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1 �¢¥¤¥¨¥:

¥®¦¨¤  ï ãáâ®©ç¨¢®áâì á¥¯ à âà¨áë

¥«¨¥©®£® à¥§® á 

�¨ ¬¨ª  ¥«¨¥©ëå £ ¬¨«ìâ®®¢ëå á¨áâ¥¬ ®¯à¥¤¥«ï¥âáï ¢§ ¨¬®-

¤¥©áâ¢¨¥¬ ¥«¨¥©ëå à¥§® á®¢, ª ¦¤ë© ¨§ ª®â®àëå ¢ ®â«¨ç¨¥ ®â «¨-

¥©®£® à¥§® á  § ¨¬ ¥â, ¯à¨ ¬ «®¬ ¢®§¬ãé¥¨¨, ®â®á¨â¥«ì® ¥-

¡®«ìèãî ®¡« áâì ä §®¢®£® ¯à®áâà áâ¢ , ®£à ¨ç¥ãî â ª  §ë¢ ¥-

¬®© á¥¯ à âà¨á®© (á¬.,  ¯à¨¬¥à, [1, 2, 3, 4]). �«ï ®¤¨®ç®£® à¥§® á 

á¥¯ à âà¨á  ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ï ®á®¡ãî âà ¥ªâ®à¨î (¢ ®¡é¥¬ á«ãç ¥

¯®¢¥àå®áâì), ®â¤¥«ïîéãî ª®«¥¡ ¨ï ä §ë (¢ãâà¨ à¥§® á ) ®â ¥¥ ¢à -

é¥¨ï (¢¥ à¥§® á )

1

. �  á ¬®¬ ¤¥«¥ íâ® ¤¢¥ ¯à®áâà áâ¢¥® á®¢¯ ¤ -

îé¨¥ ¢¥â¢¨, ®â¢¥ç îé¨¥ å®¤ã ¢à¥¬¥¨ ¢¯¥à¥¤ ¨  § ¤, á®®â¢¥âáâ¢¥®.

� ¦¤ ï ¢¥â¢ì ï¢«ï¥âáï ¥¯à¥àë¢®© âà ¥ªâ®à¨¥© á ¡¥áª®¥çë¬ ¯¥à¨®-

¤®¬ ¤¢¨¦¥¨ï, ª®â®à ï ¢ëå®¤¨â ¨§ ¯®«®¦¥¨ï ¥ãáâ®©ç¨¢®£® à ¢®¢¥á¨ï

(á¥¤«®) ¨ § â¥¬  á¨¬¯â®â¨ç¥áª¨ ª ¥¬ã ¦¥ ¯à¨¡«¨¦ ¥âáï. � â¨¯¨ç®©

(â® ¥áâì ¥¨â¥£à¨àã¥¬®©) £ ¬¨«ìâ®®¢®© á¨áâ¥¬¥ «î¡®¥ áª®«ì ã£®¤®

¬ «®¥ ¢®§¬ãé¥¨¥,  ¯à¨¬¥à, ®â ¤àã£¨å (å®âï ¡ë ®¤®£®) ¥«¨¥©ëå

à¥§® á®¢ ¯à¨¢®¤¨â ª à áé¥¯«¥¨î á¥¯ à âà¨áë   ¤¢¥ ¯¥à¥á¥ª îé¨¥-

áï ¢¥â¢¨, ª®â®àë¥ ¯®-¯à¥¦¥¬ã ¢ëå®¤ïâ ¨§ á¥¤«   ¢áâà¥çã ¤àã£ ¤àã£ã,

® ¡®«¥¥ ª ¥¬ã ¥ ¢®§¢à é îâáï. �¢®¡®¤ë¥ ª®æë ¢¥â¢¥© à áé¥¯-

«¥®© á¥¯ à âà¨áë ®¡à §ãîâ ¡¥áª®¥ç®¥ ç¨á«® ¯¥â¥«ì ¥®£à ¨ç¥®

¢®§à áâ îé¥© ¤«¨ë, ª®â®àë¥ § ¯®«ïîâ ¯à¨ íâ®¬ ã§ªãî ®¡« áâì ¢¡«¨-

§¨ ¥¢®§¬ãé¥®© á¥¯ à âà¨áë, ä®à¬¨àãï â ª  §ë¢ ¥¬ë© å ®â¨ç¥áª¨©

á«®©. �¥à¥ªàëâ¨¥ å ®â¨ç¥áª¨å á«®¥¢ ¢á¥å à¥§® á®¢ á¨áâ¥¬ë ¯à¨¢®¤¨â

ª ¢®§¨ª®¢¥¨î £«®¡ «ì®£® å ®á  ¨, ¢ ç áâ®áâ¨, ¤¨ääã§¨¨, ®£à ¨-

ç¥®© â®«ìª® â®çë¬¨ ¨â¥£à « ¬¨ ¤¢¨¦¥¨ï,  ¯à¨¬¥à, ¯®¢¥àå®áâìî

¯®áâ®ï®© í¥à£¨¨.

�á«®¢¨ï ®¡à §®¢ ¨ï £«®¡ «ì®£® å ®á  § ¢¨áïâ ª ª ®â ¢¥«¨ç¨ë, â ª

¨ ®â £« ¤ª®áâ¨ ¢®§¬ãé¥¨ï (¯® ä §¥). �®á«¥¤ïï å à ªâ¥à¨§ã¥âáï áª®-

1

�¤¥áì ¨ ¨¦¥ ¬ë ¨á¯®«ì§ã¥¬ ª ®¨ç¥áª¨¥ ¯¥à¥¬¥ë¥ ¤¥©áâ¢¨¥ { ä § .
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à®áâìî ã¡ë¢ ¨ï ¥£® �ãàì¥{ ¬¯«¨âã¤. �«ï   «¨â¨ç¥áª®£® ¢®§¬ãé¥¨ï

ã¡ë¢ ¨¥ ï¢«ï¥âáï íªá¯®¥æ¨ «ìë¬. � íâ®¬ á«ãç ¥ ¢á¥£¤  áãé¥áâ¢ã¥â

ªà¨â¨ç¥áª ï ¢¥«¨ç¨  ¢®§¬ãé¥¨ï �

cr

, â ª ï, çâ® £«®¡ «ì ï ¤¨ääã§¨ï

¢®§¨ª ¥â «¨èì ¯à¨ �

>

�

�

cr

. �á«¨ ¦¥ �

<

�

�

cr

, å ®á «®ª «¨§®¢  ¢ ®â®á¨-

â¥«ì® ã§ª¨å å ®â¨ç¥áª¨å á«®ïå, ª®â®àë¥ ®¡à §ãîâáï ¯à¨ «î¡®¬ � > 0.

�à¨ ç¨á«¥ áâ¥¯¥¥© á¢®¡®¤ë N > 2 £«®¡ «ì ï ¤¨ääã§¨ï ¢á¥ ¦¥ ¢®§¬®¦-

 , ®¤ ª® â®«ìª® ¤«ï á¯¥æ¨ «ìëå  ç «ìëå ãá«®¢¨© ¨ á ®ç¥ì ¬ «®©

áª®à®áâìî (â ª  §ë¢ ¥¬ ï ¤¨ääã§¨ï �à®«ì¤  [2]). �à¨ � ! 0 ª ª

áª®à®áâì ¤¨ääã§¨¨, â ª ¨ ¬¥à  ¥¥ ®¡« áâ¨ ã¡ë¢ îâ íªá¯®¥æ¨ «ì® ¯®

¯ à ¬¥âàã 1=�.

� à ªâ¥à ¤¢¨¦¥¨ï áãé¥áâ¢¥® ¨§¬¥ï¥âáï ¤«ï £« ¤ª®£® ¢®§¬ãé¥-

¨ï £ ¬¨«ìâ®¨  , �ãàì¥{ ¬¯«¨âã¤ë ª®â®à®£® ã¡ë¢ îâ ª ª ¥ª®â®à ï

áâ¥¯¥ì  ¨å ®¬¥à  (á¬.,  ¯à¨¬¥à, [5] ¨ ááë«ª¨ â ¬). � íâ®¬ á«ãç ¥

áãé¥áâ¢ã¥â ªà¨â¨ç¥áª ï £« ¤ª®áâì 

cr

, â ª ï, çâ® â®«ìª® ¯à¨  > 

cr

¯à®¨áå®¤¨â ¯®¤ ¢«¥¨¥ £«®¡ «ì®© ¤¨ääã§¨¨ ¯à¨ ¤®áâ â®ç® ¬ «®¬ ¢®§-

¬ãé¥¨¨ [6]. �ãé¥áâ¢¥®, çâ® ®¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¢®®¡é¥ £®¢®àï ¥-

á¯à ¢¥¤«¨¢®, â.¥. ¯à¨  < 

cr

£«®¡ «ì ï ¤¨ääã§¨ï ®¡ëç®  ¡«î¤ ¥âáï

¢ ç¨á«¥ëå íªá¯¥à¨¬¥â å, ®¤ ª® ¨§¢¥áâë ¨ ®¡à âë¥ ¯à¨¬¥àë, ª®-

£¤  âà ¥ªâ®à¨ï ¤¢¨¦¥¨ï ®áâ ¢ « áì «®ª «¨§®¢ ®© ¢ ¥ª®â®à®© ç áâ¨

ä §®¢®£® ¯à®áâà áâ¢  ¢ â¥ç¥¨¥ ¢á¥£® ¢¥áì¬  ¤«¨®£® ¢à¥¬¥¨ áç¥â 

(á¬.,  ¯à¨¬¥à, [7] ¨ �à¨¬¥ç ¨¥ ª  áâ®ïé¥© à ¡®â¥).

