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ABSTRACT

We study numerically and analytically the behavior of classical Yang-Mills color fields in a random one-dimensional potential described by
the Anderson model with disorder. Above a certain threshold, the nonlinear interactions of Yang-Mills fields lead to chaos and deconfinement
of color wavepackets with their subdiffusive spreading in space. The algebraic exponent of the second moment growth in time is found to
be in the range of 0.3-0.4. Below the threshold, color wavepackets remain confined even if a very slow spreading at very long times is not
excluded due to subtle nonlinear effects and the Arnold diffusion for the case when initially color packets are located in close vicinity. In the
case of large initial separation of color wavepackets, they remain well confined and localized in space. We also present the comparison with
the behavior of the one-component field model of discrete Anderson nonlinear Schrédinger equation with disorder.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0057969

The spacial dynamics of classical Yang-Mills color fields in a
disorder potential is investigated. The nonlinear interactions of
colors are characterized by a certain interaction constant. It is
shown that for the constant being above a chaos threshold, there
is a deconfinement of color packets with a subdiffusive spreading
in space. Below the threshold, color wavepackets remain confined
in space for extremely large times. For initially separated color
packets, the interactions drop exponentially with the separation
so that the packets are confined due to the phenomenon of Ander-
son localization of quantum waves in a disorder potential. It is
argued that this system captures generic features of interacting
nonlinear oscillators with disordered frequencies distributed in
space.

I. INTRODUCTION

Yang-Mills (YM) gauge fields were introduced' for an
isotropic-invariant description of strong interactions. The inves-
tigation of properties of these fields still remains an interesting
and important problem. The studies of classical YM fields are
also important for applications in solving several problems of

quantization.>” The classical dynamics of these fields is essen-
tially nonlinear and nontrivial. Its analysis is rather important for
semiclassical description of strong YM vacuum fluctuations."”
Thus, the investigation of nonlinear dynamics and time evolution
of classical YM fields represents a relevant topic.

An important class of classical YM models was introduced in
Ref. 8, where the YM fields are homogeneous in space so that the
time evolution is described only by nonlinear dynamics of inter-
acting colors. In general, this Hamiltonian dynamics of color YM
fields was shown to be chaotic’™'' even if certain integrable solu-
tions also exist. Thus, the YM dynamics belongs to a generic class
of chaotic Hamiltonian systems with divided phase space with small
integrability islands embedded in a chaotic sea.'>'* Even if impor-
tant mathematical results have been obtained for chaotic dynamics
(see, e.g., Refs. 15 and 16), the properties of chaos with such a
divided phase space, composed of integrable islands surrounded by a
chaotic component, still remain very difficult for mathematical anal-
ysis. The existence of chaos of classical homogeneous YM fields has
been reported already some time ago,"™'' but still these YM fields
and related models attract the attention of researchers (see, e.g.,
Refs. 17-19).

The above dynamics of YM color fields can be reduced
to a rather simple Hamiltonian, for which N¢=2,3
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colors reads

Nc
H= Z(puz + mxuz)/z + ,8 Z x/L’zxﬂz/Qo (1)
pn=1

W

where (p,,x,) are the effective conjugated momentum and coordi-
nate, color index is u = 1,..., N¢, m is the mass, which is zero or
finite in the presence of Higgs mechanism, and B determines the
strength of nonlinear interactions of colors. The derivation of these
models and their properties are described in detail in Refs. 8-12. An
interesting feature of the finite mass case (e.g., m = 1 in dimension-
less units used here) is that the measure of chaos remains finite and
large (about 50%) even in the limit of very weak nonlinearity § — 0
since the Kolmogorov-Arnold-Moser (KAM) theorem'” is not valid
when all color masses (or oscillator frequencies) are the same."'

To date, the classical dynamics of YM colors was analyzed for
fields that are homogeneous in space. Here, we consider the case of
space nonhomogeneous fields. In particular, we study the spreading
of such YM fields in space in the presence of random (or disor-
der) potential, which corresponds to another generic limiting case
of space properties. Such a disorder corresponds to random prop-
erties of vacuum in Quantum Chromodynamics (QCD) discussed
in Refs. 20-23. It is well known that in quantum mechanics, a ran-
dom potential may lead to a localization of probability spreading
due to quantum interference effects. This phenomenon is known as
the Anderson localization”* and plays an important role for electron
transport in solid-state systems with disorder.”~*” The eigenstates of
such a system are exponentially localized in one and two dimensions
(1D and 2D) while in three dimensions (3D), a delocalization transi-
tion takes place at a disorder below a certain threshold (see, e.g., the
review of Ref. 27).

