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Phase diagram for the Grover algorithm with static imperfections
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Abstract. We study effects of static inter-qubit interactions on the stability of the Grover quantum search
algorithm. Our numerical and analytical results show existence of regular and chaotic phases depending
on the imperfection strength ε. The critical border εc between two phases drops polynomially with the

number of qubits nq as εc ∼ n
−3/2
q . In the regular phase (ε < εc) the algorithm remains robust against

imperfections showing the efficiency gain εc/ε for ε � 2−nq/2. In the chaotic phase (ε > εc) the algorithm
is completely destroyed.

PACS. 03.67.Lx Quantum Computation – 24.10.Cn Many-body theory – 73.43.Nq Quantum phase tran-
sitions

Quantum computations open new perspectives and pos-
sibilities for treatment of complex computational prob-
lems in a more efficient way with respect to algorithms
based on the classical logic [1]. In the quantum computers
classical bits are replaced by two-level quantum systems
(qubits) and classical operations with bits are substituted
by elementary unitary transformations (quantum gates).
The elementary gates can be reduced to single qubit ro-
tations and controlled two-qubit operations, e.g. control-
NOT gate [1]. Combinations of elementary gates allow to
implement any unitary operation on a quantum register,
which for nq qubits contains exponentially many states
N = 2nq . The two most famous quantum algorithms are
the Shor algorithm for integer number factorization [2]
and the Grover quantum search algorithm [3]. The Shor
algorithm is exponentially faster than any known classical
algorithm, while the Grover algorithm gives a quadratic
speedup.

In realistic quantum computations the elementary
gates are never perfect and therefore it is very important
to analyze the effects of imperfections and quantum errors
on the algorithm accuracy. A usual model of quantum er-
rors assumes that angles of unitary rotations fluctuates
randomly in time for any qubit in some small interval ε
near the exact angle values determined by the ideal algo-
rithm. In this case a realistic quantum computation re-
mains close to the ideal one up to a number of performed
gates Ng ∼ 1/ε2. For example, the fidelity f of compu-
tation, defined as a square of scalar product of quantum
wavefunctions of ideal and perturbed algorithms, remains
close to unity if a number of performed gates is smaller
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than Ng. This result has been established analytically and
numerically in extensive studies of various quantum algo-
rithms [4–10].

Another source of quantum errors comes from in-
ternal imperfections generated by residual static cou-
plings between qubits and one-qubit energy level shifts
which fluctuate from one qubit to another but remain
static in time. These static imperfections may lead to
appearance of many-body quantum chaos, which modi-
fies strongly the hardware properties of realistic quantum
computer [11–13]. The effects of static imperfections on
the accuracy of quantum computation have been inves-
tigated on the examples of quantum algorithms for the
models of complex quantum dynamics [8,10,14,15]. As a
result a universal law for fidelity decay induced by static
imperfections has been established [10] for quantum al-
gorithms simulating dynamics in the regime of quantum
chaos. At the same time it has been realized that the ef-
fects of static imperfections for dynamics in an integrable
regime are not universal and more complicated. Therefore
it is important to investigate the effects of static imperfec-
tions on an example of the well-known Grover algorithm.
First attempt was done recently in [16], but the global
picture of the phenomenon remained unclear. In this pa-
per we present extensive numerical and analytical studies
which establish the global stability diagram of reliable op-
erability of the Grover algorithm.

Let us first outline the key features of the Grover al-
gorithm [3]. An unstructured database is presented by
N = 2nq states of quantum register with nq qubits: {|x〉},
x = 0, . . . , N − 1. The searched state |τ〉 can be identi-
fied by oracle function g(x), defined as g(x) = 1 if x = τ

and g(x) = 0 otherwise. The Grover iteration operator Ĝ
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is a product of two operators: Ĝ = D̂Ô. Here the oracle
operator Ô = (−1)g(x̂) is specific to the searched state
|τ〉, while the diffusion operator D̂ is independent of |τ〉:
Dii = −1 + 2/N and Dij = 2/N (i �= j). For the initial
state |ψ0〉 =

∑N−1
x=0 |x〉/√N , t applications of the Grover

operator Ĝ give [1]:

|ψ(t)〉 = Ĝt|ψ0〉 = sin ((t+ 1/2)ωG)|τ〉
+ cos ((t+ 1/2)ωG)|η〉 (1)

where the Grover frequency ωG = 2 arcsin(
√

1/N) and
|η〉 =

∑(0≤x<N)
x �=τ |x〉/√N − 1. Hence, the ideal algorithm

gives a rotation in the 2D plane (|τ〉, |η〉).
The implementation of the operator D through the

elementary gates requires an ancilla qubit. As a result
the Hilbert space becomes a sum of two subspaces {|x〉}
and {|x+N〉}, which differ only by a value of (nq + 1)th
qubit. These subspaces are invariant with respect to op-
erators O and D: O = 1 − 2|τ〉〈τ | − 2|τ + N〉〈τ + N |,
D = 1 − 2|ψ0〉〈ψ0| − 2|ψ1〉〈ψ1|, where |ψ1〉 =

