à®¤ ï ¬ âà¨æ  á¨áâ¥-

¬ë «¨¥©ëå ãà ¢¥¨© ®¡ëç® ¢ëà®¦¤ « áì ¢ ª®¬¯ìîâ¥à®¬ ¯à¥¤áâ ¢«¥¨¨. �âã

âàã¤®áâì ã¤ «®áì ¯à¥®¤®«¥âì â¥¬ ¦¥ á¯®á®¡®¬, â.¥. ¨§¬¥¥¨¥¬ ¬ áèâ ¡  ¯¥à¥¬¥-

ëå § ¤ ç¨: (h; ~c) ! (H = Sh; C = S~c), £¤¥ ®¡ëç® ¬ áèâ ¡ë© ä ªâ®à S � 1. �

®â«¨ç¨¥ ®â § ¤ ç¨ ¢ à §¤¥«¥ 2 ª®íää¨æ¨¥âë ¯®«¨®¬  (3.1) ¥ ï¢«ïîâáï ¨¢ à¨-

 â ¬¨ â ª®£® ¯à¥®¡à §®¢ ¨ï ¨ ¤®«¦ë ¢®ááâ  ¢«¨¢ âìáï ¯®á«¥ ¨â¥à¯®«ïæ¨¨ ¢

®¢ëå ¯¥à¥¬¥ëå: A(m)! a(m) = A(m)S

2m�1

.

�¨á«® ç«¥®¢ àï¤  M � 10 ®£à ¨ç¥® á¢¥àåã ®è¨¡ª ¬¨ ¢ëç¨á«¥¨ï ª®íää¨æ¨-

¥â®¢ a(m) £« ¢ë¬ ®¡à §®¬ ¨§-§  "èã¬ ", ¢ë§¢ ®£® ª®¥ç®© â®ç®áâìî í¬¯¨-

à¨ç¥áª¨å ¤ ëå �(h). �à¨ ¤ «ì¥©è¥¬ ã¢¥«¨ç¥¨¨ M ¬ë ¥ â®«ìª® ¥ ¯®«ãç ¥¬

®¢ë¥ ª®íää¨æ¨¥âë, ® ¨ â¥àï¥¬ ¯à¥¤ë¤ãé¨¥. �â®  £«ï¤® ¢¨¤®   à¨á.1 ¯®

à¥§ª®¬ã ¨§«®¬ã § ¢¨á¨¬®áâ¨ a(m). � à¥§ã«ìâ â¥ á¥à¨¨ ¯à®¡ ¨ ®è¨¡®ª ¡ë«® ¢ë¡à ®

®¯â¨¬ «ì®¥ § ç¥¨¥ M = 10 (á¬. â ª¦¥ à¨á.3 ¨¦¥).

�®ç®áâì í¬¯¨à¨ç¥áª®© § ¢¨á¨¬®áâ¨ (3.1) å à ªâ¥à¨§ã¥âáï áà¥¤¥{ª¢ ¤à â¨ç®©

®è¨¡ª®© (���):

�c =

D

(c(h) � ~c(h))

2

E

1=2

; (3:2)

£¤¥ áª®¡ª¨<> ®¡®§ ç îâ ãáà¥¤¥¨¥ ¯® ¢á¥¬ã ¨â¥à¢ «ã ¨â¥à¯®«ïæ¨¨. �®á«¥¤¨©

¥ ®¡ï§ â¥«ì® ¢ª«îç ¥â ¢á¥ 60 § ç¥¨© c(h). �®«¥¥ â®£®, ¯®¯ëâª¨ ¨á¯®«ì§®¢ âì

¢¥áì í¬¯¨à¨ç¥áª¨© ¨â¥à¢ « áà §ã ¯®ª § «¨ ¢¥áì¬  ¨§ªãî â®ç®áâì â ª®© "£«®-

¡ «ì®©"¨â¥à¯®«ïæ¨¨: �c(h)

>

�

10

�6

(áà. à¨á.2). �â® ¢¯®«¥ ®¡êïá¨¬®, ¯®áª®«ìªã

áâ¥¯¥ ï § ¢¨á¨¬®áâì (3.1) ¢ â¥®à¨¨ [11] å à ªâ¥à¨§ã¥â «¨èì ¯à®¬¥¦ãâ®çãî  á¨¬-

¯â®â¨ªã. �¬¥® ¯®íâ®¬ã ãª«®¥¨¥

�c(h) = c(h) � ~c(h) (3:3)

á®¤¥à¦¨â  ¨¡®«¥¥ æ¥ãî ¨ ¨â¥à¥áãî ¨ä®à¬ æ¨î ® ¤®¯®«¨â¥«ìëå ¥ ¤¨ -

¡ â¨ç¥áª¨å íää¥ªâ å, ¥ ¢®è¥¤è¨å ¢ â¥®à¨î. � ª¨¬ ®¡à §®¬, ¥®¡å®¤¨¬® ¡ë«® ¢

§ ¤ ®¬ ¬ áá¨¢¥ í¬¯¨à¨ç¥áª¨å ¤ ëå ¢ë¡à âì â ª¦¥ ®¯â¨¬ «ìë© ¨â¥à¢ « ¨-

â¥à¯®«ïæ¨¨ (h

1

� h

2

), £¤¥ h

1

= 0:02 { ¬¨¨¬ «ì®¥ § ç¥¨¥ ¢ ¨áå®¤ëå ¤ ëå.