The effects of nonlinearity on Anderson localization in 1D
lattice were investigated in Ref. 28, where it was shown that the
localization is preserved at weak nonlinearity while above a cer-
tain threshold, a subdiffusive spreading over the whole lattice takes
place. The detailed numerical studies of this phenomenon in Dis-
ordered Anderson Nonlinear Schrédinger Equation (DANSE) have
been reported in Refs. 29-32, and the results of different groups
were reviewed in Refs. 33 and 34. The subdiffusive spreading has
been studied for various nonlinear models in 1D and 2D (see,
e.g., Refs. 35-39). Thus, spreading continuing up to enormously
long times t ~ 2 x 10" (expressed in map iterations) was reported
for a 1D nonlinear map model.”* The interest of nonlinear effects
for Anderson localization is also supported by related experimen-
tal studies of wave propagation in disordered nonlinear media’>"
and spreading of Bose-Einstein cold atom condensates in optical
lattices'>** described by the Gross—Pitaevskii equation.

All of the above investigations of packet spreading in a ran-
dom potential with nonlinearity have been done for one-component
nonlinear field of DANSE with nonlinear self-interaction (see, e.g.,
Ref. 30, 33, and 34). The case of YM color dynamics is different
since nonlinearity appears only due to interactions of color com-
ponents. In fact, possible implications of randomness, dynamical
chaos, Anderson localization, and confinement have been discussed
in Refs. 21 and 22. The deconfinement transition in QCD at finite
temperature is also under active investigation (see, e.g., Refs. 44-46,
and references therein). Here, we find that under certain conditions,
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the nonlinear interaction of YM colors leads to deconfinement of
YM fields and their unlimited subdiffusive spreading in space. In the
case of weak nonlinearity or spacial separation of YM color compo-
nents, the Anderson localization is preserved and color fields remain
localized in space. We hope that the obtained results may be of
interest for the deconfinement phenomenon of quantum YM fields,
which attracts significant interest.

This paper is organized as follows: in Sec. I1, we give the system
description; the numerical and analytical results are given in Sec. I1];
and discussion of results is given in Sec. I'V.

Il. MODEL DESCRIPTION
A. DANSE

We start with a brief description of the DANSE model stud-
ied in Refs. 30 and 33-35. The wavefunction evolution of DANSE is
described by the equation

ihaw"
ot

Here, B determines nonlinearity strength, V gives near-neighboring
hopping matrix element, on-site disorder energies are randomly
distributed in the range —W/2 < E, < W/2, and the total proba-
bility is conserved and normalized to unity >, | ¥, |* = 1. Thus, W
determines the strength of disorder. For 8 = 0, all eigenstates are
exponentially localized with || oc exp(—|n — ng|/¢) and localiza-
tion length is £ & 96(V/W)* at the energy band center and weak
disorder.”” Here, n, marks a center of wavefunction. We consider a
case of relatively weak disorder with £ > 1. For convenience, we set
h = V =1 so that the energy coincides with the frequency.

Above a certain threshold B > B, the nonlinearity leads
to a destruction of localization with a subdiffusive spreading of
wavepacket width An = n — ny,

o = ((An)*) « %, (3)

=E. ¥ + Bl ¥ |21//n + V(Wus1 + Y1) (2)

