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* Dynamical Gibbs paradox (DGP):

classical or quantum dynamical thermalization ?

energy equipartition over modes or quantum Gibbs?

Sinai-oscillator trap: ground state m = 1 (a), linear eigenstate m = 24 (b),

steady state of Bose-Einstein condensate β = 4,m = 24 from GPE (e),

theoretical Bose-Einstein thermal distribution (f)

Ermann, Vergini, DS PRA (2016) [R1]
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Loschmidt - Boltzmann dispute

on time reversibility (1876-1877)

* irreversible statistical laws from reversible dynamical equations

- 150 years ago

Boltzmann (1872) [R2], Loschmidt (1876) [R3], Boltzmann (1877) [R4]
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Dynamical chaos as the origin of statistical laws

* Poincaré (1893) [R5] - mathematics;

* Chirikov resonance overlap criterion

for plasma experiments at Kurchatov Inst. (1959) [R6] - physics
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Dynamical Chaos as the origin of statistical laws
* dynamical systems with a few degrees of freedom

Poincaré (1893) [R5], Kolmogorov-Arnold-Moser theorem (1954-1963) [R7],

Sinai (1963) [R8], Chirikov (1959-1979) [R6]

Time reversal breaking due to exponential instability of chaotic dynamics

Sinai billiard (left) and

Sinai oscillator [R1,R9] (right) → Ketterle (1995-2002) [R10] (BEC 3d)

H = (px
2 + py

2 + ωx
2x2 + ωy

2y2)/2 + Vd (x , y);ωx = 1, ωy =
√

2,

elastic disk rd = 1, xd = yd = −0.5
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Energy equipartition over degrees of freedom

L.D.Landau, E.M.Lifshitz “Statistical Physics”, Nauka Moscow (1976)
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Energy equipartition: Fermi-Pasta-Ulam problem

Fermi-Pasta-Ulam (FPU) problem (1955): “The results show very little, if any,

tendency toward equipartition of energy among the degrees of freedom.”

→ NON GENERIC MODEL

Chirikov criterion for onset of chaos (1959)

Novosibirsk => FPU: Izrailev, Chirikov Dokl. Akad. Nauk SSSR 166: 57 (1966)

Integrable Toda lattice (1967) + Integrability of nonlinear Schrödinger equation

Zakharov, Shabat ZETF 61: 118 (1971), mKdV ... et al. Ruffo PRL (2022)
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Generic nonlinear systems

* System of oscillators with (moderate) nonlinearity

* Random spectrum of linear oscillator frequencies

* Complex linear modes with complex nonlinear interactions

* Examples: disordered nonlinear lattices,

quantum chaos systems with nonlinearity

(e.g. Gross-Pitaevskii equation in Bunimovich stadium)

Dynamical Thermalization Conjecture (DTC)
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Nonlinearity and Anderson localization

Discrete Anderson nonlinear Schrödinger equation (DANSE) 1d-2d

i~ ∂ψn

∂t
= Enψn + β| ψn |2ψn + V (ψn+1 + ψn−1) ; [−W/2 < En < W/2]

localization length ℓ ≈ 96(V/W )2 (1d); ln ℓ ∼ (V/W )2 (2d);

Hamiltonian: H =
∑

n En|ψn|
2 + ψn−1ψ

∗

n + ψ∗

n−1ψn +
β
2
|ψn|

4

Amplitudes C in the linear eigenbasis are described by the equation

i ∂Cm

∂t
= ǫmCm + β

∑
m1m2m3

Umm1m2m3
Cm1

C∗

m2
Cm3

interaction induced transition matrix elements Umm1m2m3
∼ 1/l3d/2

(∆n)2 ∝ tα; α = 2/(3d + 2); 1d → α = 0.3 − 0.4

Different DANSE type models with extremely large times t = 107, ...1012:

DS PRL (1993 d = 1, α = 0.4); Pikovsky, DS PRL (2008); García-Mata, DS PRE

(2008) d = 1, 2); ... Flach et al. PRL (2009 d = 1, α = 1/3), (2019 t ∼ 1012);

Fishman et al. (2012) ...;

Ermann, DS CHAOS (2021 deconfinement of Yang-Mills fields in disorder)

