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Li’s group and some collaborators at NUS 



Research Topics: 

1. Phononics and Thermoelectrics (theory+experiment) 

 Heat conduction in  low dimension systems: 

       Necessary and sufficient condition of the Fourier law 

       Connection between anomalous heat conduction and anomalous diffusion 

       Effective Phonon theory in 1d nonlinear lattice 

       Heat conduction in nano scale systems 

  

 Phononic devices: thermal diode, transistor, logic gate, and phononic computer … 

 

 Thermoelectrics: convert heat into electricity 

  
     

2. Complex Networks and Systems Biology  

 dynamics, function and topology structures of biological networks such as metabolic 
networks, protein-protein interacton networks, 

  

3. Econophysics 

 Physical approaches to economy and financial market 

 

 

 



Experimental Works on Thermal Tranpsort 

in nanostructures 

Simultaneous measurement of thermal, electrical 

conductivity and thermo-power of nanostructures  



Xu XF…. BL, Barbaros Oezyilmaz (submitted) 



  

Thermal transistor(theory, NUS) 

APL 88, 143501 (2006) 

Thermal diode (Theory, NUS) 
PRL 98 184301 (2004),   99 104302 (2005) 

NUS, theory 

Solid State Thermal Rectifier 

(Berkeley, Experiment) 
Science 314, 1121 (2006) 



Thermal memory  
2008,  PRL 101, 267203 , NUS, Theory  

Thermal memory: Experiment  
2011 Adv Func Mat, NUS 









Biological networks: 

 



 

Econophysics: 
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Research Fields 

• Non-equilibrium statistical physics 

 

• Phonon/Heat transport in nanoscale 

 

• Phonon-electron interaction and thermoelectrics 

 

• Photon –phonon interaction: solar thermal energy conversion 

 

• Phonon-magnon interaction: phonon Hall effect 

 

• Phononic meta-material: controlling and manipulating vibrational 

energy 

 

• Heat transfer/manipulation in biological systems 

 

• Phononic devices 
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Collaborators: 

• Dr Jie Ren  (NUS Graduate School for Integrative Sciences and 

Engineering, Currently a Postdoc at Theory Division, LANL) 

• Dr. Wen-Xu Wang (Arizona State University - ASU, currently 

Professor at Beijing Normal University) 

• Prof. Ying-Cheng Lai (ASU) 



 Real-Life Networks 
 

• Transportation networks: airports, highways, roads, rail,  electric power… 

•Communications: telephone, internet, www… 

•Biology: protein’s residues, protein-protein, genetic, metabolic… 

•Social nets: friendship networks, terrorist networks, collaboration networks… 

? 

Dynamical pattern Topological structure 

It is well accepted that:  

Structure plays a fundamental role in shaping the dynamics of complex systems. 

However, the general intrinsic relationship still remains unclear. 

Ubiquitous noise has profound effects on dynamical systems and information retrieval. 



Outline 
 Harmonic Oscillators 

 

 Unified View: a general approach to bridge network 

topology and the dynamical patterns through noise 

 

 Application 

  From topology to dynamics: stability of networks 

  From dynamics to topology: inferring network structures 



Coupled Harmonic Oscillators: Vibrational properties with static structure 

Compact form: 

Examples: protein’s residues interaction, electric circuit, solid lattice… 

Thermal noise: 

second order time derivative 

reduce to first order 

J. Ren and B. Li, PRE 79, 051922 (2009) 

Matrix form: 

Pseudo-inverse: 



A General Approach to Bridge Dynamics and Network Topology 

Under noise, the dynamics of the general coupled-oscillators can be 

expressed as: 

Examples: Information flow, synchronization, neurodynamics, biochemical process… 

Kuramoto phase oscillators dynamics 

Consensus dynamics 

Chaotic Rössler dynamics 



J. Ren, W.X. Wang, B. Li, and Y.C. Lai, PRL 104, 058701 (2010) 

C: dynamical correlation 

L: the underlying topology  

Ignoring intrinsic dynamics DF=0, 

DH=1,  symmetric coupling  

Linearization  

long time limit 

compact form  
covariance of noise 

A general relationship: 

Jacobian matrix 

Noise bridges Dynamics and Topology. 