where brackets mark averaging over wavefunction at time ¢ and «
is the subdiffusion exponent. The numerical simulations give its
value being in the range of 0.3 < « < 0.4. Certain analytical argu-
ments were given for values @ = 0.4 and o = 1/3 (see Ref. 32,
review of Ref. 34, and references therein). An introduction of ran-
domness in eigenstate phases of linear problem produces spreading
with o = 0.5 (see Refs. 34 and 48, and references therein). Indeed, an
increase of dephasing, modeled by an increase of number of driving
frequencies, leads to a growth of o approaching the value « = 0.5.”
It is difficult to give an exact estimate of the threshold value
Bc. The numerical results show that at § = 0.1, 0.03, the wavepacket
square width o remains bounded without a significant increase up
to times t = 10%. However, it is possible that some type of Arnold
diffusion along tiny chaotic layers'>'*" may lead to a very slow
spreading of a very small wavepacket fraction. It should be pointed
that the Anderson localization is characterized by a pure-point dense
spectrum and its perturbation by nonlinearity represents a very dif-
ficult problem for mathematical analysis. A reader can find some
mathematical results for this problem reported in Refs. 50 and 51.
A surprising feature of unlimited spreading at 8 > B, is that
with growth of An, the relative local contribution of nonlinear
term in (2) decreases as B|y|> ~ B/An o« B/t*/? and on a first
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glance, it seems that nonlinearity becomes weaker and weaker with
time. In Ref. 28, it was argued that even being small this term
gives a local nonlinear frequency spreading éw ~ §/An, which at
B > B: ~ 1 remains larger than the typical spacing Aw ~ 1/An
between frequencies of linear eigenmodes populated due to subd-
iffusive spreading of wavepacket at time ¢. As soon as éw > Aw, the
spectrum of motion remains continuous and thus the spreading can
continue unlimitedly in time. However, a better understanding of
such unlimited spreading is still highly desirable.

B. YM color models

In a similarity with dynamics of homogeneous YM fields
described by Hamiltonian (1) and DANSE (2), we model the dynam-
ics of YM color fields in a potential by the nonlinear Schrodinger
equation

i

a 13 ’
g/t" Bt 4B vl U v+ i ). @
WHER

Here, u = 1,...,Nc is the color index changing from 1 to 2 for
two YM colors N¢ = 2 or from 1 to 3 for three colors Nc = 3. We
denote these two cases as YMCA2 and YMCA3, respectively (with
A for agent and YMCA for Yang-Mills Color Model Agent). At
zero nonlinearity 8 = 0, each color evolution is described by 1D
Anderson model with the same disorder E, for all colors and being
the same as in (2). In the absence of hopping to nearby sites and
all energies E, being equal, we have the dynamics of color fields
described by equations similar to those for the homogeneous YM
fields from Hamiltonian (1). We do not provide a mathematical
derivation of Eq. (4) but we argue that they capture important phys-
ical effects: Anderson localization in a random potential for linear
waves without color interactions, lattice description of propagation
in space often used in QCD lattices, color interactions are the same
as for homogeneous YM fields, and a similar lattice description is
used in DANSE to model effects of disorder for the Gross—Pitaevskii
equation. Thus, we consider Eq. (4) as a realistic model of the
evolution of classical YM color fields in a disorder potential.

Here, we consider the cases with only two or three colors stud-
ied previously for homogeneous YM fields. In principle, Eq. (4) can
also describe a model with four colors by extending the summation
over u index up to N¢ = 4. This may be useful for investigations
of various mathematical models of supersymmetric YM theory (see,
e.g., Ref. 52, and references therein).

We discuss some generic properties of YM dynamics (4) in
Secs. 111 and I'V. The numerical results are presented in Sec. I1I.

As for DANSE, the evolution of YM fields (4) has the energy
conservation, and also the probability is conserved for each com-
ponent normalized to unity ), | ¥/ |*= 1. The numerical simula-
tions of DANSE and Klein-Gordon nonlinear (KGN) model with
disorder (see Refs. 34, 36, and 53, and references therein) show that
the exponent « is approximately the same in these two models even
if only energy is conserved in the KGN case. Thus, we also expect
that the probability conservation for each color component will not
affect the spreading exponent «. Indeed, the number of degrees of
freedom in (4) is given by the number of lattice sites multiplied by
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Nc, which is much larger than the number of integrals Nc + 1 of
energy and component probabilities.