�á®¢ë¬ ªà¨â¥à¨¥¬ ¯à¨ íâ®¬ á«ã¦¨«   ¨¬¥ìè ï ¢¥«¨ç¨  �c (3.2),   â ª¦¥

â®ç®áâì  ©¤¥ëå ª®íää¨æ¨¥â®¢ àï¤  (3.1) (á¬. â ¡«¨æë 1 ¨ 2).
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� ¡«¨æ  1. �®íää¨æ¨¥âë a

�

(m) àï¤  (3.1) ¤«ï ã£« 

m a

�

(m) � < � >

1 �0:233376428864381610627639619 0:239 � 10

�24

0:118 � 10

�24

2 �0:29081815512468886036776 0:101 � 10

�20

0:453 � 10

�21

3 �0:014824955534894050884 0:240 � 10

�17

0:973 � 10

�18

4 0:043182190148643630 0:357 � 10

�14

0:130 � 10

�14

5 �0:041519239477208 0:348 � 10

�11

0:115 � 10

�11

6 �0:13137331019 0:227 � 10

�08

0:673 � 10

�09

7 �0:319169504 0:983 � 10

�06

0:261 � 10

�06

8 �1:060635 0:273 � 10

�03

0:647 � 10

�04

9 �4:3613 0:439 � 10

�01

0:923 � 10

�02

10 �24:02 0:312 � 10

+01

0:579 � 10

+00

� ¡«¨æ  2. �®íää¨æ¨¥âë b(m) àï¤  (4.1) ¤«ï ¨¢ à¨ â 

m b

�

(m) � < � >

1 18:5989119582092973588171520 0:101 � 10

�22

0:343 � 10

�23

2 �4:3411412705681625367860 0:369 � 10

�19

0:125 � 10

�19

3 �4:183263759091894112 0:971 � 10

�16

0:345 � 10

�16

4 �4:934139590730929 0:186 � 10

�12

0:735 � 10

�13

5 �10:645486442741 0:263 � 10

�09

0:121 � 10

�09

6 �35:860081765 0:276 � 10

�06

0:151 � 10

�06

7 �177:60356 0:212 � 10

�03

0:139 � 10

�03

8 �1239:507 0:114 � 10

+00

0:894 � 10

�01

9 �11766:0 0:386 � 10

+02

0:362 � 10

+02

10 �163000 0:627 � 10

+04

0:693 � 10

+04

� ®¡¥¨å â ¡«¨æ å � { ��� ¢ £àã¯¯¥,   < � > { áà¥¤ïï ��� ¨¤¨¢¨¤ã «ì®©

¨â¥à¯®«ïæ¨¨. � â ¡«¨æ¥ 2 ¯®¤ç¥àªãâë § ç¥¨ï ª®íää¨æ¨¥â®¢, ¯®«ãç¥ë¥ ¢

à ¡®â¥ [11].

� ç¥áâ¢® ¨â¥à¯®«ïæ¨¨ ¯ ¤ ¥â ¥ â®«ìª® ¯à¨ ã¢¥«¨ç¥¨¨ h

2

, ª ª ®â¬¥ç¥® ¢ë-

è¥, ® ¨ ¯à¨ ¥£® ã¬¥ìè¥¨¨ ¨§{§  ¬ «®£® ¢ª« ¤  ¢ëá®ª¨å áâ¥¯¥¥© h ¯à¨ ¬ «®¬

h,   â ª¦¥ ¨§-§  ã¬¥ìè¥¨ï ç¨á«  N

p

ãç áâ¢ãîé¨å ¢ ¨â¥à¯®«ïæ¨¨ â®ç¥ª. � ¨-

«ãçè ï ¨â¥à¯®«ïæ¨ï ¯®«ãç ¥âáï ¯à¨ h

2

� 0:063 (N

p

= 19), �c

�

� 2 � 10

�31

, ¨

h

2

� 0:12 (N

p

= 36), �c

�

� 2 � 10

�31

®¤ ª® ¨á¯®«ì§®¢ «¨áì ¨ ¤àã£¨¥ ¡«¨§ª¨¥ § -

ç¥¨ï N

p

(á¬. à §¤¥« 4). �â¬¥â¨¬, çâ® ¤®áâ¨£ãâ ï â®ç®áâì ¨â¥à¯®«ïæ¨¨ ¨ ¤ ¥â

£àã¡ãî ®æ¥ªã áà¥¤¥© â®ç®áâ¨ ¨§¬¥à¥ëå § ç¥¨© �(K).

�á®¢ë¥ à¥§ã«ìâ âë ¯®«ãç¥ë ¯à¨ áâ ¤ àâ®© ¨â¥à¯®«ïæ¨¨ ¯ãâ¥¬ ¬¨¨¬¨-

§ æ¨¨ ¤¨á¯¥àá¨¨ (�c)

2

(á¬. (3.2), (3.1)). �«ï ª®âà®«ï ¨á¯®«ì§®¢ « áì ¨ ¯àï¬ ï

¨â¥à¯®«ïæ¨ï, ª®£¤  ¢ ª ç¥áâ¢¥ ã«¥¢®£® ¥¨§¢¥áâ®£® ª®íää¨æ¨¥â  a(0) ¢ ¢ëà ¦¥-

¨ïå â¨¯  (3.1) ®âëáª¨¢ « áì ¯®« ï ¢¥«¨ç¨  ¯®áâ®ï®© � §ãâª¨ . �à®¬¥ â®£®,

¯à®¢®¤¨« áì ¨ ®â®á¨â¥«ì ï ¨â¥à¯®«ïæ¨ï, ¯à¨ ª®â®à®© ¬¨¨¬¨§¨à®¢ « áì ®â®á¨-
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�¨á. 2: �¥§ã«ìâ âë ¨â¥à¯®«ïæ¨¨ í¬¯¨à¨ç¥áª¨å ¤ ëå ¯® ã£«ã à áé¥¯«¥¨ï á¥-

¯ à âà¨áë (âà¥ã£®«ì¨ª¨) ¨ ¨¢ à¨ âã (ªàã¦ª¨): �c(h) { ãª«®¥¨¥ ¯®¯à ¢ª¨ ®â

¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¨ (3.1), «®£ à¨ä¬ ¤¥áïâ¨çë©. � ª«®ë¥ ¯àï¬ë¥ ¯à¥¤-

áâ ¢«ïîâ ¯¥à¢®¥ á« £ ¥¬®¥ ®áâ â®ç®£® ç«¥  (4.7); ªà¨¢ ï { íªá¯®¥æ¨ «ì®¥ ãª«®-

¥¨¥ (4.6). �¥àå¨¥ «¨¨¨ { ¯®« ï ¯®¯à ¢ª  c(h) ¤«ï ã£«  ¨ ¨¢ à¨ â , á®®â¢¥â-

áâ¢¥®.