The same relationship. 



Pseudo-inverse: Kuramoto model: 

Nodes become strong correlated in groups, coherently with their topological structure.  

Group structures at multi-scale are revealed clearly. 

The contribution of smaller eigenvalues dominates the correlation C 

smaller eigenvalues ~ smaller energy ~ large wave length ~ large length scale 

Simulation Theory Example: 

~ 



Decompose 

i i j i j 
m1 

mr 

Path-integral (topology) representation of correlations (dynamics) 

The correlation matrix C can thus be expressed in a series: 

Path-integral representation: 

Pure dynamical property. Topology associated property 

J. Ren,  et al, PRL 104, 058701 (2010) 



Application 
 

  From topology to dynamics: stability of networks 

 

   

From dynamics to topology: inferring network structures 

J. Ren and B. Li, PRE 79, 051922 (2009) 

J. Ren, W.X. Wang, B. Li, and Y.C. Lai, PRL 104, 058701 (2010) 

W.X. Wang, J. Ren, Y.C. Lai, and B. Li, PRE, under review. 



Small-world networks 

With probability p to add 

random links to each node. 

Define the average fluctuation as S: 

Characterize the stability of networks. 

smaller S ~ smaller fluctuations ~ more stable 

Perturbation: 

Add link (i, j): 

New correlation: 

Adding link always decreases S 

J. Ren and B. Li, PRE 79, 051922 (2009) 

 From topology to dynamics: stability of networks 

ring chain + 

random links 



Finite Size Scaling 

 From topology to dynamics: stability of networks 

unstable 

stable 

slope=-1 

continuous limit 

A heuristic argument for the density of state: 

For small world networks (1D ring + cross-links), 

the ring chain is divided into quasi-linear segments. 

The probability to find length l is, 

Each segment l has small eigenvalue of the order of 

(unstable) (stable) 

J. Ren and B. Li, PRE 79, 051922 (2009) 



Real protein data can be download from Protein Data Bank 

 From topology to dynamics: stability of networks 

www.pdb.org 

The mean-square displacement of       atoms 

is characterized by B factor. (B~S) 

C

Each protein is a network with residue-residue interaction. 

The thermodynamic stability is crucial for 

protein to keep its native structure for right 

function. 

We expect that nature selection forces proteins to 

evolve into the stable regime: 

Real protein data follow -1 scaling  

J. Ren and B. Li, PRE 79, 051922 (2009) 



the inverse problem 



J. Ren, W.X. Wang, B. Li, and Y.C. Lai, PRL 104, 058701 (2010) 

 From dynamics to topology: inferring network structures 



J. Ren, W.X. Wang, B. Li, and Y.C. Lai, PRL 104, 058701 (2010) 

 From dynamics to topology: inferring network structures 

To determine the threshold 

High accuracy  



 From dynamics to topology: inferring network structures 

Path-integral representation  Ren J et al PRL 104, 058701 (2010) 

(7) 



 From dynamics to topology: inferring network structures 

W.X. Wang, J. Ren, Y.C. Lai, and B. Li, PRE, under review. 

Networks with Time-delay Coupling 

the αth normalized eigenvector of L 

the  corresponding eigenvalue. 



 From dynamics to topology: inferring network structures 



 From dynamics to topology: inferring network structures 

W.X. Wang, J. Ren, Y.C. Lai, and B. Li, arXiv:1101.6074. 



? 

? 
How are they canalized by Evolution? 

Function 

Dynamics 

Structure 



Uncovering evolutionary ages of nodes in complex networks 

By Guimei Zhu Thursday, 15:30pm 



THANK YOU! 



Consensus Dynamics 

the αth normalized eigenvector of L 

Transformation to eigen-space, using 

Transform back to real-space: 

the  corresponding eigenvalue. 

P: adjacency matrix 

L: laplacian matrix  

Examples: Internet packet traffic, information flow, opinion dynamics… 

Or: 

Compact form: 
Pseudo-inverse: 

Denote 

solution: 

J. Ren and H. Yang, cond-mat/0703232 