From the structure of YM equation (4), we can make certain
direct observations. First, it is possible to consider the symmetric
case when initially all color components ¥/ are the same. Then,
their evolution is described by the DANSE Eq. (2) with some rescal-
ing of B for N¢c = 3. However, since the field evolution is chaotic,
this solution is unstable and small corrections to this symmetric
state grow exponentially with time so that this symmetry is com-
pletely destroyed very rapidly. Still such a symmetric case allows us
to expect that the spreading exponent « will have a value similar to
those found for DANSE. As for DANSE, we expect that YM fields
remain confined or localized below a certain chaos threshold with
B < B. ~ 1.In spite of this possible similarity between DANSE and
YMCA models, there are two important differences between them.
Thus, if initially color wavepackets are located far from each other
with a typical distance between them, with R¢ being significantly
larger than the localization length £ of the linear case (R. > ¢),
then an effective interaction between colors becomes exponentially
small B, < B exp(—2Rc/¥) so that we have By < B. ~ 1. Thus, we
expect that such initial states will remain exponentially localized or
confined for all times. Another new element of YMCA, compared to
DANSE case, is that the eigenenergies &, of linear problem eigen-
modes at S = 0 are the same for all colors. Thus, for one site and
three colors, we have a dynamics that is very similar to those of
Higgs case with finite mass (1) studied in detail in Ref. 11. Due to this
degeneracy, the KAM theorem cannot be applied to this system and
the measure of chaos remains about 50% even in the limit of non-
linearity going to zero.'' However, the initial wavepackets of colors
should populate the same linear eigenmodes (this requires R¢ < £).
Such a situation also generally appears in other nonlinear systems
with many degrees of freedom.” Since in YMCA at N¢c = 3 [Eq.
(4)], there are many eigenenergies ¢,, (linear frequencies) that are
the same; we expect that there are many initial configurations when
colors are initially located at a distance R, ~ £ and their dynamics
remains chaotic even for very small nonlinearity 8 — 0. However, a
question about the spreading of such chaos over lattice sites remains
open.

11l. NUMERICAL RESULTS FOR TIME EVOLUTION OF
YM COLORS

Following the approach used in Ref. 30, the numerical integra-
tion of Egs. (2) and (4) is done by the Trotter decomposition with a
time step At = 0.05 and the total number of sites N = 1001 for each
color with the fast Fourier transform from coordinate to momen-
tum representation and back. This integration scheme is symplectic
and conserves probability exactly. Its efficiency has been confirmed
by various numerical simulations (see, e.g., Refs. 30 and 33-35). We
checked that the variation of system size N and integration time step
At does not affect the results. Usually, as in Refs. 30, 33, and 35,
we used initial conditions with a population of one or a few nearby
sites for each color and energy being in the middle of a linear energy
band.

The properties of the above integration scheme had been
discussed in detail in Refs. 30, 33, and 35. It exactly preserves
the probability thus being symplectic. The energy of the system,
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which is also an exact integral of (4), is preserved with an accu-
racy of 1%. On a first glance, the accuracy seems to be not so
high but there is an important physical argument behind, which
we illustrate on an example of such an integration scheme (also
known as the Euler or Trotter scheme) for pendulum Hamiltonian
H = p?/2 — cos x. Indeed, for a pendulum, this symplectic integra-
tion leads to the Chirikov standard map with a chaos parameter
K = (Af)* = 2.5 x 1072, From the properties of this map,">* it is
known that the main part of the phase space remains integrable
with the invariant curves being only slightly deformed compared
to the case of the pendulum. The chaos remains only in a tiny
chaotic layer around a separatrix of resonances. For the main res-
onance, its width in frequency is approximately'’ Sw,At = SpAt ~
(32772 /K) exp(—m2/+/K) ~ 107, thus being enormously small for
K = (0.05)>. We think that this physical argument well justifies the
integration scheme used in our simulations here and in Refs. 30, 33,
and 35.

We present here the results mainly for a typical disor-
der strength W =4 and nonlinearity values g =0,1,2,4. The
spreading of color probabilities is characterized by the squared
wavepacket width at different times defined as o7 = (n}) — (n;)? for
DANSE, o7 = 3¢, ((n2) — (n,)?)) /Nc for YMCA2 and YMCA3,
relative square moments o, = <(n1 — nz)z) for YMCA2, and o,
= [((m — m)?) + ((m — n3)*) + ((n, — n3)*)] /3 for YMCAS3. Here,
brackets mark the average over wavefunction. The results are also
averaged over 20 disorder realizations.

A. Deconfinement and subdiffusive spreading of YM
colors

The time dependence of second moments o; for DANSE and
YMCA3 models is shown in Fig. 1 for different values of 8 and disor-
der W = 4. Atsuch a disorder and 8 = 0, the wavepacket spreads on
approximately An & 7 sites in agreement with the theoretical value
of the localization length ¢ = 96/W? = 6. In the presence of non-
linear interactions, there is a subdiffusive spreading of wavepacket,
which is somewhat stronger for YMCA3 compared to the DANSE
case. The time evolution of the second moment o, for YMCA3 case
is shown in Fig. 2 for the same values of 8 as in Fig. 1. The growth
of both moments o, and o, is very similar. This means that the
color packets spread in such a way that they remain close to each
other so that their effective interactions allow us to make correlated
joint transitions over localized eigenstates of the Anderson model at
B = 0. It is clear that interactions of colors lead to deconfinement of
YM fields with the unlimited subdiffusive spreading over the whole
lattice. The growth of moments oy, 0, for the YMCAZ2 case is very
similar to those of YMCA3 and we do not show it here (but the
obtained exponents « are discussed below for both cases).