But here we are interested not in spreading but in dynamical thermalization
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Dynamical thermalization in DANSE (1d)

weaker and stronger nonlinearity β → NO EQUIPARTITION
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N = 64,Nd = 18,W = 4, β = 0.5(left),2(right), t = 106,

initial state: one linear eigenmode

QUANTUM Gibbs distribution with temperature T for localized linear modes,

ρm = |Cm|
2: entropy S = −

∑
m ρm ln ρm, ρm = Z−1 exp(−ǫm/T ),

Z =
∑

m exp(−ǫm/T ), E = T 2∂ lnZ/∂T =
∑

m ǫmρm, S = E/T + lnZ ,

〈lnZ 〉 ≈ lnN + ln sinh(∆/T )− ln(∆/T ), ∆ ≈ 3

Mulansky, Ahnert, Pikovsky, DS PRE (2009)
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Dynamical thermalization in 1d nonlinear lattices

QUANTUM Gibbs distribution

Top: DANSE with En = δEn + f |n−n0|, f = 0.5, β = 2,W = 2,N = 32, t = 107;

Bottom: Klein-Gordon model (only energy integral)

H =
∑

l [(p
2
l + ǫ̃lu

2
l )/2 + βu2

l /4 + (ul+1 − ul)
2/(2W )],

f = 0.125, β = 1,W = 2, t = 108; blue line (right) shows energy equipartition

Ermann, DS NJP (2013)
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Dynamical thermalization in 2d nonlinear lattices

QUANTUM Gibbs distribution in 2D DANSE

probabilities ρm(m
′) in mode m (y-axis) for initial state in mode m′ (x-axis),

mode index is ordered by energy;

DANSE 2d 8 × 8−lattice, f = 1,W = 2, t = 106,Nd = 10 disorder realisations;

β = 1 - left, β = 4 - center, right - quantum Gibbs thermalization theory

Ermann, DS NJP (2013)
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Bose-Einstein condensates (BEC)

with cold atoms

BEC dynamics => Gross-Pitaevskii equation (GPE)
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Sinai billiard → Sinai oscillator + GPE for BEC

Sinai billiard (1963; 1970) (Abel prize 2014)

H = (px
2 + py

2)/2 + x2/2 + y2

rd = 1, xd = yd = −1; E = 2;18 →
(also Bunimovich stadium + GPE)
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BEC dynamics in Sinai oscillator with GPE

Ermann, Vergini, DS EPL-PRA (2015-2016)(LPT Quantware group, CNRS, Toulouse) Potsdam Univ DE 27 Sept 2022 13 / 23



Ketterle BEC experiment (1995))

PRL (1995) (Nobel prize 2001)
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Classical and quantum chaos in Sinai oscillator
Poincaré sections (left)

H = (px
2 + py

2)/2 + x2/2 + y2; rd = 1; ~ = 1; xd = yd = −0.5; E = 1.5;3;10;

Bohigas-Giannoni-Schmit conjecture (1984); Ullmo Scholarpedia (2016)

Wigner-Dyson statistics of lowest 2500 energy levels unfolded (right)

Random matrix theory (Wigner (1967)); quantum chaos (e.g. Haake (2010))

Ermann, Vergini, DS EPL-PRA (2015-2016)

Lazutkin type orbits under certain conditions

A.Lerman, V.Zharnitsky Physica D 425: 132960 (2021)
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Quantum chaos eigenstates in Sinai oscillator

Eigenstates at β = 0; ground state m = 1 and m = 24

Bose-Einstein THERMALIZATION anzats:

ρm = 1/[exp((Em − Eg − µ)/T )− 1];

ρm =< |ψm|2 >, energy
∑

m Emρm = E ,

entropy S = −∑
m ρm ln ρm → S(E)
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BEC in Sinai oscillator with GPE

Gross-Pitaevskii equation (GPE or NSE) (Pitaevskii, Stringari (2003))
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Bose-Einstein anzats for dynamical thermalization

first 50 states; Sinai osc (dots), no disk (X); 500/1500 < t < 1500/2500

(top/bottom); Bose-Einstein anzats (dashed) → no energy equipartition
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Bose-Einstein anzats

temperature and chemical potential dependence on energy (β = 4)
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Discussion

* Dynamical Gibbs paradox → nonlinear thermostate for quantum system

* Behavior at very large times → no mathematical results: Arnold diffusion ...?

* Real quantum dynamical thermalization

in finite quantum many-body systems

see Frahm, Ermann, DS Condensed Matter 4: 76 (2019)

in memory of Shmuel Fishman
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Many chaotic happy returns, Arkady!

at Einstein’s summer house, Caputh 2007

special thanks to Maria Pikovsky
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