â¥«ì ï ¤¨á¯¥àá¨ï

(�c)

2

c

2

=

*"

1 �

~c(h)

c(h)

#

2

+

: (3:4)

�á¥ âà¨ ¢ à¨ â  ¨â¥à¯®«ïæ¨¨  å®¤¨«¨áì ¢ å®à®è¥¬ á®£« á¨¨ ¤àã£ á ¤àã£®¬.

�¥§ã«ìâ âë ®¡à ¡®âª¨ ¯à¥¤áâ ¢«¥ë   à¨á.2 ¨ ¢ â ¡«¨æ å 1 ¨ 2.

�®ç®áâì  ©¤¥ëå ª®íää¨æ¨¥â®¢ ®æ¥¨¢ « áì ¤¢ã¬ï à §«¨çë¬¨ ¬¥â®¤ ¬¨.

�®{¯¥à¢ëå, ¢ëç¨á«ï« áì áâ ¤ àâ ï ��� ¨â¥à¯®«ïæ¨¨ [14] (ª®«®ª  4 ¢ â ¡«¨-

æ å). �â  ¢¥«¨ç¨  å à ªâ¥à¨§ã¥â ®¦¨¤ ¥¬ãî ®è¨¡ªã ª®íää¨æ¨¥â®¢ ¯à¨ á«ãç ©-

®© ��� ¨áå®¤ëå í¬¯¨à¨ç¥áª¨å ¤ ëå. �¤ ª®   á ¬®¬ ¤¥«¥ ¯®« ï ®è¨¡ª 

¯®çâ¨ ¨ª®£¤  ¥ ï¢«ï¥âáï â®«ìª® á«ãç ©®©,   á®¤¥à¦¨â ¥é¥ ¨ á¨áâ¥¬ â¨ç¥áªãî

®è¨¡ªã, ª®â®à ï ¯à¨¢®¤¨â ª á¤¢¨£ã (¤®¯®«¨â¥«ì®¬ã ¨§¬¥¥¨î) § ç¥¨© ª®íää¨-

æ¨¥â®¢. �â® ïá® ¢¨¤® ã¦¥ ¨§ à¨á.2, £¤¥ â®ç®áâì ¨â¥à¯®«ïæ¨¨ áãé¥áâ¢¥® ¯à¥-

¢ëè ¥â ®áâ â®çë© ç«¥ àï¤  (1.20), ¥ ¢ª«îç¥ë© ¢ ¨â¥à¯®«ïæ¨î (3.1). �®íâ®¬ã

¨á¯®«ì§®¢ «áï ¨ ¤àã£®© ¬¥â®¤. � ç¥¨ï ª®íää¨æ¨¥â®¢ ®¯à¥¤¥«ï«¨áì ª ª áà¥¤¨¥

¯® ¥áª®«ìª¨¬ ¨â¥à¯®«ïæ¨ï¬ á à §«¨çë¬ ç¨á«®¬ ¢å®¤ëå ¤ ëå: N

p

= 14 � 20

¤«ï ã£«  ¨ N

p

= 33 � 38 ¤«ï ¨¢ à¨ â . �¬¥® íâ¨ § ç¥¨ï ¨ ¯à¨¢¥¤¥ë ¢ â ¡«¨-

æ å (ª®«®ª  2). �â®á¨â¥«ì® á« ¡ ï § ¢¨á¨¬®áâì áà¥¤¨å ®â N

p

á«ã¦¨«  ®á®¢ë¬

ªà¨â¥à¨¥¬ ¯à¨ ¢ë¡®à¥ íâ¨å ¤¢ãå £àã¯¯. � ª ç¥áâ¢¥ ®è¨¡ª¨ ¯à¨¨¬ « áì ��� § -

ç¥¨© ª®íää¨æ¨¥â®¢ ¢ £àã¯¯¥ (ª®«®ª  3 ¢ â ¡«¨æ å). �¨¤®, çâ® ®¡¥ ®æ¥ª¨ ¨¬¥îâ

®¤¨ ª®¢ë© ¯®àï¤®ª, å®âï ®è¨¡ª  ¢ £àã¯¯¥ ï¢«ï¥âáï  ¨¡®«ìè¥©, ¨ ¯®â®¬ã ®¯à¥¤¥-
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�¨á. 3: � ª® ¨§¬¥¥¨ï ª®íää¨æ¨¥â®¢ ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¨ (3.1) ¤«ï ã£« 

a

�

(m) (â¥¬ë¥ âà¥ã£®«ì¨ª¨), ¨¢ à¨ â  a

�

(m) (â¥¬ë¥ ªàã¦ª¨) ¨ ¨å ®â®è¥¨ï

a

�

=a

�

(§¢¥§¤®çª¨). �¯«®èë¥ «¨¨¨ { í¬¯¨à¨ç¥áª ï § ¢¨á¨¬®áâì (4.2). �¢¥â«ë¥ âà¥-

ã£®«ì¨ª¨ ¨ ªàã¦ª¨ ¯à¥¤áâ ¢«ïîâ ®è¨¡ª¨ ª®íää¨æ¨¥â®¢. �®£ à¨ä¬ ¤¥áïâ¨çë©.