In Fig. 3, we show directly the probability distribution over lat-
tice sites w(n) = leil | ¥ |>/N¢ at different moments of time for
YMCAS3 case with f = 2. There is a formation of quasi-plateau dis-
tribution of size An growing with time. Outside of plateau, there are
probability tails that drop exponentially with the site number that
corresponds to exponentially localized Anderson modes of linear
problem.
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FIG. 1. Time evolution of the second moment o of the probability distribution,
defined in the text, for YMCA3 model with three colors [Eq. (4)] (solid curves)
and the DANSE model [Eq. (2)] (dashed curves) at 8 = 0 (black curves), 8 = 1
(red curves), B = 2 (green curves), and B = 4 (blue curves) at W = 4. At initial
time, the three color packets are located at three different sitesatn = —1,0, 1 for
YMCAS; for DANSE, the initial probability is at n = 0. The average is done over 20
random realizations of disorder and over logarithmic equidistant intervals of time;
a typical error bar from these 20 realizations at a given time is 801 /0y = 0.124
att=10"and g = 4.

The distributions w(n) at largest reached time ¢ = 107 and dif-
ferent values of nonlinearity 8 are shown in Fig. 4. The width of the
above quasi-plateau size An increases with 8 being approximately
An = 220,320,440 for B = 1,2, 4, respectively (An is defined as a
size at which an average probability drops by a factor 10 compared
to the center). These An values are much larger than the Ander-
son localization length £ ~ 6. Also, the corresponding nonlinear
frequency width Aw ~ 1/An < 1/¢ becomes significantly smaller
than a typical frequency spacing between modes inside localization

10000 |- -
F[— 0 ;

o, f — B=1 €
L — B2 ]
1000F | — p=4 E
100 =
10F 3

1
10 10" 10° 10 ¢ 10* 10° 10° 10’

FIG. 2. Same as in Fig. 1 but for the second moment o, of the probability
distribution for the YMCA3 model defined in the text.
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FIG. 3. Probability distributions w(n) = Zﬁ; | ¥ |? /NG for the YMCA3

model (Nc =3, B =2, W = 4) are shown at times t = 10° (black curve),
t = 10° (red curve), and t = 107 (blue curve); probabilities are averaged over
20 disorder realizations.

length £. Due to these reasons, we can argue that the numerical
results show an asymptotic spreading of wavepacket of YM colors.

The comparison of probability distributions for DANSE,
YMCA2, and YMCA3 models is shown in Fig. 5 for fixed 8, W, and
t = 107. The most broad spreading corresponds to YMCA3 case.
This is in a qualitative agreement with an expectation that, similar to
Hamiltonian (1), there is an exact degeneracy of linear color eigen-
modes so that here chaos is present even in the limit of very small
B similar to the situation discussed in Refs. 11 and 54 (of course,
this assumes that the initial state has a close location of three colors
so that degenerate linear modes are well populated; see discussion
below).

w(n)[

10 B me | W“

—_
S)
T

™ T T ™

Il
A O = O

=
x
|

10" l
-20 oWy e ey M|

.
107400 300 200 -100 0 5 100 200 300 400

FIG. 4. Same as in Fig. 3 but all distributions w(n) of YMCA3 are shown at time
t =107 for B = 0 (black curve), B8 = 1 (red curve), B = 2 (green curve), and
B = 4 (blue curve); probabilities are averaged over 20 disorder realizations.
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FIG. 5. Probability distributions w(n) are shown for DANSE (black curve),
YMCA?2 (red curve), and YMCA3 (blue curve) at 8 =2, W =4, and t = 107;
probabilities are averaged over 20 disorder realizations.

