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We introduce and study a two-dimensional dissipative nonlinear Anderson pumping model which
is characterized by localized or delocalized eigenmodes in a linear regime and in addition includes
nonlinearity, dissipation and pumping. We find that above a certain pumping threshold the model
has narrow spectral lasing lines generated by isolated clusters of Anderson attractors. With the
increase of the pumping, the lasing spectrum is broaden even if narrow lasing peaks are still well
present in the localized phase of linear modes. In the metallic phase, the presence of narrow spectral
peaks is significantly suppressed. We argue that the model captures main features observed for
random lasers.

PACS numbers:

I. INTRODUCTION

The theory of random lasing in a disordered active me-
dia was introduced by V.S. Letokhov in 1967-1968 [1]. At
present, various types of random lasers operating in dif-
ferent gain and scattering media, including powder and
fibers, have been experimentally realized as reviewed in
[2–5]. The active interest to random lasers is stimulated
not only by their technological applications but also by a
variety of inter-disciplinary links to other research fields,
such as the theory of disordered and mesoscopic systems
[6], Anderson localization and transport [7, 8], nonlinear
waves in disordered media [9, 10], chaotic dynamics and
strange attractors [11, 12], synchronization [13], material
science, spectroscopy and laser physics (see e.g. [14]).

Due to such an interdisciplinary nature and complex-
ity of random lasing systems, deep theoretical studies
are required with applications of advanced analytical and
numerical tools and methods. Various numerical stud-
ies have been reported with the main objective to ex-
plain specific features of random lasing observed in ex-
periments (see e.g. [15, 16]). However, an interplay on
nonlinearity, disorder, dissipation and pumping results
in a rather complex dynamics which the properties are
rather difficult to capture and investigate in studies of
specific modeling of an experimental setup. Due to these
reasons, we introduce here a simplified Dissipative Non-
linear Anderson Pumping (DINAP) model which in var-
ious limiting regimes describes such generic phenomena
as Anderson localization, transport in disordered media,
nonlinear waves, dissipation, pumping, synchronization,
and chaotic dissipative dynamics. We show that a lasing
in such a model captures the main features of random
lasers.

II. MODEL DESCRIPTION

The DINAP model is described by the time evolution
equations

iȦx,y = Ex,yAx,y + β |Ax,y|
2
Ax,y + (1− iη) (−Ax,y+1

+ 4Ax,y −Ax,y−1 −Ax+1,y −Ax−1,y)

+ i
(

α− σ |Ax,y|
2
)

Ax,y. (1)

Here, Ax,y is the radiation field amplitude on the site
(x, y) of a N × N square lattice with periodic bound-
ary conditions, Ex,y are on site unperturbed energies
randomly distributed in the [−W/2,W/2] interval. For
β = η = α = σ = 0, the model is reduced to the
two-dimensional Anderson model (see e.g. [8]) with a
unit hopping amplitude on nearby sites. In absence
of disorder, i.e. at W = 0, the spectrum of linear
waves on a lattice of size N × N has the form λqx,qy =
4− 2 cos(2πqx/N)− 2 cos (2πqy/N), where qx and qy are
wave numbers of ballistic waves. In presence of disorder,
i.e. W > 0, all the eigenstates are exponentially localized
but the localization length increases exponentially with
a decrease of the disorder strength W [6, 8]. For a lattice
of finite size N ∼ 100, the eigenstates are well localized
at W = 6− 8 [17].
For finite β and η = α = σ = 0, the DINAP

model is reduced to the 2D Discrete Anderson Nonlinear
Schrödinger equation (DANSE) model which was actively
studied for the investigation of effects of weak nonlinear-
ity on the Anderson localization (see e.g. [18–20]). It
was shown that a moderate nonlinearity leads to a de-
struction of the localization and a subdiffusive spreading
of the field over the lattice.
The DINAP model has several new features compared

to the unitary DANSE model. Indeed, the parameter α
describes lasing instability of the nonlinear media which
is balanced by the linear damping η-term and the more
significant nonlinear damping σ-term. Due to that, the
DINAP model captures various nontrivial features of the
nonlinear lasing in dissipative media with disorder. Due
to nonlinearity and disorder, it is natural to expect that
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the dynamics will be characterized by the presence of
chaotic attractors which are typical for nonlinear dissi-
pative systems [11, 12].
We note that a similar model in 1D was studied in