«ïîé¥©, ¢® ¢á¥å á«ãç ïå ªà®¬¥ b(10). � §«¨ç¨¥ ®¡¥¨å ���, ®á®¡¥® § ¬¥â®¥ ¤«ï

ã£« , ®¯à¥¤¥«¥® ãª §ë¢ ¥â   áãé¥áâ¢¥ë¥ á¨áâ¥¬ â¨ç¥áª¨¥ ®è¨¡ª¨. � ç¥¨ï

��� ¢ £àã¯¯¥ ¨ ®¯à¥¤¥«ïîâ ç¨á«®  ¤¥¦ëå, ¯®  è¥¬ã ¬¥¨î, ¤¥áïâ¨çëå § -

ª®¢ ª®íää¨æ¨¥â®¢. � ª®«®ª¥ 2 ®áâ ¢«¥ë 2 - 3 "«¨è¨å"§ ª  ¤«ï áà ¢¥¨ï á

¡ã¤ãé¨¬¨ ¡®«¥¥ â®çë¬¨ í¬¯¨à¨ç¥áª¨¬¨ ¨/¨«¨ â¥®à¥â¨ç¥áª¨¬¨ § ç¥¨ï¬¨.

4 �¡áã¦¤¥¨¥ à¥§ã«ìâ â®¢

� áá¬®âà¨¬ ¢ ç «¥ ¯®¢¥¤¥¨¥ á ¬¨å ª®íää¨æ¨¥â®¢ à §«®¦¥¨ï (3.1), ¨áå®¤ï ¨§

¤ ëå â ¡«¨æ 1 ¨ 2. �à¨ íâ®¬ ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¨¦¥ ¯à¥¤áâ ¢«¥¨¥ ª®íä-

ä¨æ¨¥â®¢ ¢ ¯à®áâ¥©è¥© ä®à¬¥ (3.1) §  ¨áª«îç¥¨¥¬ ¥¯®áà¥¤áâ¢¥®£® áà ¢¥¨ï á

à¥§ã«ìâ â ¬¨ à ¡®âë [11], £¤¥ ª®íää¨æ¨¥âë b(m) ¯à¥¤áâ ¢«¥ë ¢ ä®à¬¥ àï¤  �í©-

«®à  (áà. (1.20)):

�

�

1

L = L +

1

X

m=1

b(m)

m!

h

2m

; b(m) = a(m) �m! � L : (4:1)

�à¥¦¤¥ ¢á¥£®  ¬ ã¤ «®áì  ©â¨ ®â®á¨â¥«ì® ¯à®áâãî íªáâà ¯®«ïæ¨î § ¢¨á¨-

¬®áâ¨ a(m) ¢¥ ¯à¥¤¥«®¢ ¤®áï£ ¥¬®áâ¨ ¯àï¬ëå ¨§¬¥à¥¨© ã£«  à áé¥¯«¥¨ï á¥¯ -

à âà¨áë. �¥§ã«ìâ âë â ª®© íªáâà ¯®«ïæ¨¨ ¯à¥¤áâ ¢«¥ë   à¨á.3 ¨ ®¯¨áë¢ îâáï
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¯à¨¡«¨¦¥ë¬¨ ¢ëà ¦¥¨ï¬¨:

a

�

(m) � A

�

e

m

m

p

(4:2a)

¤«ï ã£«  ¨

a

�

(m) �

A

�

m

p

(4:2b)

¤«ï ¨¢ à¨ â . �®áâà®¥¨¥ íâ¨å í¬¯¨à¨ç¥áª¨å á®®â®è¥¨© ¯à®¨§¢®¤¨«®áì á«¥¤ã-

îé¨¬ ®¡à §®¬. �§ à¨á.2 ¨ â ¡«¨æ ¢¨¤®, çâ® ¯®¯à ¢ª  c

�

(h) > 0 § ç¨â¥«ì® ¬¥ìè¥

¯®  ¡á®«îâ®© ¢¥«¨ç¨¥, ç¥¬ c

�

(h) < 0 ¢® ¢á¥¬ ¨áá«¥¤®¢ ®¬ ¤¨ ¯ §®¥ h ¨ ¨¬¥-

¥â ®¡à âë© § ª. �â® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¯®¢¥¤¥¨ï ®à¬ë �(h) = �

1

(1 + c

�

(h))

(�

1

= 4; c

�

(h) > 0) ¢ á®®â®è¥¨¨ (1.19). �âáî¤  á¢ï§ì ¬¥¦¤ã ª®íää¨æ¨¥â ¬¨

¬®¦¥â ¡ëâì § ¯¨á   ¢ ¢¨¤¥:

a

�

(m) = a

�

(m) +

m

X

k=1

a

�

(k) � a

�

(m� k) : (4:3)

�¤¥áì ¢á¥ ª®íää¨æ¨¥âë ®à¬ë a

�

(m) > 0 ¯®«®¦¨â¥«ìë¥, â®£¤  ª ª ¯®çâ¨ ¢á¥ a

�

(m)

¨ a

�

(m) ®âà¨æ â¥«ìë¥ (§  ¨áª«îç¥¨¥¬ a

�

(4) ¨ a

�

(1), á¬. â ¡«¨æë). � ¤àã£®© áâ®-

à®ë, ¨§ à¨á.3 ¢¨¤®, çâ® ¨ á ¬¨ ª®íää¨æ¨¥âë ¤«ï ã£«  ¨ ¨¢ à¨ â  ¢¥¤ãâ á¥¡ï

á®¢¥àè¥® ¯®{à §®¬ã. �®á«¥¤¨¥ ®â®á¨â¥«ì® ¬¥¤«¥® ã¡ë¢ îâ á m, ¯à¨¡«¨-

§¨â¥«ì® ¯® áâ¥¯¥®¬ã § ª®ã, â®£¤  ª ª ¯¥à¢ë¥ ¡ëáâà®, ¯®çâ¨ íªá¯®¥æ¨ «ì®,

à áâãâ, â ª¦¥ ª ª ¨ ª®íää¨æ¨¥âë ®à¬ë. �â® ¯®¤â¢¥à¦¤ ¥âáï ¯àï¬®© ¨â¥à¯®«ï-

æ¨¥© ¨ ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ â®£®, çâ® ®à¬  ¯®çâ¨ ª®¬¯¥á¨àã¥â ¡®«ìèãî

