Dynamical thermalization
in finite interacting systems

with L.Ermann, E.Vergini (CNEA Buenos Aires) EPL 111, 50009 (2015) + ...

m'=10

‘ m=5 i \
\ | X -

g : £ D (4P H -~ ™ H:
H *\Ta miAt ! . -\ s . !
i ] . ;
B A .
T w(h Y ' H " - H:

« EAVA SR IAY R - . ] -\
IR WRTNAY, : :
ik G AW AV ENE . :
e — 7L % 1=40 ". . .\
S S N 77”4 8 AV A/ B S " .
Wavelength (um) ° ° e o 5350 =0 =0

Planck’s law (1900); Fermi-Pasta-Ulam problem (1955);
Bose-Einstein condensate (BEC) in Bunimovich stadium (2015) (left to right)
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ergy equipartition over degrees of freedom
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TaxuM 06pa3oM, YHCTO KJIACCHYECKMH HJeaJbHBIA ras no1xen
o6najaTh TNOCTOSIHHOH TemyioeMKocTbio. Popmyna (44,1) mosBoaser
TIPH 3TOM BLICKA3aTh CJlefyiOliee MPaBHJIO: Ha KaXIylo MepPeMeHHYo
B SHEPTHH &(p, ) MOJEKYJbl NPHXOAWTCA MO paBHOH Jone 1/2

JLIO.JAHIAY B TEIJIOEMKOCTH ¢, rasa (k/2 B OGBIMHBIX €MHHLAX), H/IH, YTO TO e,
EM.JINOIINALL no paBHOM jgosie T'/2 B ero SHePrHH. D10 NPABUIO HA3LIBAIOT 3AKOHOM
P P! P
pasropacnpedencrus.

e ———— - e WMes B BUIY, YTO OT MOCTYNATe/NbHBIX H BPAIATE/JbHBIX CTENEHei

= cBOGOABL B 3HEPTHIO &(p, §) BXOUAT TOJBKO COOTBETCTBYIOMIKE MM

CTATMC rI/ILIECKAg HMITYJIbChI, MBI MOXEM CKa3aTh, YTO KaXJas W3 3THX CTelleHe# CBO-

GOIB! BHOCHT B TENJIOEMKOCTb BKJIajA, paBHuifi 1/2. OT KaXuoll xe

KOJIeGaTeIbHOM CTemeHH CBOGOJAH B 3HEPrHIO € (p, g) BXOHT MO JiBe

q)I/ISI/I KA nepeMeHHHX (KOOPAMHATA M HMIIYJbC), H €e BKJaJ B TEIVIOEMKOCTh
paseH 1.

Nauka Moscow (1976)

Dynamical thermalization in finite isolated systems?
Chirikov criterion for onset of chaos (1959)

Izrailev, Chirikov Dokl. Akad. Nauk SSSR 166: 57 (1966)

Integrability of nonlinear Schrédinger equation
Zakharov, Shabat, Zh. Eksp. Teor. Fiz. 61: 118 (1971)
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BEC in Bunimovich stadium

Gross-Pitaevskii equation (GPE or NSE)

Model description. — The model is described by the
GPE for BEC in the de-symmetrized Bunimovich stadium
billiard with Dirichlet boundary conditions:

h(r. t 2
WD T aprt) + B 0D, (1)
m

where we consider h = 1, m = 0.5. The height of the
stadium is taken as h = 1 and its maximal length is
[ = 2 (see fig. 1). Thus, the average level spacing is
A =~ 4 /A = 7.04, where A is the billiard area. At 3 =0
the numerical methods of quantum chaos allow to deter-
mine efficiently about a million of eigenenergies of linear
modes and related eigenmodes [17]. For comparison, we
also consider the case of a rectangular billiard with ap-
proximately the same area as the stadium and with the
golden mean ratio {/h = (1 ++/5)/2,h = 1. We note that

ih

v

(Quantware group, CNRS, Toulouse) BINP RAS Oct 15, 2015 3/16



BEC thermodynamics in Bunimovich stadium

In such a case we should have the standard Bose-Einstein
distribution ansatz over energy levels E,, [27]:

Pm = I/[(}‘P[( “m er i J”')/T] o l]‘ (2)

where E, = 13.25 is the energy of the ground state, T’
is the temperature of the system, p(7') is the chemical
potential dependent on temperature. The values E,, are
the eigenenergies of the stadium at 3 = 0. The param-
eters T" and p are determined by the norm conservation

o1 Pm = 1 (we have only one particle in the system)
and the initial energy > FE,.p,, = E. The entropy S
of the system is determined by the usual relation [27]
S = -3 ,,PmInp,. The relation (2) with normalization
condition determines the implicit dependences on temper-
ature E(T'), S(T'), p(T).
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BEC time evolution
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BEC time evolution

50

Top m" = 10, 8 = 2; middle-bottom m’ = 10, 20; 3 = 10; color for:log,5 pm(m’)
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Bose-Einstein anzats
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first 50 states; stadium (dots) rectangular (X); time intervals: [4,5] (blue),
[16,20] (green), [20,40] (black); Bose-Einstein anzats (red), classical
equipartition (orange
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Bose-Einstein anzats
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Distribution of probabilities

1<m,m <30, 8=2,5,10 (top left, top right, bottom left); Bose-Einstein
anzats (bottom right)
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BEC in Sinai oscillator
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Nonlinear chains with disorder
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Periodic houndary conditions are used for the N x N square lattice with —N /2 <n,,n, < N/2.
However, here we use the extended version of this model assuming that

Eppn, =8By, + f(R2+0)), —W/2<3E,,, < W/2(M3). N

This is the M3 model with random values of energies 8E, ,, in a given interval.

8 x 8sites, f =1, W =2, 5 = 1,4 (left, center); quantum Gibbs anzats (right);
t =2 x 10% (Ermann, DS NJP (2013))
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DT in Bose-Hubbard systems

Similarly as in Ref. [28], we consider a one-dimensional
Bose-Hubbard ring containing L sites. The quantum
many-body Hamiltonian of this system reads H = Hy+U

with
i 5} L
Ay = -J3 @fas +al_a)+ Y adfa, (1)
=1 =1
L
4 U .
U = 5 ; ;‘ ;a ap, (2)

where &; and da; respectively denote the creation and an-
nihilation operators associated with site [ and where we

formally identify aq = ar and dn = af: The on-site
energies ¢ (I = 1,...,L) are fixed but randomly se-

lected with uniform probability density from the inter-
val =W/2 < ¢ < W/2. Evidently, the single-particle
Hllbcrt space of this hmtc system s L dllllCIl‘SlOIlal

Schlagheck, DS (2015)
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DT in Bose-Hubbard systems
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L= N =7 (top), 8 middle, 9 bottom; U = 0.5J, —0.5J (left, right); W = 4J, red

points are many-body eigenstates; black curve is Bose-Einstein anzats
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DT in Bose-Hubbard systems
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Conditions of dynamical thermalization?
not too weak and not too strong interactions

Aberg criterion: two-body matrix element should be larger than the spacing
between directly coupled states

S.Aberg PRL 64, 3119 (1990)
(see also R5)
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