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Low-energy transition in spectral statistics of two-dimensional interacting fermions
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We study the level spacing statisti€{s) and eigenstate properties of spinless fermions with Coulomb
interaction on a two-dimensional lattice at constant filling factor and various disorder strengths. For the
noninteracting localized phase in the limit of large lattice size, Coulomb interaction induces a transition of
P(s) from the Poisson to the Wigner-Dyson distribution, at a critical total energy independent of the number
of fermions. This implies the emergence of quantum ergodicity induced by interaction and delocalization in the
Hilbert space at zero temperature inside the one-particle insulating phase.

The experimental observation of the metal-insulator tranthe noninteracting localized phase can appear only if the
sition in two dimensiong2D) by Kravchenkoet al! has at-  electrons become ergodic/delocalized in space. However,
tracted a great interest to interacting fermions in a disorderegtrictly speaking, this ergodicity is not so directly related to
potential. Indeed, according to the well-established résult,the metal-insulator transition discussed in Ref. 1. Indeed, ex-
all states are localized for noninteracting particles in 2D.perimentally the transition is identified by the change of the
Therefore, in the view of the experimental resul, new  resistivity dependence on temperature, i.e, resistivity grows
theory should be developed to understand the interaction efor an insulator while it drops for a metal with the decrease
fects between the localized fermionic states. However, irof temperature. However, in both cases the resistivity is fi-
spite of various theoretical attempts, a coherent theory fonite, i.e., the electrons are ergodic. Also in the experiment
such systems is still not available. While for highly excitedthe contribution of other degrees of freedoms, e.g., phonons,
states, it has been shown that the repulsive/attractive interats not absolutely excluded.
tion can induce a delocalization of two interacting To identify the transition to ergodic multiparticle states
particles®=® the properties of low energy states are not un-we study the change of the spectral statistiegs), with
derstood yet. Recently, in addition to experimental and theexcitation energyE in a model of spinless fermions with
oretical investigations, a number of attempts have been madeoulomb interaction on a two-dimensional disordered lattice.
to study these many fermionic systems through numerical he Hamiltonian reads
simulations’"*! Even though several interesting features
have been reported, the systems studied there are not large H=V>, aiTaj+2 win+U> ﬂ (1)
enough to observe interaction induced delocalization. i i i>j i

In this paper we use another_numerical approach based on N . ) . o
the analysis of spectral properties of multiparticle fermionicWherea; (&) is the fermion creatiofiannihilatior) operator
systems. Indeed, Shklovslét al. have shown that the level &t Sitei, Vis the hopping between the nearest neighbors, the
spacing statistics is a powerful tool to analyze the Andersoffiagonal energiew; are randomly distributed within the in-
transition in disordered systen&When the states are local- terval[—Wi/2, W/2], n;=ala; is the occupation number at
ized, the levels are not correlated and the statistics is givefitei andU is the strength of the Coulomb interaction with
by the Poisson distributiorP(s) = Pp(s)=exp(-s), while I the interparticle distance. The particles move in a two-
in the metallic phase, the states are ergodic and the statistiéémnensional cell of sizd. XL with the periodic boundary
is close to the Wigner surmise, Py(s)=(ms/  conditions applied. The Coulomb interaction is taken be-
2)exp(—ws/4). The critical transition point is characterized tween electrons in one cell of sizeand with 8 charge im-
by an intermediate statistics which depends on the boundagges in nearby 8 cells as in Ref. 16. The number of particles
conditions® and the spatial dimension of the syst&hThis N and the cell size were varied within the intervals &,
approach has also been used to determine the quantum chaog@0 and 8<L<28. With the notation in the Eql), the
border and the interaction induced thermalization in finiteParameters, which measures the ratio of the Coulomb en-
fermionic system and to detect Anderson transition for ergy to the Fermi energy,er, is given by rg
two electrons with the Coulomb interaction on a two- =U/(2Vymv), where v=Np/L2 is the filling factor and
dimensional disordered latti¢g1” All these results demon- e-=4mvV. The majority of our data have been obtained for
strate that the approach developed in Ref. 12 allows to in¥~1/32(nearest rational valgend forU/V=2, which cor-
vestigate efficiently the transition from nonergodic responds to¢=3.22.