¯®¯à ¢ªã ¤«ï ã£« : c

�

� jc

�

j. � íâ®¬ ª«îç ª ¯®áâà®¥¨î í¬¯¨à¨ç¥áª¨å á®®â®è¥¨©

(4.2). �¥©áâ¢¨â¥«ì®, â ª ï ª®¬¯¥á æ¨ï ¥ ¯à®å®¤¨â ¯à¨ ç¨áâ® íªá¯®¥æ¨ «ì®©

§ ¢¨á¨¬®áâ¨ a

�

(m) � a

�

(m). �¤ ª®, «¥£ª® ¯à®¢¥à¨âì, çâ® íâ® áâ ®¢¨âáï ¢®§¬®¦-

ë¬ ¯à¨ ª®¬¡¨¨à®¢ ®© § ¢¨á¨¬®áâ¨ (4:2a), ¥á«¨ â®«ìª® p > 1 ¨ m� 1. �  à¨á.3

¯®ª §   â ª¦¥ § ¢¨á¨¬®áâì ®â®è¥¨ï a

�

=a

�

®â m, ª®â®à ï ¯à¥ªà á® «®¦¨âáï  

íªá¯®¥âã (á¬. (4.4) ¨¦¥). �â® â¥¬ ¡®«¥¥ ã¤¨¢¨â¥«ì®, çâ® ¯®á«¥¤¨¥ 2 ¨«¨ ¤ ¦¥

3 ª®íää¨æ¨¥â  ¨¢ à¨ â  ï¢® ®âª«®ïîâáï ®â ¯à®áâ®© áâ¥¯¥®© § ¢¨á¨¬®áâ¨

(4:2b). �® ¦¥ ®â®á¨âáï ¨ ª ª®¬¡¨¨à®¢ ®© § ¢¨á¨¬®áâ¨ (4:2a) ¤«ï ã£« . �®¯à®á

® ¯à¨à®¤¥ íâ¨å  ®¬ «¨© ®áâ ¥âáï ®âªàëâë¬ ¨ âà¥¡ã¥â ¤ «ì¥©è¨å ¨áá«¥¤®¢ ¨©.

�â¬¥â¨¬, çâ®  ®¬ «¨¨ ¯®ï¢«ïîâáï â®«ìª®   ¯®á«¥¤¨å ª®íää¨æ¨¥â å, ç¨á«® ª®-

â®àëå ¥¢®§¬®¦® ã¢¥«¨ç¨âì ¨§{§  ª â áâà®ä¨ç¥áª®£® à®áâ  ®è¨¡®ª (à¨á.1). �à®¬¥

â®£®, ®â®è¥¨¥ ª®íää¨æ¨¥â®¢ ã£«  ¨ ¨¢ à¨ â  ¢®®¡é¥ ¥ á®¤¥à¦¨â ¢¨¤¨¬ëå

 ®¬ «¨©, çâ® ¥á®¬¥® ®âà ¦ ¥â ª ª®¥{â® å à ªâ¥à®¥ á¢®©áâ¢® ¯à®¬¥¦ãâ®ç®©

 á¨¬¯â®â¨ª¨. �®¥ç®, â®ç ï § ¢¨á¨¬®áâì ª®íää¨æ¨¥â®¢, ¥á«¨ ®  ¢®®¡é¥ ¬®¦¥â

¡ëâì ¢ëà ¦¥  ¢ ï¢®¬ ¢¨¤¥, ¢àï¤ «¨ ¨¬¥¥â ¯à®áâãî ä®à¬ã (4.2) ¤ ¦¥ ¯à¨ m� 1.

�â® ¢¨¤® ã¦¥ ¨§ â®£®, çâ® â®ç®áâì í¬¯¨à¨ç¥áª¨å á®®â®è¥¨© ¥ ¨¤¥â ¨ ¢ ª ª®¥

áà ¢¥¨¥ á â®ç®áâìî á ¬¨å ª®íää¨æ¨¥â®¢ (áà. â ¡«¨æë ¨ (4.4)). �¥¬ ¥ ¬¥¥¥, ¤ -

¦¥ ¯à¨¡«¨¦¥ë¥ ¢ëà ¦¥¨ï (4.2) ¯®¬®£ îâ ®à¨¥â¨à®¢ âìáï ª ª ¢ ¨â¥à¯à¥â æ¨¨

å à ªâ¥àëå ®á®¡¥®áâ¥© ¯à®¬¥¦ãâ®ç®©  á¨¬â®â¨ª¨, â ª ¨ ¢ ¤ «ì¥©è¨å ¨áá«¥-

¤®¢ ¨ïå íâ®© ¯à®¡«¥¬ë. � ª ¨«¨ ¨ ç¥,   ¤ ®¬ íâ ¯¥ ¬ë ®£à ¨ç¨«¨áì íâ¨¬

¯à¨¡«¨¦¥¨¥¬.
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� à ¬¥âàë í¬¯¨à¨ç¥áª¨å á®®â®è¥¨© ¡ë«¨ ¯®«ãç¥ë á ¯®¬®éìî ¨â¥à¯®«ïæ¨¨

¤ ëå ¤«ï ®â®è¥¨ï ª®íää¨æ¨¥â®¢ á m = 7 � 10 ¢ ¯®«ã«®£ à¨ä¬¨ç¥áª®¬ ¬ á-

èâ ¡¥, ¨ ¤ ëå ¤«ï ¨¢ à¨ â  ám = 4 � 6 ¢ ¤¢®©®¬ «®£ à¨ä¬¨ç¥áª®¬ ¬ áèâ ¡¥.