�¨âã æ¨ï ¢ íâ®© ®¡« áâ¨  ç «  ¯®áâ¥¯¥® ¯à®ïáïâìáï á®¢á¥¬ ¥-

¤ ¢®, ¯®á«¥ â®£® ª ª �.�. �¢áï¨ª®¢  è¥« ®â®á¨â¥«ì® ¯à®áâ®© â®ç-

® à¥è ¥¬ë© ¯à¨¬¥à (á¬. (2.1) ¨¦¥), ¤«ï ª®â®à®£® ¥¬ã ã¤ «®áì ¤®ª -

§ âì â¥®à¥¬ã ® á®åà ¥¨¨ ¥¤¨®© (¥à áé¥¯«¥®©) á¥¯ à âà¨áë ¯à¨

á¯¥æ¨ «ìëå § ç¥¨ïå ¯ à ¬¥âà  ¢®§¬ãé¥¨ï [8]. �â  â¥®à¥¬  ¯à¨¢¥-

¤¥  ¯®«®áâìî ¢ [9] (�à¨«®¦¥¨¥). �â¥á¨¢ë¥ ¨áá«¥¤®¢ ¨ï ¯à¨¬¥à 

�¢áï¨ª®¢  [9, 10, 11] ¥¬¥¤«¥® ¯®ª § «¨, çâ® á ¬ë¬ ¢ ¦ë¬ ¨ ¥-

®¦¨¤ ë¬ ¢ íâ®© â¥®à¥¬¥ ®ª § «®áì á®åà ¥¨¥ á¥¯ à âà¨áë ¢ ãá«®¢¨ïå

á¨«ì®£® å ®á ,   ¥ ¢ ª ª®¬-â® ¨áª«îç¨â¥«ì®¬ á«ãç ¥ ¯®«®áâìî ¨-

â¥£à¨àã¥¬®© á¨áâ¥¬ë ¡¥§ ¢áïª®£® å ®á  ¢®®¡é¥. �®«¥¥ â®£®, ¯à¨ á¯¥æ¨-

 «ìëå § ç¥¨ïå ¯ à ¬¥âà  ¢®§¬ãé¥¨ï ª ª  ©¤¥ëå �¢áï¨ª®¢ë¬,

â ª ¨ ¬®£¨å ¤àã£¨å (¬®¦¥áâ¢® â ª¨å § ç¥¨© ï¢«ï¥âáï, ¯®-¢¨¤¨¬®¬ã,

¢áî¤ã ¯«®âë¬) [9, 10, 11] á¥¯ à âà¨áë ¥«¨¥©ëå à¥§® á®¢ ¥ â®«ì-

ª® ¥ à áé¥¯«ïîâáï, ® ¨ ®¡à §ãîâ ¥¯à®å®¤¨¬ë¥ ¡ àì¥àë ¤«ï ¤àã£¨å

âà ¥ªâ®à¨©, â.¥. ¯®«®áâìî ¯®¤ ¢«ïîâ £«®¡ «ìãî ¤¨ääã§¨î. � íâ®

¥á¬®âàï   â®, çâ® £« ¤ª®áâì ¢®§¬ãé¥¨ï ¢ ¯à¨¬¥à¥ �¢áï¨ª®¢  áã-

é¥áâ¢¥® ¬¥ìè¥ ªà¨â¨ç¥áª®© ¨ ¬®¦® ¡ë«® ¡ë ®¦¨¤ âì £«®¡ «ìãî

¤¨ääã§¨î ¯à¨ «î¡®© ¢¥«¨ç¨¥ ¢®§¬ãé¥¨ï.

�  áâ®ïé¥© à ¡®â¥ ¬ë ¯à¥¤« £ ¥¬, ®¡áã¦¤ ¥¬ ¨ ¯à®¢¥àï¥¬ ¢ ç¨á«¥-
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ëå íªá¯¥à¨¬¥â å ¯à®áâ®© ¨ ¤®áâ â®ç® ®¡é¨© ¬¥å ¨§¬ íâ®£® ®¢®-

£® ï¢«¥¨ï ¯®¤ ¢«¥¨ï £«®¡ «ì®© ¤¨ääã§¨¨ ¢ £ ¬¨«ìâ®®¢ëå á¨áâ¥¬ å.

�ë  ç¥¬ á ¯à¨¬¥à  �¢áï¨ª®¢ .

2 �à¨¬¥à �¢áï¨ª®¢ 

�¢áï¨ª®¢ à áá¬ âà¨¢ « à §®áâ®¥ ãà ¢¥¨¥, ª®â®à®¥ íª¢¨¢ «¥â-

® á«¥¤ãîé¥¬ã ¤¢ã¬¥à®¬ã ®â®¡à ¦¥¨î ¢ ª ®¨ç¥áª¨å ¯¥à¥¬¥ëå

¤¥©áâ¢¨¥ p { ä §  x

p = p + K � f(x) ; x = x + p (mod 1): (2:1)

�¤¥áìK = � { ¯ à ¬¥âà ¢®§¬ãé¥¨ï (¥ ®¡ï§ â¥«ì® ¬ «ë©),   "á¨« "f(x)

¨¬¥¥â ä®à¬ã  â¨á¨¬¬¥âà¨ç®© (f(�y) = �f(y); y = x�1=2) ªãá®ç®«¨-

¥©®© "¯¨«ë"á ¯¥à¨®¤®¬ 1 (á¬. (2.2) ¨¦¥), çâ® áãé¥áâ¢¥® ã¯à®é ¥â

 å®¦¤¥¨¥ â®ç®£® à¥è¥¨ï ®â®¡à ¦¥¨ï (2.1). �¥¬ ¥ ¬¥¥¥ â ª®¥ à¥-

è¥¨¥ ¬®¦® ¯®«ãç¨âì â®«ìª® ¤«ï ®¯à¥¤¥«¥®£® áç¥â®£® ¬®¦¥áâ¢ 

á¯¥æ¨ «ìëå (ªà¨â¨ç¥áª¨å) § ç¥¨© K = K

m

, ¯à¨ ª®â®àëå á¥¯ à âà¨-

á  ¥ à áé¥¯«ï¥âáï. � ¯à®â¨¢®¬ á«ãç ¥ ¨ª ª®¥ â®ç®¥ à¥è¥¨¥ ¤ ¦¥

â ª®£® "¯à®áâ®£®"  ¢¨¤ ®â®¡à ¦¥¨ï ¥¢®§¬®¦® ¨§-§  å ®â¨ç¥áª®£® å -

à ªâ¥à  âà ¥ªâ®à¨©, ¢ ç áâ®áâ¨, à áé¥¯«¥®© á¥¯ à âà¨áë.

�®¦ «ã©, á ¬ë¬ ¥®¦¨¤ ë¬ ¢ íâ®¬ ¯à¨¬¥à¥ ï¢«ï¥âáï â®, çâ® £« ¤-

ª®áâì £ ¬¨«ìâ®¨   (¯à®¨§¢®¤ïé¥© äãªæ¨¨) ®â®¡à ¦¥¨ï (2.1)  =

1 < 

cr

� 4 [6] áãé¥áâ¢¥® ¬¥ìè¥ ªà¨â¨ç¥áª®©. �ë¬¨ á«®¢ ¬¨, ¯à¨

K = K

m

¥à áé¥¯«¥ ï á¥¯ à âà¨á  "¯®£àã¦¥  ¢ ¬®à¥"á¨«ì®£® å ®á 

¨ â¥¬ ¥ ¬¥¥¥ á®åà ï¥âáï ¨ § ¯¨à ¥â £«®¡ «ìãî ¤¨ääã§¨î [9, 11]!

�®áª®«ìª®   ª®¬¯ìîâ¥à¥ ¥¢®§¬®¦® § ¤ âìâ®ç®¥ § ç¥¨¥ K, á«¥-

¤ãîé¨¬ à¥è îé¨¬ è £®¬ ¡ë«® ¨áá«¥¤®¢ ¨¥ ¯®¢¥¤¥¨ï (à áé¥¯«¥®©)

á¥¯ à âà¨áë ¨ ¤àã£¨å âà ¥ªâ®à¨© ¯à¨ ¬ «®¬ ®âª«®¥¨¨ jK �K

m

j ! 0,

çâ® ¢®§¬®¦® â®«ìª® ¢ ç¨á«¥ëå íªá¯¥à¨¬¥â å. �¥à¢ë¥ ¦¥ ¨áá«¥¤®¢ -

¨ï [10] ¯®ª § «¨, çâ® ã£®« à áé¥¯«¥¨ï á¥¯ à âà¨áë ¬¥ï¥â § ª ¢¬¥áâ¥

á à §®áâìî K �K

m

, ¯à¨ç¥¬ ¯à¨ ¥ç¥âëå m íâ®â ã£®« ¯« ¢® ¯à®å®-

¤¨â ç¥à¥§ ®«ì,   ¯à¨ ç¥âëå { áª çª®¬ ¬¥ï¥â § ª (á¬. à¨á.1 ¢ [9] ¨

à¨á.2 ¨¦¥). �à¥¦¤¥ ¢á¥£® íâ® ¯®§¢®«¨«® áà §ã ¦¥ ¨ ®â®á¨â¥«ì® ¯à®-

áâ®  ©â¨ ¬®¦¥áâ¢® ¤àã£¨å á¯¥æ¨ «ìëå K

m

, ¯à¨ ª®â®àëå á¥¯ à âà¨á 

á®åà ï¥âáï. �¬¥áâ¥ á â¥¬ â ª®¥ ¥®¡ëç®¥ ¯®¢¥¤¥¨¥ ã£«  à áé¥¯«¥-

¨ï "¯®¤áª § «®"¨ ¤¨ ¬¨ç¥áª¨© ¬¥å ¨§¬ á®åà ¥¨ï á¥¯ à âà¨áë, çâ®

ï¢«ï¥âáï ®á®¢ë¬ ¯à¥¤¬¥â®¬ ®¡áã¦¤¥¨ï ¢  áâ®ïé¥© à ¡®â¥.