[21]. A number of interesting results have been reported
there. In our studies, we analyze a more realistic 2D case
and concentrate the investigations on the lasing spectrum
produced by the nonlinear media of DINAP model.
The numerical integration of the coupled equations (1)

is done in the frame of the Trotter decomposition used
in [18, 19]. This integration scheme is symplectic (at
η = α = σ = 0) and allows to perform accurate numerical
simulations on large time scales. The physical arguments
which explain the accuracy and the advantages of such
integration are described in [22].
In the numerical simulations, we usually use the inte-

gration time step, ∆ = 0.1, checking that the variation
of this step by several times is not affecting the obtained
results. The main part of the results is presented for the
lattice size N×N = 128×128. Such a size is significantly
larger than the localization length of linear eigenstates
with a typical disorder strength W = 8.
At the initial time t = 0, a field Ax,y is taken as random

with typical amplitudes |Ax,y|
2 ≈ 7× 10−11 with a stan-

dard deviation being approximately 4×10−11. For a fixed
random configuration of the energiesEx,y, the initial field
amplitudes do not influence the field amplitudes at large
times t ∼ 105 (steady-state) since the field time evolution
converges to fixed Anderson attractors distributed on the
lattice. This Anderson attractor steady state, averaged
over a moderate time interval ∆t ∼ 103, is independent of
the above described initial random field realization Ax,y.
The obtained numerical results are described in the

next section.

III. RESULTS

In Fig. 1, we show the dependence of the space av-

eraged steady-state field power P =
〈

|Ax,y|
2
〉

on the

rescaled active media parameter α/η. The field growth
is generated by an effect of active media described by
the parameter α growth. The dissipative effects are pro-
duced by the η-term. The field growth is limited by the
nonlinear dissipative σ-term. Thus, at small values of
the ratio α/η, the generated field remains small so that
P ≪ 1 for α/η < 0.7. In contrast, above the threshold
value α/η ≈ 0.7, the field power is growing significantly
that corresponds to the random lasing regime. We note
that a similar behavior has been described for the 1D
model [21].
Typical distributions of the lasing power w(x, y) =

|Ax,y|
2 on the 2D lattice are shown in Fig. 2 for differ-

ent values of the activation strength α. The results show
a significant increase of the number of lasing attractors
with the growth of the α-parameter (see Fig. 2 a,b,c pan-
els). The Anderson attractor is the steady state of the
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FIG. 1: Dependence of the space averaged steady-state field
power P =

〈

|Ax,y|
2
〉

on the active media parameter α/η.
Here, the parameters are W = 8, β = σ = 1. For η = 0.1, the
steady-state is obtained at te = 104 with an averaging over
time interval ∆t = 103. The lattice size is 128 × 128. The
values of the linear damping are η = 0.2 (blue points), η = 0.1
(red points), and η = 0.05 (black points).

system since once established, e.g. at te = 104 (see panel
a), it continue for longer times, e.g. at t = 105 (the lasing
power distributions are the same in a and d panels). The
results are shown for a typical initial field distribution
with random amplitudes Ax,y described in the previous
section; we numerically check that any choice of other
random configurations Ax,y does not change the average
lasing distribution.
Using the fast Fourier transform, we determine the

spectrum of the random lasing defined as Z(ω) =
〈

∣

∣

∫

dtAx,y (t) exp (−iωt)
∣

∣

2
〉

where the 〈〉-brackets de-

note the averaging over the whole lattice space. We also
compute the integral of the spectral power of the random
lasing Ztot =