�¥§ã«ìâ âë ¨¬¥îâ ¢¨¤:

 = 1:358 � 0:0059; p = 3:51 � 0:17

A

�

= �0:0174 � (1 � 0:28); A

�

= �0:0233 � (1 � 0:27) ;

(4:4)

£¤¥ â®ç®áâì ãª §   ¢  ¡á®«îâëå ¨ ®â®á¨â¥«ìëå ���. �â¬¥â¨¬, çâ® ¨â¥à¯®-

«ïæ¨ï ¤ ¦¥ ¯® âà¥¬ ª®íää¨æ¨¥â ¬ (m = 2; 3; 4), ¯®«ãç¥ë¬ ¢ à ¡®â¥ [11], ¤ ¥â

¡«¨§ª¨¥ § ç¥¨ï ¯ à ¬¥âà®¢ (4:2b):

A

�

= �0:0216 � (1 � 0:45) p = 3:38 � 0:41 : (4:5)

�®ç®áâì í¬¯¨à¨ç¥áª¨å á®®â®è¥¨© (4.2) å à ªâ¥à¨§ã¥âáï â ª¦¥ ®â®á¨â¥«ì®©

��� á ¬®© ¨â¥à¯®«ïæ¨¨ (�a=jaj) (¤«ï ãª § ëå ¢ëè¥ § ç¥¨© m), ª®â®à ï á®-

áâ ¢«ï¥â ¢¥«¨ç¨ã �0:029 ¤«ï ã£«  ¨ �0:028 ¤«ï ¨¢ à¨ â . �â¬¥â¨¬, çâ® ®â®-

á¨â¥«ì® ¬ «ë¥ § ç¥¨ï íâ¨å ��� ¯® áà ¢¥¨î á ��� á ¬¨å ª®íää¨æ¨¥â®¢ (4.4)

®¡êïáï¥âáï á¨«ì®© ª®àà¥«ïæ¨¥© ¯®á«¥¤¨å. � ®¡®¨å á«ãç ïå  ®¬ «¨¨ ª®íää¨æ¨-

¥â®¢ áãé¥áâ¢¥® ¯à¥¢ëè îâ ª ª ¯à¨¢¥¤¥ë¥ ®è¨¡ª¨ á®®â®è¥¨ï (4.2), â ª ¨

®¡¥ ®è¨¡ª¨ á ¬¨å ª®íää¨æ¨¥â®¢ ¢ â ¡«¨æ å (á¬. à¨á.3).

� ¯®¬®éìî (4.2) ¬®¦® ¯®áâà®¨âì ¯à¨¡«¨¦¥ãî ¬®¤¥«ì ¯à®¬¥¦ãâ®ç®©  á¨¬-

¯â®â¨ª¨, ¢§ï¢ ¢ ª ç¥áâ¢¥  ç «ìëå ª®íää¨æ¨¥â®¢, ï¢® ¥ ã¤®¢«¥â¢®àïîé¨å (4.2),

¨å â®çë¥ § ç¥¨ï ¨§ â ¡«¨æ. �à¥¤¢ à¨â¥«ìë¥ ç¨á«¥ë¥ íªá¯¥à¨¬¥âë á â -

ª®© ¬®¤¥«ìî ¯®ª § «¨, çâ® ®  ¤¥©áâ¢¨â¥«ì® ¢®á¯à®¨§¢®¤¨â á¤¢¨£ § ç¥¨© ¢á¥å

¨ ®á®¡¥® ¯®á«¥¤¨å ª®íää¨æ¨¥â®¢, ª®â®àë© ®¤ ª® «¥¦¨â ¢ ¯à¥¤¥« å ®è¨¡®ª

(á¬. â ¡«¨æë ¨ à¨á.3) ¨ ¥ ®¡êïáï¥â ãª § ë¥ ¢ëè¥  ®¬ «¨¨. �®«¥¥ â®£®, ¤ ¦¥

¢ª«îç¥¨¥ ¤®¯®«¨â¥«ì®£® ®¤®à®¤®£® ¯® h èã¬ , ¬®¤¥«¨àãîé¥£® ®è¨¡ª¨ ¨§¬¥-

à¥¨ï ã£« , ¥ ¯®¬®£ ¥â.

�à¨¡«¨¦¥ë¥ ¢ëà ¦¥¨ï (4.2) ¯®§¢®«ïîâ â ª¦¥ ¯à¥¤áâ ¢¨âì á¥¡¥ £«®¡ «ì®¥

¯®¢¥¤¥¨¥ ¢ ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¥. �à¥¦¤¥ ¢á¥£®, àï¤ ¤«ï ¨¢ à¨ â  (4:2b)

áå®¤¨âáï ¢® ¢á¥¬ ¨áá«¥¤®¢ ®¬ ¨â¥à¢ «¥ h � 1 ¢¯«®âì ¤® £à ¨æë £«®¡ «ì®£®

å ®á , å®âï ¨ ¥ ®¯¨áë¢ ¥â à¥ «ì®¥ ¯®¢¥¤¥¨¥ ¨¢ à¨ â  ¯à¨ h

>

�

0:14. �¤¥áì ïá®

¢¨¤  íªá¯®¥â  (á¬. à¨á.2)

j�c(h)j � 63 � e

��

2

=h

; (4:6)

ª®â®à ï § ç¨â¥«ì® ¯à¥¢ëè ¥â ®áâ â®çë© ç«¥ (4.7) ¨ ª®â®à ï ®¯¨áë¢ ¥â ¢®§¬ã-

é¥¨¥ á¥¯ à âà¨áë ¡®«¥¥ ã¤ «¥ë¬ à¥§® á®¬ á ç áâ®â®© 2
 = 4� (á¬. (1.6)).