(localized to ergodic eigenstates. This approach applied to To study the level spacing statisti€Xs), we generalize
interacting particles in noninteracting 2D localized phase althe approach used in Ref. 16 for many particles. First, one-
lows to establish the emergence border of quantum ergodigarticle eigenstatefrbitalg at U=0 are obtained and the
ity induced by interaction. Indeed, in the localized phase thédamiltonian(1) is rewritten in this basis using the two-body
many-body levels are not correlated and are characterized hgteraction matrix elements. We consider the fivsbrbitals
Poisson statistics. In contrast, the Wigner-Dyson statistics ifrom the lowest energy and the Hamiltonian multiparticle
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FIG. 1. Level statisticsP(s) for 10 particles atL=18, rq
=3.22 in the energy interval 0.25E/B<0.3 (with B=4V): W/V
=15, »=0.93 O); W/V=10, =0.51 (¢); W/V=7, =0.10
(@). Total statistics iNg=10°;, 1.4X 10°; 1.8X 10°, respectively.
Full lines show the Poisson distribution and the Wigner surmise.
Insert, made foN,=6 case of Fig. @), illustrates that at lovE/B
the statisticsP(s), characterized byy, is independent of matrix
size variationN,,=797 (O), 1231 (@), 2235(full diamond.

matrix, constructed only from these orbitals, is diagonalized
at the final stage. To the maximum,= 20 particles with up

to M =42 orbitals has been considered and the resulting ma-
trix size isN;~5000. This size is significantly smaller than
MCNp since the conditiorﬁ!\'jlmisEiNjIli +M applies for

the one-particle orbital indem; . Such a pyramid rule allows
one to use efficiently only low energy multiparticle states
and to make a striking reduction of the resulting total matrix
size without any serious modification of the low energy
states. We checked that our level statistics results at low
energy are not sensitive to the variationlvdandN,,, (see for
example insert in Fig.)1 To compute the spectral statistics
P(s) at a given total excitation enerdy, which is counted
from the ground state energy, disorder average has been per-
formed overNp = 5000 (for low energy andNp= 1000 (for
higher energyconfigurations. In this way, the total statistics
for P(s) for small energy interval varies fromMg=10* at
low E to Ng=3X10° at highE.

A change ofP(s) with W, at a givenE and all other
parameters fixed, is shown in Fig. 1 fbi=10. AsW de-
creasesP(s) evolves from the Poissonian to the Wigner-
Dyson distribution. To measure the proximity Bfs) to one

of these twq "”“F'“g cages, Itis convgnlent to use the Paramznd the latter for the center of the band. This means that the
eter 7 which is defined as»n=[[P(s)—Pw(s)lds

transition to ergodicity is induced by the interaction which
JPAPR(S) — Pw(s)1ds, wheres,=0.47D . . . is thesmaller  becomes effectively more strong when the one-particle local-
intersection point ofPp(s) and Py(s). In this way =1 ization length increasegsimilar to the two-interacting-
corresponds t®p(s) and =0 to P(s). According to Fig.  particle casé-®). At the same time, the comparison with the
1, » changes almost by an order of magnitude wh¢nle-  datd® for Np,=2 at the sameéE andU/V as in Fig. 1 @7
creases by factor of two. This shows that for strong disorder;=0.92, 0.82, and 0.51 faN/V=15, 10, and 7, respectively

0.0 : : ‘ : ‘ :
0.0

FIG. 2. Dependence of on the rescaled total enerds/B for
various number of particled,=2 (A), 3 (full triangle up, 4 (0O),
6 (full diamond, 8 (<), 10(®), 14 (O) and 20(full triangle down;
(@ W/V=10 and (b) W/V=7; filing factor »~1/32 andrg
=3.22, 8sL=25. Inserts show the dependence{gfN, on E/B
by same symbols; arrows mark the critical enegyfrom the main
figure.