∑N−1
x=0 |x +

N〉/√N and |ψ0,1〉 correspond to up/down ancilla states.
Then D can be represented as D = WRW [3], where
the transformation W = Wnq . . .Wk . . .W1 is composed
from nq one-qubit Hadamard gates Wk, and R is the
nq-controlled phase shift defined as Rij = 0 if i �= j,
R00 = 1 and Rii = −1 if i �= 0 (i, j = 0, . . . , N −
1). In turn, this operator can be represented as R =
Wnqσ

x
nq−1 . . . σ

x
1 ∧nq σ

x
nq−1 . . . σ

x
1Wnq , where ∧nq is gen-

eralized nq-qubit Toffolli gate, which inverts the nqth
qubit if the first nq − 1 qubits are in the state |1〉. The
construction of ∧nq from 3-qubit Toffolli gates with the
help of only one auxiliary qubit is described in [17]. As
a result the Grover operator G is implemented through
ng = 12ntot − 42 elementary gates including one-qubit ro-
tations, control-NOT and Toffolli gates. Here ntot = nq+1
is the total number of qubits.

To study effects of static imperfections on the Grover
algorithm we use the model introduced in [11]. In this
model a quantum computer hardware is described by the
Hamiltonian H :

H =
∑

i

∆

2
σz

i +HS , HS =
∑

i

aiσ
z
i +

∑

i<j

bijσ
x
i σ

x
j . (2)

Here, σi are the Pauli matrices for qubits i, and ∆ is
an average one-qubit energy spacing. All ntot qubits are
placed on a rectangular lattice, the second sum in HS

runs over nearest neighbor qubits with periodic bound-
ary conditions. Qubit energy shifts ai and couplings bij
are randomly and uniformly distributed in the intervals
[−α, α] and [−β, β], respectively. Following [8,10,14,15]
we assume that the average spacing ∆ is compensated by
specially applied laser pulses so that between subsequent
elementary gates the wavefunction evolution is given by
the propagator US = exp(−iHStg). Thus all static errors
are expressed via this propagator while the elementary
gates are taken to be perfect. Appropriate rescaling of
parameters ai and bij allows to put tg = 1 without any

Fig. 1. Probability of searched state wG(t) (top) and fidelity
f(t) (bottom) as a function of the iteration step t in the Grover
algorithm for ntot = 12 qubits. Dotted curves show results for
the ideal algorithm (ε = 0), dashed and solid curves correspond
to imperfection strength ε = 4 × 10−4 and 10−3, respectively.

loss of generality. We concentrate our studies on the case
α = β ≡ ε where inter-qubit couplings lead to a developed
quantum chaos [11,14].

A typical example of imperfection effects on the accu-
racy of the Grover algorithm is shown in Figure 1 for a
fixed disorder realization ofHS in (2) on 3×4 qubit lattice.
It clearly shows that imperfections suppress the probabil-
ity wG to find the searched state, where wG is given by a
sum of probabilities of states |τ〉 and |τ+N〉. In contrast to
the case of time-dependent random quantum errors stud-
ied in [7] in the case of static imperfections the oscillations
of probability wG do not decrease with time t. Another in-
teresting feature is a significant decrease of the period of
the Grover oscillations compared to the case of ideal al-
gorithm, where TG = π/2ωG. This effect is also absent in
the case of random errors. The fidelity of quantum com-
putation f(t) also shows non-decaying oscillations at large
times. However, in average the maxima of fidelity corre-
spond to minima rather than maxima of probability wG.
Hence, f(t) is not appropriate for tests of the algorithm
accuracy. The physical reason for this unusual situation
is related to the fact that when wG ≈ 0 all probability is
concentrated in one initial state even for relatively large
perturbation (see Fig. 2 and discussion below) and there-
fore the fidelity becomes close to unity. However, at such
moments it is not possible to detect the searched state.