∫

dω Z (ω). The spectrum Z (ω) of the ran-
dom lasing is shown in Fig. 3 together with the lasing
power distribution w (x, y) over the lattice. For small ac-
tivation strength α = 0.09, the lasing spectrum is com-
posed of well separated strong frequency peaks (Fig. 3d).
The space distribution (Fig. 3a) indicates that these fre-
quency peaks are generated by well separated lattice cells
(clusters). We call this regime a regime of random las-
ing clusters. With the increase of the pumping strength
α = 0.31, the lasing spectrum becomes rather broad even
if there are still a couple of dominant strong frequency
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FIG. 2: Anderson attractor in the DINAP model for a 2D
lattice with a linear size N = 128, a disorder strength W = 8,
β = σ = 1, and η = 0.1. The different panels show the lasing
power distribution w (x, y) = |Ax,y| for the pumping strength
α = 0.09 (a,d), α = 0.11 (b), and α = 0.13 (c). The lasing
power distributions are shown after an evolution time te = 104

(a,b,c) and te = 105 (d). The panel (d) shows the attractor
stability for long evolution times. The color bars give the
values of w(x, y). The w(x, y) distributions are averaged over
a time interval δt = 103.

peaks emerging from a quasi-continuum spectral compo-
nent (Fig. 3e). Over the lattice, see Fig. 3b, there are
more and more lasing sites as α increases. At stronger
pumping strength, e.g. α = 0.91, the lasing spectrum be-
comes almost continuous (Fig. 3f), and over the lattice,
almost all the sites are lasing (Fig. 3c).

To demonstrate that indeed spectral peaks are gener-
ated by specific isolated clusters, we select three groups of
sites for the small activation strength α = 0.09 delimited
by the red, green, and blue color squares in Fig. 3a. In
Fig. 4, we superimpose the lasing spectrum of each of the
3 selected clusters onto the lasing spectum obtained for
the whole lattice. Fig. 4 results clearly show that these 3
selected clusters generate well isolated spectral peaks of
lasing.

Of course, for another random realization of the on-
site energies Ex,y, and for small, moderate and strong
activation strengths α = 0.09, 0.31, 0.91, the location of
clusters are different but the global picture of lasing is
similar to those shown in Figs. 2 and 3 which describe a
generic situation.

In the above presented figures, we considered the case
when the linear system (ie, the linear modes of the corre-
sponding Anderson model) has well localized eigenstates
with a localization support being significantly smaller
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FIG. 3: Spectrum Z (ω) of random lasing in the DINAP
model for a 2D lattice with a linear size N = 128, a disorder
strength W = 8, β = σ = 1, and η = 0.1 (same parameters as
in Fig. 2). The pumping strength is α = 0.09 (a,d), 0.31 (b,e),
and 0.91 (c,f). The (a,b,c) panels show the lasing power dis-
tributions w (x, y) and the (d,e,f) panels show the spectrum
Z (ω) of the random lasing. The integral of the spectral las-
ing power is Ztot ≃ 8.7 × 10−8 (a,d), 6.0 × 10−5 (b,e), and
4.5 × 10−4 (c,f). Initial conditions and random realizations
are the same as in Fig. 2(a,d).

than the linear system size N (see the typical eigenstate
characteristics for W = 8 at [17]). This regime is charac-
terized by narrow peaks of lasing spectrum generated by
isolated localized clusters. It is also interesting to con-
sider the opposite case when linear modes have a support
being comparable to the linear system size thus corre-
sponding to the metallic regime. For W = 3, we have
approximately such a regime according to the results pre-
sented in [17]. The power distribution w(x, y) over the
lattice and the lasing spectrum Z (ω) for such a case are
shown in Fig. 5. In this metallic regime, even for a small
activation strength α = 0.09, we have a broad spatial
power distribution of lasing; the lasing spectrum is quasi-
continuous. For strong activation strength α = 0.91, al-
most all the lattice sites are lasing. The lasing spectrum
has a structure being similar to the one for small α = 0.09
but with a larger number of spectral peaks. The impor-
tant feature of the metallic regime at W = 3 is that all
spectral peaks visible in the localized regime at W = 8
are replaced by a quasi-continuous broad distribution.
Thus, the localized regime is better adapted to a narrow
spectral line of lasing.
The integrated lasing power, taking the same pump-