�¤®¡® à áá¬®âà¥âì áà §ã æ¥«®¥ á¥¬¥©áâ¢® ¯¨«®®¡à §ëå ¢®§¬ãé¥-
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�¨á. 1: �å¥¬  ¯®â¥æ¨ «  V (x) ¨ á¨«ë f(x) = �dV=dx á ¯¥à¨®¤®¬ 1 ¤«ï

á¥¬¥©áâ¢  ¬®¤¥«¥© (2.2) á ¯ à ¬¥âà®¬ d.

¨©, § ¤ ëå á¨«®© (á¬. à¨á.1)

f(x) =

�

2x=(1� d); ¥á«¨ jxj � (1 � d)=2

�2y=d; ¥á«¨ jyj � d=2

; (2:2)

£¤¥ y = x � 1=2,   d < 1 { à ááâ®ï¨¥ ¬¥¦¤ã "§ã¡ìï¬¨"¯¨«ë jf(x)j = 1,

à á¯®«®¦¥ë¬¨ ¢ â®çª å y = y

�

= �d=2. �à¨¬¥à �¢áï¨ª®¢  á®®â¢¥â-

áâ¢ã¥â § ç¥¨î d = 1=2. � íâ¨å ¤¢ãå â®çª å á¨«  ¨¬¥¥â á¨£ã«ïà®áâì

{ à §àë¢ ¯¥à¢®© ¯à®¨§¢®¤®© f

0

= df=dx:

�f

0

= �

2

d(1� d)

: (2:3)

�áå®¤ ï ¨¤¥ï ® ¬¥å ¨§¬¥ á®åà ¥¨ï á¥¯ à âà¨áë á®áâ®ï«  ¢ â®¬, çâ®

¢®§¬ãé¥¨¥ (á¨« ) ¨¬¥¥â ¤¢¥ á¨£ã«ïà®áâ¨, ª®â®àë¥ ¨â¥àä¥à¨àãîâ

¬¥¦¤ã á®¡®©.

�«ï ¨áá«¥¤®¢ ¨ï ¯à¥¤¯®« £ ¥¬®£® ¬¥å ¨§¬  ã¤®¡® ¯¥à¥©â¨ ®â ¨á-

å®¤®£® ®â®¡à ¦¥¨ï (2.1) ª ¥¯à¥àë¢®© á¨áâ¥¬¥ á £ ¬¨«ìâ®¨ ®¬, ï¢-
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® § ¢¨áïé¨¬ ®â ¢à¥¬¥¨ (á¬. [2, 3, 4, 11]):

H(x; p; t) =

p

2

2

+K � V (x) � �

1

(t) = H

0

(x; p) +H

1

(x; t) ; (2:4)

£¤¥ �

1

(t) ®¡®§ ç ¥â �{äãªæ¨î ¯¥à¨®¤  1. �¥¢®§¬ãé¥ë© £ ¬¨«ìâ®¨-

 

H

0

=

p

2

2

+K � V (x) (2:5)

®¯¨áë¢ ¥â ®á®¢®© (æ¥«ë©) à¥§® á ¢ (2.1),  

H

1

(x; t) = K � V (x)(�

1

(t)� 1) (2:6)

¥£® ¢®§¬ãé¥¨¥ (á ¯à¥¦¨¬ ¯¥à¨®¤®¬ T

1

= 1 ¨ ç áâ®â®© 
 = 2�=T

1

= 2�)

®â ¢á¥å ®áâ «ìëå æ¥«ëå à¥§® á®¢.

�®â¥æ¨ « á¨«ë (2.2) à ¢¥:

V (x) = �

Z

f(x)dx =

�

�x

2

=(1� d); ¥á«¨ jxj � (1� d)=2

(4y

2

� d)=4d; ¥á«¨ jyj � d=2

: (2:7)

� ªá¨¬ «ì®¥ § ç¥¨¥ ¯®â¥æ¨ «  V

max

= 0 ®¯à¥¤¥«ï¥â ¥¢®§¬ãé¥-

ãî á¥¯ à âà¨áã ®á®¢®£® à¥§® á 

p

s

(x) = �

p

�2K � V (x) ; (2:8)

  ¬¨¨¬ «ì®¥ § ç¥¨¥ V

min

= �1=4 ¤ ¥â ¯®«ãî £«ã¡¨ã U ¥¢®§¬ã-

é¥®© ¯®â¥æ¨ «ì®© "ï¬ë"

U = K � (V

max

� V

min

) =

K

4

: (2:9)

�á®¡¥®áâì ¢®§¬ãé¥¨ï (2.6) á®áâ®¨â ¢ â®¬, çâ® ®® ¯®àï¤ª  ¥¢®§-

¬ãé¥®£® £ ¬¨«ìâ®¨   ¥§ ¢¨á¨¬® ®â ¯ à ¬¥âà  ¢®§¬ãé¥¨ï K ! 0.

�¥¬ ¥ ¬¥¥¥ â¥®à¨ï ¢®§¬ãé¥¨©, ¢®®¡é¥ £®¢®àï, ¯à¨¬¥¨¬ , ¥á«¨ ¤àã£®©

¯ à ¬¥âà ¢®§¬ãé¥¨ï

� =




!

0

� 1 (2:10)

ï¢«ï¥âáï ¡®«ìè¨¬. �¤¥áì !

0

=

p

2K=d { ç áâ®â  ¬ «ëå ª®«¥¡ ¨©

  ®á®¢®¬ à¥§® á¥ (2.5),   
 = 2� { ç áâ®â  ¢¥è¥£® ¢®§¬ãé¥¨ï.

�¬¥® íâ®â ¯ à ¬¥âà " ¤¨ ¡ â¨ç®áâ¨"¨ ®¯à¥¤¥«ï¥â à áé¥¯«¥¨¥ á¥-

¯ à âà¨áë. �á¯®«ì§®¢ ¨¥ ¢ ¤ ®¬ á«ãç ¥ â¥à¬¨  " ¤¨ ¡ â¨ç®áâì"

¯®¤ç¥àª¨¢ ¥â, çâ® íää¥ªâ ¢ëá®ª®ç áâ®â®£® ¢®§¬ãé¥¨ï ª ç¥áâ¢¥®

â ª®© ¦¥, ª ª ¨ ¨§ª®ç áâ®â®£®.
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�«ï ¨áá«¥¤®¢ ¨ï ¤¢¨¦¥¨ï ¢¡«¨§¨ á¥¯ à âà¨áë  ©¤¥¬ ¯à¥¦¤¥ ¢á¥£®

¨§¬¥¥¨¥ ¥¢®§¬ãé¥®£® £ ¬¨«ìâ®¨   (2.5)   ¯¥à¨®¤¥ ¤¢¨¦¥¨ï ¢

¬ «®© ®ªà¥áâ®áâ¨ ¥¢®§¬ãé¥®© á¥¯ à âà¨áë. �«¥¤ãï [11] ¯®«ãç ¥¬:

�H

0

=

Z

1

�1

dtfH

1

;H

0

g � K

Z

1

�1

dt p

s

f(x

s

) (�

1

(t)� 1): (2:11)

� ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ ¤¢¨¦¥¨¥ ¯® ¡«¨§ª®© ª á¥¯ à âà¨á¥ âà ¥ªâ®à¨¨

¯à¨¡«¨¦¥® § ¬¥¥® ¤¢¨¦¥¨¥¬ ¯® ¥¢®§¬ãé¥®© á¥¯ à âà¨á¥ (®âáî-

¤  ¡¥áª®¥çë¥ ¯à¥¤¥«ë ¨â¥£à¨à®¢ ¨ï).

�®áª®«ìªã á¨«  f(x) ¨¬¥¥â ¤¢¥ á¨£ã«ïà®áâ¨ (2.3) ¢ â®çª å

y

�

= �d=2, ¨â¥£à¨àã¥¬ (2.11) ¤¢  à §  ¯® ç áâï¬, â ª çâ®

d

2

f(t)

dt

2

�

d

2

f(y)

dy

2

� p

2

= p

2

��f

0

� �

1

(y � y

�

) ; (2:12)

£¤¥ p = dx=dt ¨ ®áâ ¢«¥ â®«ìª® £« ¢ë© ç«¥ á �-äãªæ¨¥©. � à¥§ã«ì-

â â¥ ¯®«ãç ¥¬

�H

0

� K � p

2

�

��f

0

� [ (t

+

)�  (t

�

)] =

K

2

d

� ; (2:13)

£¤¥ t

�

{ ¬®¬¥âë ¢à¥¬¥¨ ¯à®å®¦¤¥¨ï á¨£ã«ïà®áâ¥© ¢ â®çª å y

�

,  

äãªæ¨ï  (t) ®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬

�

 =

d

2

 

dt

2

= �

1

(t) � 1: (2:14)

�«ï ¢ëç¨á«¥¨ï à §®áâ¨ � =  (t

+

) �  (t

�

) ¯¥à¥©¤¥¬ ª ®¢ë¬ ¯¥-

à¥¬¥ë¬ � ¨ t

0

, £¤¥

� =

t

+

� t

�

2

=

r

d

2K

� arcsin (

p

d) =

�

2�

� arcsin (

p

d) (2:15)

¯®«®¢¨  ¢à¥¬¥¨ ¤¢¨¦¥¨ï ¬¥¦¤ã á¨£ã«ïà®áâï¬¨,  

t

0

=

t

+

+ t

�

2

(2:16)

¬®¬¥â ¯à®å®¦¤¥¨ï ¬¨¨¬ã¬  ¯®â¥æ¨ «  (y = 0), £¤¥ ®¡ëç® ¨ ¨áá«¥-

¤ã¥âáï ¯¥à¥á¥ç¥¨¥ ¢¥â¢¥© à áé¥¯«¥®© á¥¯ à âà¨áë.