According to the results of Figs. 1 and 2, the growth of 07, 0, at
large times is well described by an algebraic function of time with
the exponent «. The values of «, obtained from the fit for time
range 100 < t < 107, are given in Table I for DANSE, YMCAZ2, and
YMCA3 models. For DANSE at 8 = 1, the obtained value of « is a
bit smaller than the one reported in Ref. 30 with & = 0.306 £ 0.002.
We attribute this difference to a different number of realizations and
the longer time range used in Refs. 30. We also should note that the
spreading is rather slow in time and thus very long time simulations
and a large number of realizations are required to obtain accurate
values of . Formal statistical errors reported here and in Ref. 30
are relatively small but the contribution of certain systematic effects,
related to slow transitions between localized linear modes, may give
more significant corrections to formal statistically averaged o values.
From Table I, we see a moderate increase of « for higher 8 values.
We also find that YMCA3 and YMCA?2 models have a moderately
higher values of & compared to DANSE case. We attribute this to
a stronger chaos for YM colors compared to DANSE. Indeed, YM
colors have additional color degrees of freedom that are supposed
to generate a stronger chaos, thus facilitating deconfinement and
spreading of YM fields. However, due to the above points related to a
slow spreading process, further more advanced studies are required
to firmly state if « is independent, or not, of 8, W, and the number
of colors N¢.

We also did other checks by using another independent sets of
random realizations for specific parameter values (e.g., 8 = 2 and
3 colors). Thus, as an example, for such a set, the fit of the subdif-
fusive speading of o, for the same time range 100 < t < 107 gives
the exponent o = 0.361 &£ 0.010, which is well in agreement with
the corresponding value in Table I. This gives a confirmation that o
values are statistically reliable in a given time range.

B. Confinement and localization of YM colors

Above, we discussed the cases with moderate strength of
interactions of colors given by B. It is natural to expect that at
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TABLE I. Exponent « of growth of second moments o1, oc t* for DANSE, YMCA2,
and YMCA3 models at different values of nonlinearity 8 at W = 4; the values of expo-
nent are obtained by a fit in the time interval 2 < log 4o t < 7 for data averaged over 20
disorder realizations; initial states have colors located close to each other with R = 1.

o
B DANSE YMCA2 YMCA3
1 0.26 £0.02 0.297 £0.020 0.316 £0.010
2 0.317 £ 0.010 0.327 £ 0.020 0.363+0.010
4 0.371 £ 0.020 0.378 £0.020 0.406 +0.010

small 8 <« B, ~ 1 Anderson localization is preserved and fields
remain localized in space. Indeed, the numerical results reported
for DANSE” indicate that localization is preserved at small
B = 0.1,0.03. At the same time, we note that in this limit, the effects
of slow processes like Arnold diffusion'** are still possible with a
very slow spreading of a very small fraction of probability via tiny
chaotic layers. The mathematical results are not able to clarify the
behavior in this regime (see, e.g., Refs. 50 and 51).

For the YMCA3 case, at such small values of nonlinearity
B = 0.1,0.03, we show the time dependence of the second moment
oy in Fig. 6. Here, the second moment o; remains substantially
smaller compared to B = 1, 2,4 cases shown in Fig. 1. However, a
slow increase of oy at very large times ¢ > 10° is not excluded. We
attribute this to a degeneracy of linear eigenmodes which, similar
to the case of YMCA3 Hamiltonian (1), leads to a high fraction of
chaotic phase space even for 8 — 0, as discussed in Refs. 11 and 54
for three colors [we note that for Hamiltonian with two colors (1),
there is no chaos in the limit of small B but only a significant energy
exchange between two colors'']. Thus, a slow spreading at very large
times for YMCA3 case may take place due to frequency degener-
acy present for color fields initially located on a distance R¢ < £.
The effect of very slow Arnold diffusion'** can also be present for a
small fraction of global probability.