4

 0

 100

 200

Z
(ω

)/
Z

to
t

(d)

 0

 100

 200

Z
(ω

)/
Z

to
t

(e)

 0

 100

 200

0.15 0.20 0.25 0.30 0.35 0.40

Z
(ω

)/
Z

to
t

ω/2π

(f)

 0  0.005  0.01  0.015  0.02  0.025
w(x,y)

(a)

 0  0.005  0.01  0.015  0.02  0.025  0.03
w(x,y)

(b)

 0  0.005 0.01 0.015 0.02 0.025 0.03 0.035
w(x,y)

(c)

FIG. 4: The lasing clusters present in the red, green and blue
squares in the Fig. 3a are shown in the a, b and c panels,
respectively. The frequencies activated by these clusters are
shown by the red, green and blue curves in the d, e and f pan-
els, respectively. The spectrum Z (ω) of the whole attractor
(Fig. 3d) is drawn in the background of the d, e and f panels.
Here, the random lasing spectrum Z (ω) is normalized by the
integral Ztot ≃ 8.7 × 10−8.

ing and dissipation parameters, is globally higher for the
metallic phase regime (see e.g. Fig. 5cf with W = 3,
Ztot ≃ 7.5 × 10−4) than for the localized phase regime
(see e.g. Fig. 3cf with W = 8, Ztot = 4.5 × 10−4). We
attribute this to the fact that more sites contribute to the
lasing in the metallic phase due to delocalized eingestates
of the linear Anderson model.

IV. DISCUSSION

We introduced a mathematical 2D DINAP model to
describe specific features of the random lasers: lasing
above a certain threshold, pronounced spectral lasing
peaks, lasing clusters. Our numerical analysis shows that
these features are well described by the DINAP model.
The important element of the model is that in the lin-
ear regime without nonlinearity and dissipation it is re-
duced to the 2D Anderson model with localized modes
at strong disorder and delocalized ones at weak disorder
when the finite system size becomes comparable with 2D
localization length (in the infinite system). In the local-
ized phase, above the critical pumping strength α, the
spectrum of lasing is composed of narrow spectral lines.
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FIG. 5: Same as in Fig. 3 but for a disorder strength W = 3.
Here, Ztot ≃ 2.41 × 10−5 for α = 0.09 (a,d), 1.9 × 10−4 for
α = 0.31 (b,e), and 7.5× 10−4 for α = 0.91 (c,f).

These lines emanate from localized isolated clusters lo-
cated in a media where a nonlinear dissipative dynamics
leads to isolated Anderson attractors. With the increase
of the pumping strength, the lasing peaks are still present
but a global envelope appears corresponding to lasing
from a large number of connected or disconnected clus-
ters. Globally, an increase of the pumping strength leads
to a broader lasing spectrum. We find that such an effect
is rather natural since with the increase of the pumping,
the nonlinear frequency corrections become higher. In
the metallic regime, the peaks are significantly less visi-
ble even if only slightly above the threshold pumping and
at higher strength of pumping, the lasing spectrum gets
a form of a smooth envelope. We attribute this feature to
a delocalized structure of linear modes where nonlinear
frequency corrections at high pumping get contribution
from many lattice sites on which are located the delocal-
ized linear modes.
In the localized phase, our results show that a percola-

tion transition takes place from a localized lasing clusters
regime to a delocalized regime of lasing from many lat-
tice sites when the strength of the pumping significantly
increases above the threshold value. There is a number
of interesting questions about such a percolation: What
is the critical percolation threshold? How it depends on
the system parameters? Is there a global synchronization
of lasing, like the Kuramoto transition [13]? Is there a
superradiance in such a synchronized phase? We think
that the answers to these questions can be obtained in
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the further investigations of the DINAP model.
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