CHAOS in SIBERIA
A story for history

Short (40”) account of a long (40 yrs) work
Boris Chirikov & many coworkers in |
Budker Institute of Nuclear Physics
& elsewhere

My (accidental) start
(= 1958, Kurchatov Institute, Moscow)

a simple-looking but turned—out rich

Budker’s problem: single particle confinement in
Budker’s (adiabatic) magnetic trap

(for the great END — controlled nuclear fusion ! )

7_0-14.,&.“.:{
e yb{/? s



\

BACKGROUND (retrospectively)
Revival of intensive studies
mnto nonlinear dynamics, .
surprising rediscovery of chaos (stochasticity) after
Boltzmann ... Poincare ...

e new applications:
strong focusing accelerators,
controlled nuclear fusion

e computers, NUMERICAL EXPERIMENTS !!

— Lehmer, 1951
pseudorandom number generators after

Galton Board (= Lorentz gas in external field !)
— Goward and Hine (CERN), 1953, accelerators

> Fermi, Pasta and Ulam, 1955
/ foundations of statistical mechanics

— Symon and Sessler, 1956, accelerators

_ Kolmogorov, 1954, KAM-integrability

(in spite of Poincare theorem !)
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Budker’s problem:

3 2—freedom nonlinea;_ oscillations
with a weak adiabatic coupling

“Uﬁ fy%_ p2
W=-"4+—==—+4 u-w(s) = const
2 : ot (s)

82
w(s) = wg 1+2L2+. =< w > +w(t)

frequency modulated Larmor spiralling

H = pwy + JQUp) + Va
adiabatic coupling
149 =-CcONT H = const
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e nonlinearity

Qu) = Y20

g, /@0
<sw > gl S = 3 :
w > (4, J) = wp Wi

nearly harmonic but strongly nonlinear
oscillations

e adiabaticity

(big) adiabaticity parameter

< ey
) EPS e B
§2 p
a single swing:
= ev2 L
Ap ~ e Aﬁ‘»e}cp{— \3/_ =
v

(nonperturbative theory)




e RESONANCES

a linear parametric resonance near any integer
= 27{%(1 ~ \ —> 00

slow but strong nonadiabaticity

Andronov, Leontovich, M&ndelshtam, 1928

e NONLINEAR RESONANCES 77?

- Poincare map (standard) (p,z) — (P,7):

P=p+ k-sinz
=5+ 4P
with single parameter K = k7T’




2
H(a:,p,,t)sz——i—k- ¥ cos (x — 27rt
2 r=—00

adiabatic perturbation

p = const

resonances at p, = 271 /T r infeger

a single nonlinear resonance ('pendulum’)

width Ap =4/k/T, Aw=4VK, (w=2)
(a new) frequency Qr = VK < 1

completely integrable
suppresses resonant perturbation -

(a big hope failed !)




INTERACTION of RESONANCES

2 (or more) resonances

=

with spacing 0p = 27 /T, Aw =2
interact and induce

a NEW INSTABILITY

surprisingly irregular, chaotic 2

a natural (overlap) parameter

A Apl A 2

Spl  bw ow
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{S > 1) apparently global instability,

surprisingly irregular, chaotic ?

KS—entropy e

Kolmogorov, 1958 Sinal, 1962
diffusion
SHRD) g K 2
S (Ap) t:—O(K)——r—é-—

t 2
Rechester, Rosenbluth, White, 198ﬁ K— oo

no confinement (?)

@neaﬂy (but not completely !) integrable,
apparently stable,

confinement (2)

@ (axisymmetric trap):
eternal particle confiniment for some K — 0
Arnold, 1962

@) (asymmetric) trap ?

; the universal instability, Arnold, 1964
| Arnold diffusion




SEPARATRIX: most unstable place,

the universal (for any K — 0) origin of chaos,
chaotic layer e#e

other sophisticated applications N
to the great ENDs

CROSS-ROAD =~ ‘
\simgle models for

fundamental laws (of the random)

STRATEGY (spontaneous)

a physical RESONANCE theory

)
NUMERICAL EXPERIMENTS !!
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instructive

examples SIMPLE CHAOS:

most complex dynamics
BUT simple statistics

e MICROTRON, Veksler, 1944
En_|_1 = Eu+ VD Sinqﬁln
b1 SbnaEaealEy  F = 2 freedoms
K = VW/Eg > 1

E, =k R I e=m=c=1

e« FERMI ACCELERATION, Ulam, 1961
AL Chirikov, Zaslavsky, 1964

|

v I

: @p |

<)

281 (adiabatics: V? < (T) )

L —= [ -

« COMET HALLEY
diffusion backwards in time
ity ~ 10 Myrs T
Chirikov, Vecheslavov, 1989
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Fermi‘s P’:c'gfe"f_z'_ (f'ng)
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Ferme, Faste, Ulaw, 71955
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Fig. 4. The initial configuration assumed ;
the force nad a cubic term withsu; =8 and Stzfsl?ﬁfirlgt:czlzﬂc:::,
force acts symmetrically (in contrast to a quadratic force), the string
will forever keep its_symmetry and the effective number of particles

1 =

for the computation N = . The even modes will have energy O.
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Ferme, fastz, A\N&:ﬂ\ 7955

eeraxaTron 1!

0 8 . . [}
t IN THOUSANDS OF CYCLES .