� ®¡é¥¬ á«ãç ¥ � ¥ ä ªâ®à¨§ã¥âáï ¢ íâ¨å ¯¥à¥¬¥ëå, ®¤ ª® íâ®

¢®§¬®¦® ¯à¨ ¤®¯®«¨â¥«ì®¬ ®£à ¨ç¥¨¨: jt

0

j � � (> 0). � â ª®¬

á«ãç ¥

� = t

0

� (1� 2�) : (2:17)
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�£®« �� 1 ¬¥¦¤ã ¢¥â¢ï¬¨ à áé¥¯«¥®© á¥¯ à âà¨áë ®¯à¥¤¥«ï¥âáï

¯à¨¡«¨¦¥®© ä®à¬ã«®© (á¬. [12, 10])

tg� � � �

dp

dy

�

dH

0

p

2

0

dt

0

�

2K

d

(1� 2�): (2:18)

�¤¥áì ¨á¯®«ì§®¢ ë á®®â®è¥¨ï: dp = dH

0

=p, dy = p dt, ¨

dH

0

dt

= �

_

 = 1� 2�

£¤¥ ¢á¥ ¢¥«¨ç¨ë ¡¥àãâáï ¢ â®çª¥ ¯¥à¥á¥ç¥¨ï ¢¥â¢¥© á¥¯ à âà¨áë

(y = 0). � ¢¨á¨¬®áâì �(K; d) ¯à¨¨¬ ¥â ¨áª«îç¨â¥«ì® ¯à®áâ®© ¢¨¤

�

s

� (1� 2�

s

) (2:19)

¢ ¯à¥®¡à §®¢ ëå ¯¥à¥¬¥ëå:

�

s

= �

d

2K

= �

�

2

4�

2

; �

s

= � =

�

2�

� arcsin (

p

d) mod 1: (2:20)

�®¤ç¥àª¥¬, çâ® ®áæ¨««ïæ¨¨ �(K) ¯®ï¢¨«¨áì ª ª à § ¢á«¥¤áâ¢¨¥ ¤¢ãå

®á®¡¥®áâ¥© ¢ £ ¬¨«ìâ®¨ ¥, ¨â¥àä¥à¨àãîé¨å ¬¥¦¤ã á®¡®©.

�®®â®è¥¨¥ (2.19) ¨ ï¢«ï¥âáï ®á®¢ë¬ à¥§ã«ìâ â®¬  è¥© à ¡®âë.

�® ®¡êïáï¥â ¨ ®¯¨áë¢ ¥â ®¢®¥ ï¢«¥¨¥ ¯®¤ ¢«¥¨¥ å ®á  á¥¯ à âà¨áë,

  § ç¨â ¨ £«®¡ «ì®© ¤¨ääã§¨¨, ¢ ®¯à¥¤¥«¥®¬ ª« áá¥ £ ¬¨«ìâ®®¢ëå

á¨áâ¥¬.

�à ¢¥¨¥ á à¥§ã«ìâ â ¬¨ ç¨á«¥ëå íªá¯¥à¨¬¥â®¢ ¯à¨¢¥¤¥®  

à¨á.2. �¥áì¬  ¢ëá®ª ï â®ç®áâì ¯à®áâ®© â¥®à¨¨ (¯à¨ K � 1) ®£à ¨ç¨-

¢ ¥âáï ¥¡®«ìè¨¬ á¤¢¨£®¬ ªà¨â¨ç¥áª¨å § ç¥¨© K = K

m

. � ¯à¨¬¥à¥

�¢áï¨ª®¢  (d = 1=2) ¥£® ¬®¦® ¯®«ãç¨âì ¨ ¡¥§ ç¨á«¥ëå íª¯¥à¨¬¥-

â®¢, ¨á¯®«ì§ãï â®çë¥ ¢ëà ¦¥¨ï ¤«ï K

m

, ª ª ¯à¥¤áª § ë¥ ¢ [8], â ª

¨  ©¤¥ë¥ ¯®§¦¥ ¢ à ¡®â¥ [10]

K

m

=

�

2

16m

2

�

�

1 �

�

2

48m

2

+ :::

�

�

�

2

16m

2

: (2:21)

�®á«¥¤¨© ç«¥ ¯à¥¤áâ ¢«ï¥â  èã â¥®à¨î,   ¢ áª®¡ª å ãª §   ¯®¯à ¢ª 

¯¥à¢®£® ¯®àï¤ª . �¥®à¨ï ®¡êïáï¥â â ª¦¥ ¥®¦¨¤ ë© à §àë¢ äãªæ¨¨

�(�

s

) ¯à¨ �

s

= 0 mod 1 (® ¥ ¯à¨ �

s

= 1=2 !), ª®â®àë© ¡ë« ®¡ àã¦¥ ¨

®¡áã¦¤ «áï á ¤àã£®© â®çª¨ §à¥¨ï ¢ [10].

�  à¨á.2 ¯®ª § ® â ª¦¥ ¥é¥ ¡®«¥¥ ¯à®áâ®¥ ¯à¨¡«¨¦¥¨¥ c á®åà ¥¨-

¥¬ â®«ìª® ¯¥à¢®£® ç«¥  �ãàì¥-à §«®¦¥¨ï �

1

(t)�1 � 2 cos (2�t), ª®â®à®¥
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�¨á. 2: �¥à¨®¤¨ç¥áª ï § ¢¨á¨¬®áâì ã£«  à áé¥¯«¥¨ï á¥¯ à âà¨áë �

®â ¯ à ¬¥âà®¢ K ¨ d ¢ ®à¬¨à®¢ ëå ¯¥à¥¬¥ëå �

s

(�

s

) (2.20): d =

0:25; 0:5; 0:75; 0:999 (â®çª¨), d = 0:01 (ªàã¦ª¨) ¯® ¤ ë¬ ç¨á«¥®£®

áç¥â . �¯«®è ï ¯àï¬ ï { â¥®à¨ï (2.19), ªà¨¢ ï { ¯¥à¢®¥ ¯à¨¡«¨¦¥¨¥

�

1

(t) � 1 � 2 cos (2�t) (á¬. (2.11)). �à£ã¬¥â �

s

¡¥à¥âáï ¯® ¬®¤ã«î

®¤¨, â ª çâ® ¢á¥ â®çª¨ (® ¥ ªàã¦ª¨ !) ¯à¥¤áâ ¢«ïîâ ¬®£® ¯¥à¨®¤®¢

§ ¢¨á¨¬®áâ¨ �(K; d) (á¬. â¥ªáâ).

áâ®«ì ¦¥ â®ç® ¯à¥¤áâ ¢«ï¥â ªà¨â¨ç¥áª¨¥ § ç¥¨ï K

m

, ® ¥ ¢®á¯à®¨§-

¢®¤¨â à §àë¢  ã£«  �.

�à®áâ®¥ á®®â®è¥¨¥ (2.19) â ª¦¥ ¥ ¤ ¥â ¯®«®© ª àâ¨ë ¤«ï ¢á¥-

£® á¥¬¥©áâ¢  (2.2), ª ª íâ® ¤¥¬®áâà¨àã¥â ¯à¨¬¥à á ¬ «ë¬ § ç¥¨¥¬

d = 0:01, ¯à¥¤áâ ¢«¥ë©   à¨á.2 ªàã¦ª ¬¨. �¡áã¦¤¥¨¥ íâ®© ®¡« áâ¨

¤ ® ¢ á«¥¤ãîé¥¬ à §¤¥«¥.

3 �à¥¤¥« d! 0: à §àë¢ ï á¨« 

� áá¬®âà¨¬ ¢ ç «¥ ¯à¥¤¥«ìë© á«ãç © d = 0, ª®£¤  ¥¯à¥àë¢ ï

á¨«  f(x) áâ ®¢¨âáï à §àë¢®© (á¬. à¨á.1). � ç¥áâ¢¥®¥ ®â«¨ç¨¥ ¯à¥-

¤¥«  á®áâ®¨â ¢ â®¬, çâ® ¤¢¥ ®á®¡¥®áâ¨ ¯®â¥æ¨ «  ¯à¨ d > 0 á«¨¢ îâáï

â¥¯¥àì ¢ ®¤ã ¨ á«¥¤®¢ â¥«ì®, á®£« á®  è¥© £¨¯®â¥§¥, ã£®« à áé¥¯«¥-
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¨ï á¥¯ à âà¨áë ¥ ¡ã¤¥â ¬¥ïâì § ª, â.¥. á¥¯ à âà¨á  à áé¥¯«ï¥âáï

¯à¨ «î¡®¬ K.