W/V=15, the multiparticle states at givéhare not ergodic
(localized while for weaker disordeMV/V =7, they become

shows that the delocalization effect due to multiparticle in-
teraction is stronger for weak disorder while for strong dis-

ergodic and characterized by the random matrix spectral staprder it does not affect localization. At the same time the
tistics. We note that for given values of disorder the one4ransition of P(s) close toPy(s) is definitely induced by

particle inverse participation ratioPR), ¢; (the number of
sites contributing a one-particle eigensjagemuch smaller
than the total number of sitds® for the case of Fig. 1¢;

=3.4 and 4.2\\W/V=15); 5.2 and 11.6\\//V=10); 8.2 and

36.7 W/V=T), where the former are for the ground state

interaction. Indeed, at weak interaction the statistics is very
close toPp(s) for the energy interval of Fig. 1, e.g., Ak,
=2,L=16, U/V=0.1, W/V=7, »~0.8 (according to the
data in Fig. 1d in Ref. 16

In Fig. 2 we present the variation af with the total
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FIG. 4. Dependence of, /B on the number of particlesl,,
o ) ) ] obtained from Fig. 2W/V=10 with »(E,)=0.4 (full diamond

FIG. 3. Level statisticsP(s) at the crossing points of Fig. 2 5n4 W/v=7 with 7(E,)=0.2 (@), where e,=E,/N,. The
(with the same symbolsThe upper data are foN/V=10, 0.225  gyaight line shows the slope whéh, = const. The inset gives the
<E/B<0.275, 7~0.56, Ns=10%, 4x10" and 10 for Ny=3, 6 gependence of maximap on r for W/V=7 and N,=6: U/V
and 10, respectively. The lower ddhifted down by 0.4 are for =2, 8<L =28 (full diamond, andL =14, 0.25<U/V=<2 (O).
W/V=7, 0.125<E/B<0.175, 5,~0.33, Ng=10%, 1.4x10%, and
5% 10* for Np=3, 6, and 14, respectively. The full lines are the
Poisson distribution and the Wigner surmise.

S

Np changes from 3 to 8 fol/V=10;7;5 respectively.
These results show that the delocalization in the Hilbert
space of Slater determinants takes placeHorE. with E.
energyE for various number of particles at fixed filling fac- independent of number of particles. A crossover from local-
tor and two values of disorder. Fd,>2, all curves have jzed to extended states in the Hilbert space was extensively
approximately the same crossing poifi;~0.28 (W/V  discussed recently for the metallic phase with extended one-
=10), E,~0.18 (W/V=7), and E;~0.1B (75.~0.19, particle stated>'® Our data in Fig. 2 represent the first evi-
W/V=5, not shown As N, increases, the statistics ap- dence for a delocalization transition in the Hilbert space for
proaches the Poissonian case Esr E., while it goes to the the insulating phase with localized one-particle states.
Wigner case fole>E.. The transition pointE,, is charac- An unusual property of the above transition is that it takes
terized by an intermediate statistics, which is independent gblace at the finite total energy. This means that the energy
the system size as shown in Fig. 3. The eneffgygrows  per particlee=E/N,, or the temperature, is equal to zero at
with the increase ofV so that forW/V=15 the crossing the transition point adl,—. In this sense this transition
point is not found clearly within our computatiori this  can be considered as a quantum zero temperature transition.
case »~0.8-1.0 for 6KE/B<1 andN,>2). The above To ensure that in our numerical computationsvas suffi-
data give strong evidence that the ground state and the exiently low, we present variation af,, defined at the fixed
cited states witlE<E, are localized in the limit of the infi-  #» level, with the number of particles in Fig. 4. According to
nite system size. However, for excitations wiE>E the these data, drops more than by an order of magnitude and
statistics is close t®(s), which implies the ergodicity of becomes approximately by an order of magnitude smaller
eigenstates and their space delocalization. than the Fermi energy-~0.1B.