Fig. 5. (N = 32) §t° = 1/64; B = 1/16. The initial configuration
was a combination of 2 modes. The initial energy was chosen to be 2/3
in mode 5 and 1/3 in mode 7. :
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COMPLEX CHAOS:
most complex dynamics AND statistics

@ARNOLD DIFFUSION, 1964
F' > 2 everywhere dense web of measure
[ ~ exp (—Aeﬁl/z): D ~ ){Lz, A~ e~ 1/2
UNIVERSAL INSTABILITY € — 0
and
KAM-integrability (= adiabatic invariance)

=3 Chirikov, Gadiyak, Izrailev, 1975
— [Tennyson|, Lichtenberg and Lieberman, 1979

- Nekhoroshev, 1977
[L ~ exp (—A 6_1/2L), I<L(F) =2

— [Ford], Chirikov and Vivaldi, 1979
& Lochak, 1990
L = F—1 for a simple resonance
In conservative systems

FAST ARNOLD DIFFUSION

it~ NP S

in intermediate asymptotics 1 > € 2> e 2L
— Chirikov, Vecheslavov, 1996
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0.2

Lyapunov Exponent
K Cos



Chirdkkov, Ford, Vevalbde, 1977
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ARNOLD DIFFUSION
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ﬁmﬁ.ﬁ.mh\?ﬁ Ford, Vivalde , 179%5
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Chirckov, Vecheslavov, {996

Fast Arnold diffusion, o=In(2/K), \=K>, D ~ W}
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e RENORMALIZATION CHAOS

at the chaos—order border

CRITICAL structure (renorm_—_dynamic@
& STATISTICS of the motion (?)

Ai(n) = Ai(rn), n ~—=Ilnzn ~Int, — co

Chirikov, Shepelyansky, 1983

F’"n—t—l =1 modl (Gauss

T'n
reriorm-~ aﬁ‘r - ¥
e W 2=n (Fenorm-Zime )
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Fig. 4. Chactic "renormalization attractor" in standard
map (see the text). Arrows show the related scales. No-

tice changes in scale along QV axis., Numbers at upper
pointa are the values of renormalization time K. . The

principal scales are marked by circles.
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imposed on strong fluctuations which are generally characteristic for
_ the critical phenomena.
The diffusion rate is determined by the statistic of sticking times
_ tm in the corresponding scale m. In average over time or the initial
conditions (ergodicity), and assuming statistical independence of stick-
ings

K
2

S(v)/S(0)

H Co(K)t  (9)

<(Ap)?>m Y (Ap)h m K )15 Ne +

Here Ny, (t) is the number of entries into scale m for the total motion
_ time t, and the latter term describes the normal diffusion (with addi-
tional coefficient Co( /() ~ 1 which accounts for the short-time correla-
tions). The normal diffusion occupies the most of the time owing to a

{ b .“___.“_,_.. _ small size of regular domains. In turn, the number of entries
.\h\‘ \vn m\r N...\ 1! A
g w! I ?_.3 =1 _.C:: mﬂ: i m.u_.‘ :G.,.
ocnt &~ _ |
mU ;L __ where P = P(t,,) stands for the Poincare recurrence statistic that is
ww, 10" the distribution of the delays during the reflection (scattering) from
o _ the chaos border which is characterized by the critical exponent cp.
0 | From the motion ergodicity
' i
w™ E Hmi.ﬁﬂ:”hi?%){ I._._m.*.i ::
:.;.n.n.__ r 0 9 v S T I f Tm =y

Function Am = A(tm) plays a role of the sticking correlation, and from
the latter estimate (scaling) cp = c4 + 1. Whence, the asymptotic
average diffusion rate

e

Figure 2: Two examples of motion spectrum on chaos border:
v (mod 1) is frequency, and S(v)/S(0) stands for the relative Fourier . g
amplitude; the total :.::4: time .ﬁ = m.m?ﬁ.w iterations; dotted line D(t) = < (Ap)* > - K2 M., o A~ AKMIZEA ~ AK? - (AP
is theory (8). (a) Statistical scaling (chaotic renormgroup) on ro- t —

bust chaos-order border: n = 1; ry = 0.23713... (peak ry) which is _ (12)

slightly different from asymplotic value (G); serial numbers m of basic _ where the critical diffusion exponent

resonances are shown. (b) Regular scaling (fixed point of renorm- __ :

group) on nonrobust chaos-chaos border for special ry = (3 - v5)/2 = _ D = 3 M Mx_ (13)
. A

2,1,1,1,...] ahd K = K. .
8 | 9
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QUANTUM —» classical

mechanics Q — o APPROXIMATION
= J Y
PSEUDOCHAOS o ”chaos”
Y Y
y ergodic
theory

COMPUTER PSEUDOCHAOS

13



AP B.V. Chirikou /zrad Nm.ﬁ. .m..h.mmum\u‘h\\ﬂh.\hﬂ.\ f “\u%.m..\\

1€

: n%hwuﬂnn.% ) /
chaos 2o’ discrete
e, Compuler v, + M\_A.m,h.? %\M
o pSeudochacs i
e+ T+

il

O I

{

SV Gua ntal

pse Rn\anw.q @os

1

i 200 8OO 1200 1600 2000

P 2 “Ouantmn localization” in the classical discrete map (7.03) [35]: the straight
e popuraesents o lassienl oldfusion. the wiggly curve shows quantum losealization, and
e les e Bor Uhee disevete mondel s the momber of iterationsg k=20, & = 5