�¨á. 3: � ¢¨á¨¬®áâì ã£«  à áé¥¯«¥¨ï á¥¯ à âà¨áë � ®â ¯ à ¬¥âà  K

¯à¨ § ç¥¨ïå d = 0:01 (â®çª¨), 0:001 (âà¥ã£®«ì¨ª¨), d = 0 (ªàã¦ª¨) ¯®

¤ ë¬ ç¨á«¥®£® áç¥â . �¨¦ïï ªà¨¢ ï { ¯à¨¡«¨¦¥ ï â¥®à¨ï (3.6),

¢¥àåïï ªà¨¢ ï { â®ç ï â¥®à¨ï (3.10).

�  à¨á.3 ¯®ª § ë à¥§ã«ìâ âë ¥ª®â®àëå ç¨á«¥ëå íªá¯¥à¨¬¥â®¢

ª ª ¢ á ¬®¬ ¯à¥¤¥«¥ d = 0 (ªàã¦ª¨), â ª ¨ ¢ ¥£® ¬ «®© ®ªà¥áâ®áâ¨

d = 0:001 (âà¥ã£®«ì¨ª¨) ¨ d = 0:01 (â®çª¨). �à¨¢¥¤¥  ¥¯®áà¥¤-

áâ¢¥® § ¢¨á¨¬®áâì �(K), â ª ª ª ¯à¨ d = 0 ¯ à ¬¥âà  ¤¨ ¡ â¨ç®áâ¨

� = �

p

2d=K = 0 â¥àï¥â á¬ëá«. �à¥¦¤¥ ¢á¥£® ¢¨¤®, çâ® ¯à¥¤¥«ìë©

¯¥à¥å®¤ d! 0 ¢ ¬®¤¥«¨ (2.2) ï¢«ï¥âáï ¥¯à¥àë¢ë¬ á í¬¯¨à¨ç¥áª®© £à -

¨æ¥© (¯® ¬ ªá¨¬ã¬ã �(K)):

K � K

B

� 7 d : (3:1)

�¨§¨ç¥áª ï ¯à¨ç¨ , ¯® ª®â®à®© á®®â®è¥¨¥ (2.18) áâ ®¢¨âáï ¥¯à¨¬¥-

¨¬ë¬ ¯à¨ K

>

�

K

B

§ ª«îç ¥âáï ¢ â®¬, çâ® ¯à¨ ¥£® ¢ë¢®¤¥ ¯à¥¥¡à¥£ -

¥âáï ¨§¬¥¥¨¥¬ áª®à®áâ¨ ¢ ¯à®¬¥¦ãâª¥ ¬¥¦¤ã ¤¢ã¬ï á¨£ã«ïà®áâï¬¨

§  áç¥â ¤¥©áâ¢¨ï ¯¥à¢®© ¨§ ¨å,   â ª¦¥ ¨§¬¥¥¨¥¬ ¢à¥¬¥¨ ¯à®«¥â  �

¬¥¦¤ã ¨¬¨ (á¬. ä-«ë (2.13) ¨ (2.15)). � ¯à¥¦¨å ¯¥à¥¬¥ëå ¯¥à¥å®¤
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¬¥¦¤ã ¤¢ã¬ï à¥¦¨¬ ¬¨ ¯à¥¤áâ ¢«¥ ¨   à¨á.2 ¤«ï d = 0:01 (ªàã¦ª¨).

�®¤ç¥àª¥¬, çâ® ®âª«®¥¨¥ ®â (2.18) ¨¬¥¥â ¬¥áâ® â®«ìª® ¯à¨ K

>

�

K

B

¨

¥ ¯®¢â®àï¥âáï ¯¥à¨®¤¨ç¥áª¨ ª ª § ¢¨á¨¬®áâì (2.18) (á¬. ªàã¦®ª ¢ «¥¢®¬

¢¥àå¥¬ ã£«ã à¨áãª ). � ª¨¬ ®¡à §®¬, ¢ ¯à¥¤¥«¥ d = 0 ã£®« à áé¥¯«¥-

¨ï ¤¥©áâ¢¨â¥«ì® ¥ ¬¥ï¥â § ª ¨, á«¥¤®¢ â¥«ì®, á¥¯ à âà¨á  ¢á¥£¤ 

à áé¥¯«ï¥âáï.

�«ï ª®«¨ç¥áâ¢¥®£®   «¨§  ¬®¦® ¯à¨¬¥¨âì â®â ¦¥ ¬¥â®¤, çâ® ¨

¯à¨ d 6= 0 (à §¤¥« 2). �â«¨ç¨¥ á®áâ®¨â «¨èì ¢ â®¬, çâ® â¥¯¥àì à §àë¢

�f(x) = �2 ¨¬¥¥â á ¬  á¨«  ¨ ¯®íâ®¬ã ¤®áâ â®ç® ¯à®¨â¥£à¨à®¢ âì

(2.11) ¯® ç áâï¬ â®«ìª® ®¤¨ à §. �¬¥¥¬:

�H

0

� K

Z

1

�1

dt p

s

f(x

s

) (�

1

(t) � 1) � Kp

0

��f �

_

 (t

0

) � �

p

2K

3=2

_

 (t

0

) :

(3:2)

�¤¥áì ¯® ¯à¥¦¥¬ã p

0

�

p

K=2,  

_

 (t) =

1

2

� t mod 1 (3:3)

(á¬. (2.14)). �¤ ª® ¯à®áâ®¥ ¢ëà ¦¥¨¥ (2.18) ¢ ¯à¨¡«¨¦¥¨¨ ¬ «ëå

ã£«®¢ â¥¯¥àì ã¦¥ ¥¯à¨¬¥¨¬®, ¯®áª®«ìªã ¯à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ¯® t

0

¢®§¨ª ¥â á¨£ã«ïà®áâì:

dH

0

dt

= �Kp

0

� (�

1

(t) � 1); (3:4)

¯à¨ç¥¬ ¯à®¨§¢®¤ ï ¡¥à¥âáï ¯à¨ ¤¢ãå § ç¥¨ïå t = t

0

= 0 ¨ 1=2, ª®£¤ 

�H

0

= 0 (¯¥à¥á¥ç¥¨¥ ¢¥â¢¥© á¥¯ à âà¨áë, ä-«  (3.3)). � ¦¤®¥ ¨§ íâ¨å

§ ç¥¨© ®¯à¥¤¥«ï¥â ã£®«  ª«®  á®®â¢¥âáâ¢ãîé¥© ¢¥â¢¨ á¥¯ à âà¨áë

®â®á¨â¥«ì® ®á¨ x (á¬. à¨á.4). �¨£ã«ïà®áâì ¢®§¨ª ¥â ¯à¨ t = 0 ¨

®â¢¥ç ¥â ã£«ã �

0

= �=2 (tg�

0

= 1). �£®« ¤àã£®© ¢¥â¢¨ � ®¯à¥¤¥«ï¥âáï

á®®â®è¥¨¥¬ (áà. (2.18)):

tg � =

dp

dx

�

1

2

�

dH

0

p

2

0

dt

0

�

K

p

0

�

p

2K : (3:5)

�®¦¨â¥«ì 1=2 ¯à¨ ¯à®¨§¢®¤®© ¢®§¨ª ¥â ¨§{§  â®£®, çâ® �H

0

¢ëç¨-

á«ï¥âáï ®â®á¨â¥«ì® ¥¢®§¬ãé¥®© á¥¯ à âà¨áë (á¯«®è ï «®¬  ï

«¨¨ï   à¨á.4),   ã£®« � (ª ª ¨ �

0

) ¡¥à¥âáï ®â®á¨â¥«ì® ®á¨ x. � ª¨

ã£«®¢ ®¯à¥¤¥«ïîâáï á ãç¥â®¬ â®£®, çâ® ¢¥â¢ì á �

0

á®®â¢¥âáâ¢ã¥â ¤¢¨¦¥-

¨î ¢¯¥à¥¤ ¯® ¢à¥¬¥¨, â®£¤  ª ª ¤àã£ ï ¢¥â¢ì { ®¡à â®¬ã ¤¢¨¦¥¨î

(á¬.[9]). �ª®ç â¥«ì®, ¤«ï ã£«  ¬¥¦¤ã ¢¥â¢ï¬¨ á¥¯ à âà¨áë ¯®«ãç ¥¬

�(K) = �

0

� � �

�

2

�

p

2K : (3:6)
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�¨á. 4: �à¨¬¥à à áé¥¯«¥¨ï á¥¯ à âà¨áë ¯à¨ K = 0:005 ¨ d = 0: á¯«®è-

 ï «¨¨ï á ¨§«®¬®¬ ¢ â®çª¥ x = 0:5 { ¥¢®§¬ãé¥ ï á¥¯ à âà¨á  (3.7);

¢¥â¢¨ á¥¯ à âà¨áë ¯à¥¤áâ ¢«¥ë â®çª ¬¨ (¢¯¥à¥¤ ¯® ¢à¥¬¥¨) ¨ ªàã¦-

ª ¬¨ ( § ¤ ¯® ¢à¥¬¥¨), à §àë¢ë ¢¥â¢¥© á®¥¤¨¥ë ¯ãªâ¨à®¬, ¯®ª -

§ë¢ îé¨¬ ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª; p

0

� 0:04756 - ®à¤¨ â  â®çª¨ ¯¥-

à¥á¥ç¥¨ï (3.8).

�â  ¯à®áâ ï § ¢¨á¨¬®áâì ¯®ª §     à¨á.3 ¨¦¥© á¯«®è®© «¨¨¥©.