Following [18] a pictorial presentation of the dynami-
cal evolution in the Grover algorithm can be obtained with
the help of the Husimi function [19], which is shown in Fig-
ure 2. In this presentation the computational basis x can
be considered as a coordinate space representation for the
wavefunction ψx(t) (x = 0, . . . , 2N − 1), while the conju-
gated basis obtained by the Fourier transform corresponds
to momentum representation p (p = −N + 1, . . . , N). In
this way the initial state of the Grover algorithm |ψ0〉 gives
a peaked distribution with p = 0. In the ideal algorithm
the total probability is distributed between two states |τ〉
and |η〉 (see Eq. (1)) that gives two orthogonal lines in the
phase space of Husimi function (see Fig. 2, top raw). Af-
ter the period TG ≈ 34 all the probability is transferred to
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Fig. 2. Evolution of the Husimi function in the Grover algo-
rithm at times t = 0, 17, and 34 (from left to right), and for
ε = 0, 0.001, and 0.008 (from top to bottom). The qubit lat-
tice and disorder realization are the same as in Figure 1. The
vertical axis shows the computational basis x = 0, . . . , 2N − 1,
while the horizontal axis represents the conjugated momentum
basis. Density is proportional to color changing from maxi-
mum (red) to zero (blue). A color version is available online at
http://www.eurphysj.org.

the target state |τ〉 (wG ≈ 1). In the presence of moderate
imperfections the flips of the ancilla qubit become possible
that involves into dynamics two additional states. As a re-
sult the probability is mainly distributed over four states
corresponding to four straight lines in phase space (Fig. 2,
middle raw):

|τ0〉 = |τ〉 |τ1〉 = |τ +N〉

|η0〉 = |η〉 |η1〉 =
(0≤x<N)∑

x �=τ

|x+N〉/√N − 1. (3)

The probability w4 contained in these states is close to
unity (in Fig. 2 w4 = 0.998 for ε = 10−3). Above cer-
tain critical border εc this simple structure is completely
washed out (w4 = 6 × 10−4), and the Husimi function
shows only random distribution (Fig. 2, bottom raw).

The dominant contribution of these four states can
be also seen in spectral density S(ω) of the wavefunc-
tion ψx(t). This density is defined as: S(ω) =

∑
x |ax(ω)|2,

where ax(ω) =
∑Tf

t=0 ψx(t) exp(iωt)/
√
Tf and Tf is a large

time scale on which the spectrum is determined (we usu-
ally used Tf ≈ 5TG 	 TG). The phase diagram of spectral
density S(ω) dependence on the imperfection strength ε is
shown in Figure 3. Two phases are clearly seen: for ε < εc

the diagram contains four lines corresponding to the four
states (3), while for ε > εc these lines are destroyed and
the spectrum becomes continuous. These phases corre-
spond to the qualitative change of the Husimi distribution
shown in Figure 2.

To study the transition between these phases in a more
quantitative way we analyze the dependence of proba-
bilities wG and w4 on the imperfection strength ε for a
large number of disorder realizations in HS (2) changing

Fig. 3. Phase diagram for the spectral density S(ω) as a func-
tion of imperfection strength ε, ntot = 12, same disorder re-
alization as in Figure 2. Color is proportional to density S(ω)
(yellow for maximum and blue for zero). A color version is
available online at http://www.eurphysj.org.

also the number of qubits ntot. The number of realiza-
tions vary from 50 to 1000 depending on ε and ntot. Since
the frequency of Grover oscillations varies strongly with
ε and disorder we average wG and w4 over a large time
interval Tf to suppress fluctuations in time. The obtained
results are summarized in Figure 4. For a fixed value of
ntot the dependence wG(ε) changes strongly from one re-
alization to another (Fig. 4a). In contrast, the probability
w4 remains close to unity being insensitive to variations
of disorder up to ε < εc (Fig. 4b). Only for ε > εc, when
w4 
 1, it becomes sensitive to disorder. The probabilities
averaged over disorder w̄G and w̄4 are shown in Figures 4a
and 4b. They also have a qualitative change in behavior
near εc, especially w̄4. The two phases are clearly seen
from the data of Figure 4: at ε < εc the 4-states approx-
imation is valid and for ε > εc a transition to chaos mix-
ing takes place. In the regime ε < εc the probability to
find system in the searched state can be close to unity for
ε ∼ ωG or much smaller than unity for ωG 
 ε 
 εc,
however the 4-states approximation remains valid up to
ε ≈ εc. These results confirm the fact that the phase tran-
sition takes place near some critical εc for an ensemble of
disorder realizations.

The value of εc can be obtained from the following
estimate. The transition rate induced by imperfections af-
ter one Grover iteration is given by the Fermi golden rule:
Γ ∼ ε2n2

gntot, where ntot appears due to random contribu-
tion of qubit couplings ε while n2

g factor takes into account
coherent accumulation of perturbation on ng gates used
in one iteration (see, e.g. [10]). In the Grover algorithm
the four states (3) are separated from all other states by
energy gap ∆E ∼ 1 (it appears due to sign change in-
troduced by operators O and D). Thus these four states
become mixed with all others for

ε > εc ≈ 1.7/(ng
√
ntot) (4)
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Fig. 4. Dependence of probabilities wG (a, c) and w4 (b, d)
on rescaled imperfection strength ε/εc, with εc from (4). For
panels (a, b) ntot = 12, squares and pluses show data for
two typical disorder realizations, green/grey area shows the
region of probability variation for various disorder realizations
(see text), full thick curves give average dependence w̄G, w̄4.
Dashed area bounded by thin curves show the region of prob-
ability variation in the single-kick model, open circles give the
average data in this model with rescaling factor R = 0.56.
Panels (c, d) show w̄G, w̄4 for ntot = 9 (triangles), 12 (full
circles), 15 (open squares) and 16 (full squares). In panel (c)
full curves are given by equation (6) for same ntot values from
top to bottom, R = 0.56. A color version is available online at
http://www.eurphysj.org.

when Γ > ∆E. Here the numerical factor is obtained from
numerical data. The parameter dependence is well con-
firmed by data for w̄4 shown in Figure 4d.