�à®áâ ï â¥®à¨ï [2] ¯à¥¤áª §ë¢ ¥â ¯à¥¤íªá¯®¥æ¨ «ìë© ¬®¦¨â¥«ì 8, â.¥. ¯®çâ¨

  ¯®àï¤®ª ¬¥ìè¥. � ª®¥ à §«¨ç¨¥ ¢¯®«¥ ®¡êïá¨¬® ¤àã£¨¬ (¥¨§¢¥áâë¬) § ç¥-

¨¥¬ ä ªâ®à  f ¢ (1.12),   â ª¦¥ § ç¨â¥«ì® ¡®«¥¥ á«®¦®© ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬®©

à¥§® á®¢ ¢ëáè¨å ¯à¨¡«¨¦¥¨© [15].

�®«¥¥ ¨â¥à¥á ï á¨âã æ¨ï ¢®§¨ª ¥â ¤«ï ã£« , ¯®áª®«ìªã àï¤ (4:2a) à áå®¤¨âáï

¯à¨ h > h

cr

� exp (�=2) � 0:507, â.¥. ¢ãâà¨ ¨áá«¥¤®¢ ®£® ¤¨ ¯ §®  (15 «¥¢ëå
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â®ç¥ª   à¨á.2). �¥¦¤ã â¥¬, ¢ íâ®© ®¡« áâ¨ ¥  ¡«î¤ ¥âáï ¨ª ª¨å á¨£ã«ïà®áâ¥©

¨«¨  ®¬ «¨© ¢ ¯®¢¥¤¥¨¨ äãªæ¨¨ c

�

(h) ¨«¨ ¥¥ ãª«®¥¨ï �c

�

(h) ®â ¨â¥à¯®«ïæ¨¨.

�®«¥¥ â®£®, ¯®á«¥¤¥¥ ¢¯®«¥ ã¤®¢«¥â¢®à¨â¥«ì® ®¯¨áë¢ ¥âáï ®áâ â®çë¬ ç«¥®¬

(4.7), ª®â®àë© ª â®¬ã ¦¥ ¯à¥¤áâ ¢«¥   à¨á.2 â®«ìª® á¢®¨¬ ¯¥à¢ë¬ á« £ ¥¬ë¬. �â®

ïá® ¤¥¬®áâà¨àã¥â áãé¥áâ¢¥®¥ ¨§¬¥¥¨¥ ¯®¢¥¤¥¨ï ª ª ã£« , â ª ¨ ¨¢ à¨ â 

¢ ®¡« áâ¨ ¡®«ìè¨å h � 1 ¯® áà ¢¥¨î á ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª®©.

�à¨¡«¨¦¥ë¥ á®®â®è¥¨ï (4.2) ¯®§¢®«ïîâ â ª¦¥ ¡®«¥¥  ªªãà â®, ç¥¬ íâ® á¤¥-

« ® ¢ [11], ®æ¥¨âì ®áâ â®çë© ç«¥ àï¤  (1.20), ¥ ¢ª«îç¥ë© ¢ ¨â¥à¯®«ïæ¨î

(3.1):

R(h;M) =

1

X

m=M+1

a(m)h

2m

� a(M + 1)h

2M+2

: (4:7)

�§ à¨á.2 ¢¨¤®, çâ® ¤ ¦¥ ¯¥à¢®¥ á« £ ¥¬®¥ R ¥¯«®å® ¯à¥¤áâ ¢«ï¥â ¯®¢¥¤¥¨¥ ãª«®-

¥¨ï ã£«  ¢® ¢á¥© ¨áá«¥¤®¢ ®© ®¡« áâ¨. �® ¦¥ ¬®¦® áª § âì ¨ ®¡ íªá¯®¥â¥

(4.6) ¤«ï ¨¢ à¨ â . �¤ ª® ¯®¯ëâª  ¤®¡ ¢¨âì ®¡  ¢ëà ¦¥¨ï ª ¯®«¨®¬ã (3.1)

ª â áâà®ä¨ç¥áª¨ á¨¦ ¥â â®ç®áâì ¨â¥à¯®«ïæ¨¨: �c � 10

�6

. �â® ¥é¥ à § ¤¥¬®-

áâà¨àã¥â § ç¨â¥«ì® ¡®«¥¥ á«®¦ãî áâàãªâãàã ®¡« áâ¨ h � 1. �¢¨¤ã ¢ ¦®áâ¨

íâ®© ®¡« áâ¨ ¤«ï ¬®£®ç¨á«¥ëå ¯à¨«®¦¥¨© íâ  ¯à®¡«¥¬  § á«ã¦¨¢ ¥â ¤ «ì¥©-

è¥£® ¨§ãç¥¨ï.

� ª®¥æ, ¡®«ìè®¥ ¢¨¬ ¨¥ ¡ë«® ã¤¥«¥®  ¨¡®«¥¥ â®ç®¬ã ¨  ¤¥¦®¬ã ®¯à¥¤¥-

«¥¨î ¯®áâ®ï®© � §ãâª¨  L. �¢¥¤¥¬ ª®àà¥ªæ¨î

�L

i

= (L

i

� L

0

)� 10

23

; (4:8)

£¤¥ ¨¤¥ªá i ã¬¥àã¥â à §«¨çë¥ á¯®á®¡ë ¯®«ãç¥¨ï L,  

L

0

= 1118:8277059409 0077841514 639 (4:9)

¡ §®¢®¥ § ç¥¨¥, ª®â®à®¥ ¡ë«® ¯®«ãç¥®  ¬¨ ã¦¥ ¢ ¯à¥¤¢ à¨â¥«ìëå ç¨á«¥ëå

íªá¯¥à¨¬¥â å (áà. (1.16)). �®à¬ «ì®,  ¨¡®«ìè ï â®ç®áâì ¤®áâ¨£ ¥âáï ¯à¨ ¨-

¤¨¢¨¤ã «ì®© ¨â¥à¯®«ïæ¨¨ á N

p

= 14; M = 10:

�L

�

= 0:323560 � 0:000017

�L

�

= 0:323572 � 0:000017

: (4:10)

�®áª®«ìªã àï¤ë ¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¨ (4.2) ãáâà®¥ë á®¢¥àè¥® ¯®-à §®¬ã

¢ ¤¢ãå íâ¨å á«ãç ïå, áâ®«ì å®à®è¥¥ á®¢¯ ¤¥¨¥ ®¡®¨å § ç¥¨© ï¢«ï¥âáï á¥àì¥§ë¬

 à£ã¬¥â®¬ ¢ ¯®«ì§ã à¥ «ì®áâ¨ ãª § ®© â®ç®áâ¨.