�à¨ ¬ «ëå K ®  å®à®è® á®£« áã¥âáï á ç¨á«¥ë¬¨ íªá¯¥à¨¬¥â ¬¨,

®¤ ª® ¯à¨ ã¢¥«¨ç¥¨¨ K ®è¨¡ª  ¢®§à áâ ¥â, ¤®áâ¨£ ï ¢¥«¨ç¨ë ®ª®«®

40% ¯à¨ K � 0:6. �à¨ ¡�®«ìè¨å K ¢áï ¯à®áâ ï ª àâ¨  à áé¥¯«¥¨ï á¥-

¯ à âà¨áë ®â¤¥«ì®£® à¥§® á  â¥àï¥â á¬ëá« ¨§{§  ¯¥à¥ªàëâ¨ï ¬®£¨å

à¥§® á®¢ (á¬. ¨¦¥).

�è¨¡ª  ¯à¨ ¡®«ìè¨å K

>

�

0:6 á¢ï§   á ¯à¨¡«¨¦¥ë¬ ¨á¯®«ì§®¢ ¨-

¥¬, ¯à¨ ¢ëç¨á«¥¨¨ ¨â¥£à «  (3.2), ¥¢®§¬ãé¥®© á¥¯ à âà¨áë

(á¬. ä-«ë (2.8) ¨ (2.7))

p

s

(x) = �p

0

� (1� 2jyj) (3:7)

á  ¬¯«¨âã¤®© p

0

�

p

K=2. �â¥à¥á®© ®á®¡¥®áâìî à áá¬ âà¨¢ ¥¬®©

á¨áâ¥¬ë ï¢«ï¥âáï á®åà ¥¨¥ ä®à¬ë ¥¢®§¬ãé¥®© á¥¯ à âà¨áë (¤¢¥

¯àï¬ë¥) ¯®¤ ¤¥©áâ¢¨¥¬ ¢®§¬ãé¥¨ï (à¨á.4). �â® ¯®§¢®«ï¥â ¢ëç¨á«¨âì

â®ç®¥ § ç¥¨¥ p

0

(K) ¯à¨ «î¡®¬K ¯® á®¡áâ¢¥ë¬ ¢¥ªâ®à ¬ ¨áå®¤®£®
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®â®¡à ¦¥¨ï (2.1) ¢ ¥ãáâ®©ç¨¢®© ¥¯®¤¢¨¦®© â®çª¥ x = p = 0. �

à¥§ã«ìâ â¥ ¯®«ãç ¥¬:

p

0

(K) =

K

p

2K +K

2

+K

: (3:8)

�¤ ª® ¯à¨ ¯®¤áâ ®¢ª¥ íâ®£® ¢ëà ¦¥¨ï ¢ (3.5) á®£« á¨¥ ¥ â®«ìª® ¥

ã«ãçè ¥âáï, ® ¤ ¦¥ ãåã¤è ¥âáï:

tg � �

K

p

0

(K)

>

p

2K : (3:9)

�à¨ç¨  íâ®£® «¥¦¨â ¢ ¤àã£®¬ ¯à¨¡«¨¦¥¨¨ ¨â¥£à «  (3.2) { á®åà ¥-

¨¨ â®«ìª® ¢ª« ¤  ®â áª çª  á¨«ë �f(x). �¯ïâì â ª¨, ¨§-§  á¯¥æ¨ä¨ç¥-

áª®© ®á®¡¥®áâ¨ ¥¢®§¬ãé¥®© á¥¯ à âà¨áë ¯à¨ d = 0 ã£®« �  å®¤¨â-

áï â®ç® ¡¥§® ¢áïª®£® ¨â¥£à¨à®¢ ¨ï ¯àï¬® ¨§ à¨á.4: tg � = 2p

0

(K). �

à¥§ã«ìâ â¥ ¯®«ãç ¥¬:

�(K) =

�

2

� arctan

 

2

1 +

p

1 + 2=K

!

: (3:10)

�â® ¢ëà ¦¥¨¥ ¯à¥¤áâ ¢«ï¥â  ¨¡®«¥¥ â®çë© à¥§ã«ìâ â  è¥© â¥®à¨¨

(¢¥àåïï á¯«®è ï «¨¨ï   à¨á.3), ª®â®àë© ¯à¥ªà á® á®¢¯ ¤ ¥â á ç¨-

á«¥ë¬ íªá¯¥à¨¬¥â®¬ (ªàã¦ª¨) ¢¯«®âì ¤®  ç «  ¯¥à¥ªàëâ¨ï à¥§®-

 á®¢. �®ïá¨¬, çâ® ¢ á¨«ã ¯¥à¨®¤¨ç®áâ¨ ®â®¡à ¦¥¨ï (2.1) ¥ â®«ìª®

¯® x, ® ¨ ¯® p (¨ á â¥¬ ¦¥ ¯¥à¨®¤®¬ 1), ¨¬¥¥âáï ¡¥áª®¥ç ï á¨áâ¥¬ 

æ¥«ëå à¥§® á®¢ ¯à¨ p(0) = n ;H

0

= n

2

=2, £¤¥ n { «î¡®¥ æ¥«®¥ ç¨-

á«®, ª ª ¯®«®¦¨â¥«ì®¥, â ª ¨ ®âà¨æ â¥«ì®¥,   â ª¦¥ ã«ì. �®á«¥¤¨©

ç áâë© á«ãç © ¨ à áá¬ âà¨¢ ¥âáï ¢  áâ®ïé¥© à ¡®â¥. �à¨ p

0

= 1=2

á¥¯ à âà¨áë á®á¥¤¨å æ¥«ëå à¥§® á®¢  ç¨ îâ ¯¥à¥ªàë¢ âìáï, çâ®

¯®«®áâìî à §àãè ¥â ¨å áâàãªâãàã. �®à¬ «ì®, íâ® ¯à®¨áå®¤¨â «¨èì

¢ ¯à¥¤¥«¥ K ! 1 (3.8). �¤ ª® ä ªâ¨ç¥áª¨ â ª®¥ à §àãè¥¨¥  ç¨ -

¥âáï § ç¨â¥«ì® à ìè¥ ¨§-§  ¯¥à¥ªàëâ¨ï á ¯à®¬¥¦ãâ®çë¬¨ ¤à®¡ë-

¬¨ à¥§® á ¬¨ (á¬. [9]). �â¬¥â¨¬ â ª¦¥, çâ® ä®à¬ «ì® ¢á¥£¤  ã£®«

à áé¥¯«¥¨ï � > �=4 � 0:785 (á¬. ä{«ã (3.10)), ®¤ ª® ä ªâ¨ç¥áª¨,

¨ ¯® â®© ¦¥ ¯à¨ç¨¥, à¥£ã«ïà ï § ¢¨á¨¬®áâì �(K) à¥§ª® ®¡àë¢ ¥âáï

ã¦¥ ¯à¨ � � 0:96 � 55

o

; K = K

cr

� 0:8 ; p

0

(K

cr

) � 1=3 (à¨á.3). �à¨

K > K

cr

¢¥â¢¨ á¥¯ à âà¨áë áâ ®¢ïâáï  áâ®«ìª® ¥ãáâ®©ç¨¢ë¬¨, çâ®

áª®«ìª®-¨¡ã¤ì  ¤¥¦®¥ ¨§¬¥à¥¨¥ ã£«  à áé¥¯«¥¨ï ¥ ¯à¥¤áâ ¢«ï¥âáï

¢®§¬®¦ë¬. �â¥à¥á® ®â¬¥â¨âì, çâ® ®âª«®¥¨¥ ®à¤¨ âë â®çª¨ ¯¥à¥-

á¥ç¥¨ï ¢¥â¢¥© á¥¯ à âà¨áë p

0

(K) á®£« á® (3.8) ¢ íâ®© ®¡« áâ¨ (¢¯«®âì

¤® K = 1:24) ¥ ¯à¥¢ëè ¥â 1%. �¤ ª® íâ®£® ®ª §ë¢ ¥âáï ¤®áâ â®çë¬

¤«ï ®ç¥ì á¨«ì®£® ¨ ¥à¥£ã«ïà®£® ¨áª ¦¥¨ï ¢¥â¢¥© á¥¯ à âà¨áë.
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� ª¨¬ ®¡à §®¬, ¤ ¦¥ ¯à¨ ®â®á¨â¥«ì® ¡®«ìè¨å § ç¥¨ïå ¯ à ¬¥-

âà  K < 0:8 ã£®« à áé¥¯«¥¨ï á¥¯ à âà¨áë ¤ «¥ª® ¥ ¤®áâ¨£ ¥â ã«ï, ¨

â¥¬ ¡®«¥¥ ¥ ¬¥ï¥â § ª,   § ç¨â á¥¯ à âà¨á  ¢á¥£¤  à áé¥¯«ï¥âáï.

4 � ª«îç¥¨¥:  áª®«ìª® â¨¯¨ç®

á®åà ¥¨¥ á¥¯ à âà¨áë?