The interesting point is that the above exact frequency degener-
acy is present only if initial color packets are close to each other. In
the opposite case with their initial significant separation on a dis-
tance Rc > £, the effective nonlinear interactions between colors
drop exponentially with Rc due to the localization of linear eigen-
modes. In addition, the frequencies of eigenmodes populated for
such packets with large separation Rc >> £ and statistically different
and have no exact degeneracy in contrast to the case with R¢ < £.
Thus, for Rc >> £, we argue that this case corresponds to a very small
effective interactions with Bey oc B exp(—2R¢/¢) < 1 and that the
color YM fields remain confined and localized. This is confirmed
by the results shown in Figs. 7 and 8, where we compare the close
and distant location of initial color packets. We have clear decon-
finement and spreading for Rc = 1 (for W =18, 8 =2,and R, = 1,
the fit gives & = 0.30 £ 0.02 which smaller than the value at W = 4
in Table I). In contrast, for R¢ > ¢, there is confinement and local-
ization of YM color fields. The increase of disorder strength from
W=4in Fig. 7 to W =28 in FIig. 8 gives at Rc = 250 a strong
enhancement of localization of color YM fields. For distant initial
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FIG. 6. Time evolution of the second moment o of the probability distribution
defined in the text for the YMCA3 model with three colors for 8 = 0.1 (black
curve) and B = 0.03 (red curve) at W = 4. At the initial time, the three color
packets are located at three different sites n = —1, 0, 1. The results are shown
for ten disorder realizations and logarithmic equidistant intervals of time.

positions of color fields Rc = 250, the second moment o7 (f) shows
absolutely no growth with time as it is shown in Fig. 9.

It is interesting to note that the situation with localiza-
tion-delocalization of color YM fields reminds those of a quantum
problem of two interacting particles coherently propagating in a dis-
order potential and being localized if separated by a distance being
larger than a one-particle localization length (see, e.g., Refs. 55-57).

C. Simple estimates for spreading exponent of YM
colors

Here, we present simple estimates for the spreading exponent
a of the second moment growth o7, o t*. Following the approach
described in Refs. 28 and 35, it is useful to rewrite Eq. (4) on the basis
of eigenstates of the linear system at 8 = 0. The transformation from
lattice representation to eigenstate basis reads Y = > Q% C“ for

each color . Then, the time evolution Eq. (4) takes the form

i

BCH ’ ! !
2 =enCht B D0 Unmimams OOt s )

at
W F#pu mymyms

where ¢, are the eigenenergies of a linear system, which is the same
for all colors. The transitions between linear eigenmodes take place
only due to the nonlinear B-term with the transition matrix elements
U s = 2o ()™ Q, (Q4 )" QL. Due to the exponential
localization of linear eigenstates, the sum over each m-index in (5)
contains about ¢ terms.

In Ref. 28, it was argued that with an assumption that there
is a plateau of size An with random coefficients of approximately
equal amplitudes and random signs or phases and zero amplitudes
outside the plateau. Then, the population of states outside of plateau
should go with therate I" ~ |C|® ~ 1/(A n)* on nearby sites on a dis-
tance £. This gives a diffusion rate D ~ 2" ~ £2/(An)> ~ (An)*/t
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FIG. 7. Probability distribution as a function of time ¢ for the YMCA3 model at
B = 2and W = 4; initial positions of three colors are n = —1,0, 1 with Rg = 1
(a); n = —250, 0,250 with R; = 250 (b) for one disorder realization; the color
bar shows probability w(n) of YM color fields.

leading to the growth (An)* ~ oy, ~ t* with the spreading expo-
nento = 2/5.

There are also other types of arguments leading to the same
exponent o = 2/5. In fact, the time evolution of (5) represents the
nonlinear field dynamics involving many random frequency com-
ponents describing a continuous chaotic flow. The spreading An
in time is very slow and its Lyapunov exponent A at given An
is given by the nonlinear frequency A ~ §w ~ B/An. > It is well
established that for such a continuous chaotic flows with many fre-
quency components, the diffusion rate D is related to the Lyapunov
exponent A, or typical nonlinear frequency Sw, by the relation estab-
lished in Refs. 58 and 59: D ~ A3 ~ (8w)>. This relation was well
confirmed for the Chirikov typical map which represents a generic
model of such continuous chaotic flows*’ (see also recent work®').
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FIG. 8. Same as in Fig. 7 but for W = 8.

Since for (5) we have 8w ~ B/An, this gives us D ox 1/(An)?
o (An)*/t and thus the spreading exponent is @ = 2/5, which is
in agreement with the estimate given at Ref. 28. We note that for
spreading in a disorder potential in higher dimension d > 1, this
approach gives the spreading (An)* = R? ~ t* with the exponent
a =2/(3d 4 2) with @ = 1/4 for d = 2 (here, R is a 1D wavepacket
size).”