To show that the eigenstate properties are qualitatively Dependence of,, onrg is found in the insert of Fig. 4.
different below and abovE. we determined the variation of The value ofr is varied in two different wayd(i) by chang-
IPR £s with N, andE as presented in the inserts of Fig. 2. ing the cell sizel or (ii) by changingU/V. The first casdi)
This IPR&g is computed in the basis of noninteracting Slaterallows to obtain large s value and shows that the statistics
determinants and determines how many of such states aepproaches the Poissonian case. This result is in a qualitative
required to construct an eigenstate. The results are obtainegjreement with the experimental datahere the localized
by averaging over 100 disorder realizations so that the stainsulating phase appears for large, and with the theoret-

tistical error is less than 5%. F&<E. the ratio és/N,, ical argument given in Ref. 16, according to which the two-
which gives the number of noninteracting states per particlehody interaction drops as the filling factor decreases. The
remains constant while fdE>E_ it grows rapidly withN,. same arguments explain why goes to 1 when the interac-

For example, the ground state average value£d$N,  tion strengthU decreases as in the second caige One can

=0.35;0.40;0.46 foW/V=10;7,5 (the latter is not shown expect that the variation of. with rg at largeN, and fixed

with only +21;13;18 % variation whei, changes from 3 v will be qualitatively similar to that one of, in Fig. 4.

to 10; 14; 20, respectively, for eadN/V. In contrast, for The comparison of the enerdy;, at which the transition
E=0.4B>E_ the ratioés/N,, grows in 2.79;20times when  at fixed v takes placésee Fig. 2, with the transition energy
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for two particles[E,./B=1.2 for W/V=10 and E,./B In conclusion, our results show that 2D fermions, which
=0.56 forW/V=7 (Ref. 16] shows thaE. is significantly — are strongly localized by disorder without interaction, be-
smaller tharE,, (E./E,.~0.2). This signifies that the mul- come ergodic due to Coulomb interaction. The transition to
tiparticle interaction is more efficient for delocalization than €rgodicity, in lattice and Hilbert spaces, and the random ma-
the two-body interaction for only two particles. Our qualita- :Eg)r(n psé?gfl'j'fes tTahfsse ?:aasclfltsatgit\?: J:]n'itne ditcoa:gl)r?ri]r?rf%)\l/o?roﬁrzz
_tlve un_derstandmg_ for the transition tq the quantum ergc’dlc'experimentally observed metal-insulator transiticeven if

ity E_it fixed v qnd fixed total energEC is based on the fol- o, approach does not allow us to investigate the conduc-
lowing scenario. In the analogy with the approach developegynce dependence on temperature, which is the main experi-
in Ref. 16 forN,=2, the dynamics of three or four particles mental method to detect the transition as it was discussed
at finite energyE can be assumed to be equivalent to one-above. It is possible that the ergodic phase we found will be
particle dynamics in a disordered system with effective spaeharacterized by a resistivity growth with the decrease of
tial dimension 3<de<<2N,. With the growth of, the rate  temperature that is generally interpreted as an insulator.
of this one-particle hopping increasesnd the delocaliza- However, it is important to stress that in our case the ergod-
tion transition finally takes place. As a result, in the originaliCity in the lattice and Hilbert spaces is induced only by
system, the energy can be transferred by this small group lectron-electron interaction. This ergodlcny_ can generate
particles from one place to another that allows to establish® glectron_—electron_ mduce(phononles); variable range

the ergodicity in the system of large size at fixed filling fac- hopping as it was d'SCUSSEd long ago n Refs. 20 and 21.
tor. The values ofy. found herg(Fig. 2) are larger than that Ir}dee_d, the recent experimefiton the varlabl_e range ho_p-
for three-dimensional Anderson modeh0.2), which ping in 2D Sa!mp'es show that the transport is pho_non mde-
makes the above scenario consistent with the result of Re end_eqt and is ger_nerated by the elgctron-electron Interaction.
14 according to whichy. grows with the increase of the . h|s.|s in a qualitative agreement \.N'th the onv energy ergod-
spatial dimensiol. We also note that the approachmto 1 icity induced by Coulomb interaction found in this paper.

near the ground state is not so surprising. Indeed, even in the We acknowledge the IDRIS at Orsay for allocation of the

metallic quantum dots one hag~1 near the ground state CPU time on the supercomputers. We also thank the Max-
since the interaction between particles is effectivelyPlanck-Institut fu Physik Komplexer Systeme at Dresden

weak®!® and the transition to ergodicity witl=0 takes for the hospitality at the final stage of this work during the

place only at higher enerdy. workshop Dynamics of Complex Systems.
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