�  áâ®ïé¥© à ¡®â¥ ¯à¥¤«®¦¥ ¨ ¯à®¢¥à¥ ¯à®áâ®© ¬¥å ¨§¬ ®¢®£®

¥®¦¨¤ ®£® ï¢«¥¨ï - á®åà ¥¨ï á¥¯ à âà¨áë ¥«¨¥©®£® à¥§® á 

¢ ãá«®¢¨ïå á¨«ì®£® å ®á    ¡®«ìè¥© ç áâ¨ ä §®¢®© ¯«®áª®áâ¨ ¤¨ ¬¨-

ç¥áª®© á¨áâ¥¬ë [8, 9, 10, 11]. �à¥¤« £ ¥¬ë© ¬¥å ¨§¬ ®á®¢    ¯à®áâ®©

¨¤¥¥ ®¡ ¨â¥àä¥à¥æ¨¨ ¥áª®«ìª¨å á¨£ã«ïà®áâ¥© ¢ £ ¬¨«ìâ®¨ ¥ ¤¨-

 ¬¨ç¥áª®© á¨áâ¥¬ë, ª®â®àë¥ ¨ ®¯à¥¤¥«ïîâ à áé¥¯«¥¨¥ á¥¯ à âà¨áë

¥«¨¥©®£® à¥§® á . �¨á«¥ë¥ íªá¯¥à¨¬¥âë ¨ â¥®à¥â¨ç¥áª¨©   -

«¨§ ¯à®¢®¤¨«¨áì ¤«ï á¥¬¥©áâ¢  2D{®â®¡à ¦¥¨© (2.1), ¢ ¯à®áâ¥©è¥¬ á«ã-

ç ¥ ¤¢ãå á¨£ã«ïà®áâ¥©, ¢ª«îç îé¥£® ¨ ¯¥à¢ë© ¯à¨¬¥à �¢áï¨ª®¢ 

[8, 9]. �¥§ã«ìâ âë ¨áá«¥¤®¢ ¨ï ¥ â®«ìª® ¯®¤â¢¥à¤¨«¨ ¨ ®¡êïá¨«¨ â -

ª®© ¬¥å ¨§¬, ® ¨ ¯®§¢®«¨«¨ à §à ¡®â âì ¯à®áâãî â¥®à¨î ¤«ï ¢ëç¨á«¥-

¨ï ª ª á¯¥æ¨ «ìëå § ç¥¨© ¯ à ¬¥âà  K = K

m

, â ª ¨ § ¢¨á¨¬®áâ¨

ã£«  à áé¥¯«¥¨ï á¥¯ à âà¨áë �(K) ¢ ¤®áâ â®ç® è¨à®ª®¬ ¤¨ ¯ §®¥

¯ à ¬¥âà®¢ K ¨ d, ä{«ë (2.19), (3.6) ¨ (3.10).

�â¤¥«ì® à áá¬®âà¥ ¯¥à¥å®¤ ª ¯à¥¤¥«ã d! 0, ¢ ª®â®à®¬ á¥¯ à âà¨-

á  à áé¥¯«ï¥âáï ¯à¨ «î¡®¬ K (à §¤¥« 3). � ®¡à â®¬ ¯à¥¤¥«¥ d ! 1

§ ¢¨á¨¬®áâì (2.19) á®åà ï¥âáï, ¯® ªà ©¥© ¬¥à¥ ¤® d = 0:999 (à¨á.2).

�«¥¤ã¥â ®¤ ª® ®â¬¥â¨âì, çâ® ¢ á ¬®¬ ¯à¥¤¥«¥ (d = 1) å à ªâ¥à ¤¢¨-

¦¥¨ï ª ç¥áâ¢¥® ¨§¬¥ï¥âáï. �à¥¦¤¥ ¢á¥£®, ¤¢¨¦¥¨¥ ¯® á¥¯ à âà¨á¥

¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®áâ® £ à¬®¨ç¥áª¨¥ ª®«¥¡ ¨ï (á¬. (2.7) ¨ à¨á.1).

�®¬¨¬® íâ®£®, ¢ãâà¨ à¥§® á  (H

0

< 0) âà ¥ªâ®à¨ï ¤¢¨¦¥¨ï ¢®®¡é¥

¥ ¤®áâ¨£ ¥â á¨£ã«ïà®áâ¨ ¯®â¥æ¨ «  ¢ â®çª¥ x = 0 mod 1. � ª®¥æ,

 è¨ ¯à¥¤¢ à¨â¥«ìë¥ ç¨á«¥ë¥ íªá¯¥à¨¬¥âë ¢ íâ®¬ ¯à¥¤¥«¥ ®¯à¥¤¥-

«¥® ãª §ë¢ îâ   ®ç¥ì ¡ëáâà®¥ ã¬¥ìè¥¨¥ ¬¥àë å ®â¨ç¥áª®© ª®¬¯®-

¥âë á ã¬¥ìè¥¨¥¬ K. �ë«® ¡ë çà¥§¢ëç ©® ¨â¥à¥á® ¯à®¤®«¦¨âì

¨áá«¥¤®¢ ¨¥ íâ®© á¯¥æ¨ «ì®© ¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë.

�  áâ®ïé¥© à ¡®â¥ ¬ë à áá¬ âà¨¢ «¨ â®«ìª® æ¥«ë¥ à¥§® áë á

p(0) = n, £¤¥ n { «î¡®¥ æ¥«®¥. � ª ¨§¢¥áâ® (á¬.,  ¯à¨¬¥à, [2, 3, 9]),

¤à®¡ë¥ à¥§® áë á p(0) � n=q ¨¬¥îâ â ªãî ¦¥ áâàãªâãàã ¢ ¯®¤å®¤ï-

é¨å ¯¥à¥¬¥ëå. �®íâ®¬ã ¬®¦® ®¦¨¤ âì, çâ® ¯®¤®¡ë© ¬¥å ¨§¬ ª ª

¨ ¥£® ¯à®áâ ï â¥®à¨ï ¯à¨¬¥¨¬ë ¨ ¤«ï ¤à®¡ëå à¥§® á®¢. � á«ãç ¥
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¯®¤â¢¥à¦¤¥¨ï, ª®â®à®¥ ¬ë á®¡¨à ¥¬áï ¯®«ãç¨âì ¢ ¡«¨¦ ©è¥¥ ¢à¥¬ï,

íâ® ¯®§¢®«¨«® ¡ë ¥ â®«ìª® ®¡êïá¨âì á®åà ¥¨¥ á¥¯ à âà¨áë ¥ª®-

â®àëå ¤à®¡ëå à¥§® á®¢, ®¡ àã¦¥®¥ ¢ ç¨á«¥ëå íªá¯¥à¨¬¥â å

[9, 10, 11], ® ¨ à á¯à®áâà ¨âì íâ®â à¥§ã«ìâ â   ¢á¥ ¤à®¡ë¥ à¥§® -

áë. �®á«¥¤¥¥ ®§ ç «® ¡ë, çâ® ¬®¦¥áâ¢® ¢á¥å á¯¥æ¨ «ìëå § ç¥¨©

K = K

qn

, ¯à¨ ª®â®àëå á¥¯ à âà¨á  á®åà ï¥âáï, ï¢«ï¥âáï ¢áî¤ã ¯«®â-

ë¬. � á¢®î ®ç¥à¥¤ì, íâ® ¯®§¢®«¨«® ¡ë ®¦¨¤ âì á¨«ì®£® (å®âï ¨ ¥

¯®«®£®) ¯®¤ ¢«¥¨ï £«®¡ «ì®© ¤¨ääã§¨¨ ¯à¨ «î¡®¬ § ç¥¨¨ K (á¬.

[9, 10, 11]).

�â¥à¥áë© ¨ ¢ ¦ë© ¢®¯à®á:  áª®«ìª® â¨¯¨çë¬ ï¢«ï¥âáï á®åà -

¥¨¥ á¥¯ à âà¨áë ¢®®¡é¥ ¨ ¥£® ª®ªà¥âë© ¬¥å ¨§¬, ¢ ç áâ®áâ¨. �®-

à®è® ¨§¢¥áâ®, çâ® ª  áâ®ïé¥¬ã ¢à¥¬¥¨ "áª®áâàã¨à®¢ ®"¡®«ìè®¥

ç¨á«® ¯à¨¬¥à®¢, ¨ ¤ ¦¥ æ¥«ëå á¥¬¥©áâ¢, â ª  §ë¢ ¥¬ëå ¯®«®áâìî ¨-

â¥£à¨àã¥¬ëå ¥«¨¥©ëå ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ (á¬.,  ¯à¨¬¥à, [13]). �

â ª¨å á¨áâ¥¬ å å ®á ¯®«®áâìî ®âáãâáâ¢ã¥â, ®¤ ª® ®¨ ®¯à¥¤¥«¥® ¥

ï¢«ïîâáï â¨¯¨çë¬¨,   ®¡à §ãîâ ¢ ¥ª®â®à®¬ á¬ëá«¥ ¬®¦¥áâ¢® ¬¥àë

ã«ì ¢ ¯à®áâà áâ¢¥ ¢á¥å ¢®§¬®¦ëå ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬. � íâ®© â®çª¨

§à¥¨ï ®¢®¥ ï¢«¥¨¥ á®åà ¥¨ï á¥¯ à âà¨á ¢ å ®â¨ç¥áª®© á¨áâ¥¬¥ ¯à¥¤-

áâ ¢«ï¥âáï ¡®«¥¥ â¨¯¨çë¬ ¥á¬®âàï   ¢¥áì¬  ®£à ¨ç¥®¥, ¢ ¤ ë©

¬®¬¥â, ç¨á«® ¯à¨¬¥à®¢.