Another estimate of «, proposed in Ref. 48, is based on the
assumption that the transition rate is given by the Fermi golden rule
as in linear equations of quantum mechanics. This gives I o |C|*
~ 1/(An)* and leads to o = 1/2,

More complicated estimate arguments were pushed forward in
Ref. 34 leading to the value o = 1/3.

There are various physical arguments behind each of the esti-
mate described above. However, the time evolution of nonlinear
YM fields in the presence of a disorder is rather a complicated
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FIG. 9. Time dependence of o+ (f) for YMCA3 at 8 = 2 for the initial distance
between color positions: R = 1 (full black curve for 20 disorder realizations
at W = 4 same as in Fig. 1); Rc = 250 (dashed black curve for one disorder
realization at W = 4 same as in Fig. 7); Rc = 1 (full red curve for 10 disorder
realizations at W = 8); R; = 250 (dashed red curve for one disorder realization
at W = 8 same as in Fig. 8).

problem. The obtained numerical values of the spreading exponent
are found to be approximately in the range of 0.3 < « < 0.4. Fur-
ther numerical studies are required, with longer time evolution and
larger number of disorder realizations, to determine more exactly
the exponent value.

D. Dynamical thermalization

The studies of DANSE showed that in lattices of finite size,
there is an emergence of dynamical thermalization with a ther-
mal distribution of probabilities over linear eigenmodes.”** This
dynamical thermalization appears in DANSE only for nonlinearity
B > B.. We expect that this phenomenon will also take place for the
YM models considered here. However, there is an important differ-
ence comparing to DANSE case: for YM models with a significant
distance separation between color components, an effective nonlin-
earity becomes below the chaos border and thermalization is absent.
We note that a thermalization in QCD is actively discussed in high
energy physics (see, e.g., Ref. 63). However, here the dynamical ori-
gins of thermalization are never considered. Of course, the QCD is
a purely quantum theory, in contrast to classical fields considered
here, but the dynamical thermalization in finite quantum systems
is now actively discussed in the field of quantum chaos and it is
shown that at weak interactions between quantum fields, there is no
thermalization (see, e.g., Ref. 64, and references therein). Thus, we
expect that the concepts of classical and quantum chaos can high-
light interesting research directions also for QCD as it happened to
be the case for the SYK model of quantum gravity (see Ref. 64).

E. YM color breathers?

The mathematical proof given in Ref. 65 guarantees that
nonlinear classical Hamiltonian lattices have generic solutions called

ARTICLE scitation.org/journal/cha

discrete breathers. They represent time-periodic nonlinear fields
localized, usually exponential, in space. Such breathers find a variety
of applications as discussed in Ref. 66. It was shown that breathers
exist also for the DANSE model with and without disorder.*”-** Usu-
ally the breathers appear at a strong nonlinearity of self-interacting
field that effectively creates a solution similar to an impurity energy
level outside of the energy band in quantum mechanics. For the YM
color fields (4), nonlinearity appears only due to interactions of dif-
ferent colors. We suppose that the breather solutions still can exist
for the YM color dynamics on a discrete lattice. However, the verifi-
cation of this conjecture requires further studies that are outside of
the scope of this work.

IV. DISCUSSION

The dynamics of classical homogeneous Yang-Mills color
fields and their chaotic properties have been investigated and well
understood about two decades ago (see, e.g., Refs. 8-11). Here, we
analyzed the spacial aspects of classical YM color fields and proper-
ties of their propagation in disorder potential in 1D. In the absence
of interactions of YM fields, the color wavepackets are confined and
exponentially localized by disorder similar to the Anderson localiza-
tion of electron transport induced by disorder.”*~*” The interactions
of YM fields lead to the deconfinement of colors, which, above a
certain interaction threshold, spreads subdiffusively over the whole
disordered lattice. The exponent of this algebraic spreading is found
to be approximately in the range of 0.3 < o < 0.4, which is simi-
lar to the value found for the DANSE model***"** and observed in
experiments on cold atoms Bose-Einstein condensate spreading in
a disordered optical lattices.”” Compared to the DANSE model, we
show that YM color fields can be deconfined and delocalized only
when the color components remain close to each other. In contrast,
separated color wavepackets remain confined and localized by the
disorder. Of course, the QCD theory is a theory of purely quan-
tum fields, whereas here we studied dynamics of classical nonlinear
fields. However, we expect that the obtained results for classical YM
color field dynamics in a disorder potential will also be useful for
solving the problem of YM fields deconfinement in the full quantum
problem.
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