�¢¨¤ã ¢ ¦®áâ¨ íâ®© ¯®áâ®ï®©, ¡ë«¨ ¨á¯®«ì§®¢ ë ¨ ¤àã£¨¥ á¯®á®¡ë ¥¥ ®¯à¥-

¤¥«¥¨ï. �à¥¦¤¥ ¢á¥£® ¡ë«  ¢ë¤¥«¥  £àã¯¯  ¢ à¨ â®¢ ¨â¥à¯®«ïæ¨¨ á ®¤¨¬ ¨ â¥¬

¦¥ § ç¥¨¥¬ M = 10, ® à §«¨çë¬¨ N

p

= 12 � 20 ¤«ï ã£«  ¨ N

p

= 13 � 38 ¤«ï

¨¢ à¨ â  (¢á¥£® 35 á«ãç ¥¢). �àã¯¯  ¢ë¡¨à « áì ¬ ªá¨¬ «ì® è¨à®ª®© ¨ ®£à ¨-

ç¨¢ « áì â®«ìª® ¡ëáâàë¬ ¨ ¬®®â®ë¬ ãå®¤®¬ § ç¥¨ï �L

i

¯® ¯à¨ç¨ ¬, ª®â®àë¥

®¡áã¦¤ «¨áì ¢ëè¥. �à¥¤¥¥ § ç¥¨¥ ¨ ��� ¢ íâ®© £àã¯¯¥ ®ª § «¨áì à ¢ë¬¨:

< �L

i

>

35

= 0:323368 � 0:0017 : (4:11)
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�è¨¡ª  ¯à¨ íâ®¬ § ç¨â¥«ì® ã¢¥«¨ç¨« áì. �¤ ª® £¨áâ®£à ¬¬  à á¯à¥¤¥«¥¨ï �L

i

¢ £àã¯¯¥ (à¨á.4) ¯®ª §ë¢ ¥â, çâ® ®á®¢®© ¯¨ª ¨¬¥¥â £®à §¤® ¬¥ìèãî è¨à¨ã. �á«¨

®â¡à®á¨âì ªàë«ìï à á¯à¥¤¥«¥¨ï (¤¢  á«ãç ï á¯à ¢  ¨ è¥áâì á«¥¢ ), ¯®«ãç¨¬:

< �L

i

>

27

= 0:323654 � 0:00029 : (4:12)

� ª®¥æ, ®áâ ¢«ïï â®«ìª® 9 á«ãç ¥¢ ¢ á ¬®© ¢ëá®ª®© ïç¥©ª¥ £¨áâ®£à ¬¬ë,  ©¤¥¬:

< �L

i

>

9

= 0:323660 � 0:000021 : (4:13)

�¨á. 4: �¨áâ®£à ¬¬  ª®àà¥ªæ¨¨ (4.8) § ç¥¨ï ¯ à ¬¥âà  � §ãâª¨  (4.9): n { ç¨á«®

à §«¨çëå § ç¥¨© ª®àà¥ªæ¨¨ ¢ ïç¥©ª¥, è¨à¨  ª®â®à®© à ¢  10

�4

.

�§¢¥è¨¢ ï ¢á¥ §  ¨ ¯à®â¨¢, ¬ë ¯à¨è«¨ ª § ª«îç¥¨î, çâ®  ¨¡®«¥¥ ¤®áâ®¢¥à®¥

§ ç¥¨¥ ¯®áâ®ï®© � §ãâª¨  á ®áâ®à®¦®© ®è¨¡ª®© à ¢ë:

L = 1118:8277059409 0077841514 639 323566 � 3� 10

�27

: (4:14)

�®¤ç¥àªãâ® § ç¥¨¥ L, ¯®«ãç¥®¥ à ¥¥ á ¯®¬®éìî ¯à¨¡«¨¦¥®© â¥®à¨¨ [10].

�¥§ã«ìâ âë  áâ®ïé¥© à ¡®âë ¯®¤â¢¥à¦¤ îâ â¥®à¨î [11] ª ª ª ç¥áâ¢¥® (¢¨¤

¯à®¬¥¦ãâ®ç®©  á¨¬¯â®â¨ª¨ (3.1)), â ª ¨ ª®«¨ç¥áâ¢¥® (â ¡«¨æ  2). �®«¥¥ â®£®,

 ©¤¥  ¯à®¬¥¦ãâ®ç ï  á¨¬¯â®â¨ª  ¥¯®áà¥¤áâ¢¥® ¤«ï ã£«  à áé¥¯«¥¨ï á¥¯ -

à âà¨áë, çâ® ¢ ¦® á ¬® ¯® á¥¡¥ ¨ ¯®§¢®«¨«®, ¢ ª®¬¡¨ æ¨¨ á ¤ ë¬¨ ¤«ï ¨¢ à¨-

 â , ¯®«ãç¨âì ¯à¨¡«¨¦¥ë¥ í¬¯¨à¨ç¥áª¨¥ á®®â®è¥¨ï (4.2) ¢ íâ®© ®¡« áâ¨, ¥

®£à ¨ç¥ë¥ ç¨á«®¬ ¥¯®áà¥¤áâ¢¥®  ©¤¥ëå ª®íää¨æ¨¥â®¢.
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