�á«®¢¨¥ áãé¥áâ¢®¢ ¨ï ¥áª®«ìª¨å á¨£ã«ïà®áâ¥© ¯®â¥æ¨ « , ¯®-

«®¦¥®¥ ¢ ®á®¢ã  áâ®ïé¥£® ¨áá«¥¤®¢ ¨ï, á ¬® ¯® á¥¡¥ ¥ ï¢«ï¥âáï

¨ ¥®¡å®¤¨¬ë¬, ¨ ¤®áâ â®çë¬ ¤«ï á®åà ¥¨ï á¥¯ à âà¨áë. � ®¤-

®© áâ®à®ë, ¯à¥¤¢ à¨â¥«ì®¥ ¨áá«¥¤®¢ ¨¥ ¤àã£¨å ¯à¨¬¥à®¢ ¯®ª § «®,

çâ®  «¨ç¨¥ ¥áª®«ìª¨å á¨£ã«ïà®áâ¥© á¨«ë ¥é¥ ¥ £ à â¨àã¥â á®-

åà ¥¨¥ á¥¯ à âà¨áë. � ¯à¨¬¥à, ¥á«¨ ¯à®áâ® ¯à®¤®«¦¨âì à §àë¢ãî

á¨«ã (2.2) á d = 0 ¥é¥   ®¤¨ ¯¥à¨®¤, â ª çâ® ä®à¬ «ì® ¯®ï¢ïâìáï ¤¢¥

á¨£ã«ïà®áâ¨, á¥¯ à âà¨á  ¡ã¤¥â ¯®{¯à¥¦¥¬ã à §àãè âìáï ¯à¨ «î-

¡®¬ § ç¥¨¨ ¯ à ¬¥âà  K. � ¤ ®¬ á«ãç ¥ íâ® ¯à®¨áå®¤¨â ¨§{§  â®£®,

çâ® ¯®â¥æ¨ « ¯à¨¨¬ ¥â ä®à¬ã ¤¢ãå á®¯àï¦¥ëå "ï¬"á ¥ãáâ®©ç¨¢®©

¥¯®¤¢¨¦®© â®çª®© ª ª à §   £à ¨æ¥ ¬¥¦¤ã ¨¬¨. � à¥§ã«ìâ â¥ ¥-

¢®§¬ãé¥ ï á¥¯ à âà¨á  ¢á¥£¤  ®ª §ë¢ ¥âáï «®ª «¨§®¢ ®© ¢ ®¤®© ¨§

¨å (¢ § ¢¨á¨¬®áâ¨ ®â  ç «ìëå ãá«®¢¨©) á ¥¤¨áâ¢¥®© á¨£ã«ïà®-

áâìî.

� ¤àã£®© áâ®à®ë, ¢ á«ãç ¥   «¨â¨ç¥áª®£® ¯®â¥æ¨ «  á¨£ã«ïà®-

áâ¨, ®¯à¥¤¥«ïîé¨¥ à áé¥¯«¥¨¥ á¥¯ à âà¨áë, ¬®£ãâ ¡ëâì à á¯®«®¦¥ë

¥   ¤¥©áâ¢¨â¥«ì®© ®á¨ ¢à¥¬¥¨,   ¢ ª®¬¯«¥ªá®© ¯«®áª®áâ¨. � ª ï á¨-

âã æ¨ï, ¯®{¢¨¤¨¬®¬ã, ¤¥©áâ¢¨â¥«ì®  ¡«î¤ « áì ¢ á®¢¥àè¥® ¤àã£®©

§ ¤ ç¥ ®¡ ã¤¥à¦ ¨¨ § àï¦¥ëå ç áâ¨æ ¢ ¤«¨®© ¬ £¨â®© «®¢ãèª¥

�®í  [14] (á¬. â ª¦¥ [15]).
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� ª®¥æ, íää¥ªâ ¯à®å®¦¤¥¨ï ã£«  à áé¥¯«¥¨ï á¥¯ à âà¨áë ç¥à¥§

ã«ì ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà  á¨áâ¥¬ë,   § ç¨â ¨ á®åà ¥¨¥ á¥-

¯ à âà¨áë ¯à¨ ®¯à¥¤¥«¥ëå § ç¥¨ïå íâ®£® ¯ à ¬¥âà , ¢®§¬®¦¥, ¢

¯à¨æ¨¯¥, ¨ ¤«ï ®á®¡®© ä®à¬ë ¯®â¥æ¨ «  ¡¥§® ¢áïª¨å á¨£ã«ïà®áâ¥©

¢®®¡é¥. �á¥ íâ® ¥á®¬¥® § á«ã¦¨¢ ¥â ¤ «ì¥©è¥£® ¨áá«¥¤®¢ ¨ï.

� § ª«îç¥¨¥ ¬®¦® áª § âì, çâ® å®âï ®¢ë© íää¥ªâ á®åà ¥¨ï á¥-

¯ à âà¨áë ¢ å ®á¥ ¨ ¥ ï¢«ï¥âáï ã¨¢¥àá «ìë¬ («î¡¨¬ë© â¥à¬¨ ¢

á®¢à¥¬¥ëå ¨áá«¥¤®¢ ¨ïå ¤¨ ¬¨ç¥áª®£® å ®á  !), ªà¨â¥à¨© ¨â¥àä¥-

à¥æ¨¨ á¨£ã«ïà®áâ¥©, ª ª ¨ à §à ¡®â  ï   ¥£® ®á®¢¥ â¥®à¨ï (ª®-

â®à ï «¥£ª® ®¡®¡é ¥âáï   ¯à®¨§¢®«ì®¥ ç¨á«® á¨£ã«ïà®áâ¥©), ¬®¦¥â

§ ç¨â¥«ì® ¯®¬®çì, ª ª ¬ë  ¤¥¥¬áï, ¢ ¨áá«¥¤®¢ ¨ïå è¨à®ª®£® ª« áá 

£ ¬¨«ìâ®®¢ëå ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬.

�à¨¬¥ç ¨¥ ¯à¨ ª®àà¥ªâãà¥.

�ë ¡« £®¤ àë �.�.�¥¯¥«ïáª®¬ã, ãª § ¢è¥¬ã   ¢ ¦ãî ¨ ¨â¥-

à¥áãî à ¡®âã [16], ª®â®à ï ª á®¦ «¥¨î ¡ë«   ¬ à ¥¥ ¥¨§¢¥áâ . �

íâ®© à ¡®â¥ ¯à®¢¥¤¥® ¯®¤à®¡®¥ ¬ â¥¬ â¨ç¥áª®¥ ¨áá«¥¤®¢ ¨¥ ª ª à §

â®£® á ¬®£® ®â®¡à ¦¥¨ï, ª®â®à®¥ ¬ë  §ë¢ ¥¬ ¯à¨¬¥à®¬ �¢áï¨ª®¢ .

�« ¢ë¬ à¥§ã«ìâ â®¬ [16] ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ¨ï ¨¢ -

à¨ âëå ªà¨¢ëå ¢ è¨à®ª®¬ ¤¨ ¯ §®¥ § ç¥¨© ¯ à ¬¥âà  K ¨ ç¨á« 

¢à é¥¨ï �, ¢ª«îç ï ¨ à æ¨® «ìë¥ �.

� íâ®© à ¡®â¥, ®¤ ª®, ¯à ªâ¨ç¥áª¨ ®âáãâáâ¢ã¥â à áá¬®âà¥¨¥ â ª¦¥

®ç¥ì ¨â¥à¥á®£® ¨ á¢®¥®¡à §®£® ¯à¥¤¥«ì®£® á«ãç ï � = 0, ®â¢¥ç î-

é¥£® á¥¯ à âà¨á ¬ ¥«¨¥©ëå à¥§® á®¢ (®¡ íâ®¬ «¨èì ªà âª® ã¯®¬¨-

 ¥âáï ¤«ï ¤¢ãå ¯¥à¢ëå ªà¨â¨ç¥áª¨å ç¨á¥« K = 1=3 ¨ K = 1=8).

� íâ®¬ á¬ëá«¥ ª ª  áâ®ïé ï à ¡®â , â ª ¨ ¯à¥¤è¥áâ¢ãîé¨¥ ¨áá«¥-

¤®¢ ¨ï [8,9,10,11] ¯®¤â¢¥à¦¤ îâ ¨ áãé¥áâ¢¥® ¤®¯®«ïîâ [16].

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ ¤®ª § â¥«ìáâ¢ å [16] ¯à¨¬¥ï¥âáï ¬¥â®¤, ¯®

¨¤¥¥ ¡«¨§ª¨© ª â®¬ã, çâ® ¬ë  §¢ «¨ ¨â¥àä¥à¥æ¨¥© ®á®¡¥®áâ¥©, ª®-

â®àë© ¡ë« ¢¯¥à¢ë¥ ¯à¥¤«®¦¥ ¨ íää¥ªâ¨¢® ¨á¯®«ì§®¢  ¢ [17]. �®«ã-

ç¥ë¥ ¢ à ¡®â å [17,16] à¥§ã«ìâ âë ¯®ª §ë¢ îâ, çâ® ¯®¤®¡ë© ¬¥å -

¨§¬ ¤¥©áâ¢¨â¥«ì® à á¯à®áâà ï¥âáï   ¢¥áì¬  è¨à®ª¨© ª« áá ¤¨ -

¬¨ç¥áª¨å § ¤ ç.

� ç áâ®áâ¨, ¯®ï¢«¥¨¥ ¨¢ à¨ âëå ªà¨¢ëå á à æ¨® «ìë¬¨ § -

ç¥¨ï¬¨ � ¬®¦® ¨â¥à¯à¥â¨à®¢ âì ª ª ¯®¤ ¢«¥¨¥ á ¬¨å à¥§® á®¢

¢¬¥áâ¥ á ¨å á¥¯ à âà¨á ¬¨. �¤¨ â ª®© "áâà ë©"á«ãç © ¤«ï K = 1=4

á � = 1=3  ¡«î¤ «áï ¢ [9], ®¤ ª® ¥£® ¤ «ì¥©è¥¥ ¨áá«¥¤®¢ ¨¥ ¡ë«®

®â«®¦¥®   ¡ã¤ãé¥¥.
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