The variation of averaged Grover probability w̄G with
ε and ntot is presented in Figure 4c. The dependence
on system parameters can be understood on the basis
of simple single-kick model. In this model the action of
static imperfections in all gates entering in one Grover
iteration is replaced by a single kick unitary operator
Ueff = exp (−iHSngR) acting after each iteration. Here R
is a dimensionless renormalization factor which takes into
account that gates do not commute with HS . Figures 4a
and 4b show that this single kick approximation gives a
good description of original averaged data with R = 0.56.
Thus, the renormalization effects play a significant role
and therefore this model does not describe the probabil-
ity variation for a given disorder realization. However, the
averaged dependence is correctly reproduced. It is inter-
esting to note that the single kick approximation gives
also a qualitatively correct description of time scale for
fidelity decay in the quantum tent map discussed in [10]
(see e.g. Eq. (49) there: here a quadratic dependence on
ng is similar to the effect of single kick approximation).

In the regime where the dynamics of Grover algorithm
is dominated by four states subspace (3) the single-kick
model can be treated analytically. The matrix elements of

the effective Hamiltonian in this space are

Heff =






A+ a 0 −iωG 0
0 A− a 0 −iωG

iωG 0 B b
0 iωG b B




 , (5)

where A = −Rng

∑nq

i=1 ai〈τ |σ(z)
i |τ〉, B = Rng

∑nq

i<j bi,j −
b, a = −Rnganq+1 and b = Rng(bnq+1,nq+2−Lx +
bnq+1,Lx + bnq,nq+1 + bnq+1−Lx,nq+1) and qubits are
arranged on Lx × Ly lattice, and numerated as i =
x + Lx(y − 1), with x = 1, . . . , Lx, y = 1, . . . , Ly. In the
limit of large nq the terms a, b are small compared to A,B
by a factor 1/√nq and Heff is reduced to 2 × 2 matrix,
which gives wG = 2ω2

G/[(A−B)2 +4ω2
G]. For large nq the

difference A − B has a Gaussian distribution with width
σ = Rng

√
nq/3

√
α2 + 2β2 = εRng

√
nq. The convolution

of wG with this distribution gives

w̄G =
√
π/2(1 − erf(

√
2ωG/σ)) exp (2ω2

G/σ
2) ωG/σ. (6)

This formula gives a good description of numerical data in
Figure 4c that confirms the validity of single-kick model.
For σ 	 ωG and a typical disorder realization with
(A − B) ∼ σ the actual frequency of Grover oscillations
is strongly renormalized: ω ≈ (A −B) ∼ σ 	 ωG, and in
agreement with Figure 3 ω ∼ ε/εc. In this typical case
wG ∼ ω2

G/σ
2 
 1 (almost total probability is in the

states |η0〉, |η1〉). Hence, the total number of quantum
operations Nop, required for detection of searched state
|τ〉, can be estimated as Nop ∼ NM/ω ∼ σ/ω2

G ∼ εN/εc,
where NM ∼ 1/wG ∼ σ2/ω2

G is a number of measure-
ments required for detection of searched state [20]. Thus,
in presence of strong static imperfections the parametric
efficiency gain of the Grover algorithm compared to clas-
sical one is of the order εc/ε. For ε ∼ ωG the efficiency is
comparable with that of the ideal Grover algorithm while
for ε ∼ εc there is no gain compared to the classical case.

It is interesting to make comparison with the case
of random errors in quantum gates discussed in [7]. In
this case the probability wG drops exponentially with the
number of gates and becomes very small after the time
π/2ωG: wG ∼ exp(−πε2ng/(2ωG)) ∼ 1/N . Thus for ran-
dom errors the quantum algorithm looses its efficiency for
ε ∼ (ωG/ng)1/2 
 εc [21]. As a result we conclude that
the Grover algorithm is robust with respect to static im-
perfections but it is sensitive to random errors in quantum
gates. The later fact is related to the quadratic speedup
of the Grover algorithm.

In summary, we have shown that the Grover algorithm
remains robust against static imperfections inside a well
defined domain and determined the dependence of algo-
rithm efficiency on the imperfection strength.
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