
1

Reduced Google Matrix

Samer EL ZANT

University of Toulouse
INP-IRIT

17 May 2016



2

Introduction

● A network is composed of many 
nodes.

● Each node has his own score.
● This score is calculated by taking 

into consideration many factors 
(popularity-content-area-
cookies...).

● One of these factors is based on 
the link analysis which is the 
popularity or importance score.

● A node is important if it is pointed 
by other important pages.
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Page Rank
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) 1/6 1 1/18 5 1/36 5
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2
) 1/6 1 5/36 3 1/18 4

r(P
3
) 1/6 1 1/12 4 1/36 5
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4
) 1/6 1 1/4 1 17/72 1

r(P
5
) 1/6 1 5/36 3 11/72 3

r(P
6
) 1/6 1 1/6 2 14/72 2

● Bpi:set of pages pointing 
into Pi.

● |Pj|:number of out-links 
from page Pj.

● rk+1(Pi):page-rank of 
page Pi at iteration k+1.

● Page Rank method is used to calculate the rank vector or the importance of 
each node.
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Google Matrix
● Using matrices we compute a page rank vector at each iteration

● H matrix

● Hij=1/|Pi| if there is a 
link going from I to j 
and zero otherwise.

● sub-stochastic

P
1

P
2

P
3

P
4

P
5

P
6

P
1 0 1/2 1/2 0 0 0

P2 0 0 0 0 0 0

P3 1/3 1/3 0 0 1/3 0

P4 0 0 0 0 1/2 1/2

P5 0 0 0 1/2 0 1/2

P
6 0 0 0 1 0 0

● S matrix
● Prevent rank sink

π13 =
[0,0,0,2/3,1/3,1/5]

● stochastic

● G matrix
● Google Matrix
● To guarantee convergence.
● By using α , we take into 

consideration the probability that a 
surfer follows hyper-link or a new 
node.

P1 P2 P3 P4 P5 P6

P1 0 1/2 1/2 0 0 0

P
2 1/6 1/6 1/6 1/6 1/6 1/6

P
3 1/3 1/3 0 0 1/3 0

P
4 0 0 0 0 1/2 1/2

P
5 0 0 0 1/2 0 1/2

P
6 0 0 0 1 0 0

P
1

P
2

P
3

P
4

P
5

P
6

P
1 1/60 7/15 7/15 1/60 1/60 1/60

P
2 1/6 1/6 1/6 1/6 1/6 1/6

P
3 19/60 19/60 1/60 1/60 19/60 1/60

P4 1/60 1/60 1/60 1/60 7/15 7/15

P
5 1/60 1/60 1/60 7/15 1/60 7/15

P6 1/60 1/60 1/60 11/12 1/60 1/60
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Reduced Google Matrix

● Describes the properties and interactions of a certain subsets of selected nodes 
belonging to a much larger network.

● Example: top 40 French politicians in French wikipedia.
Number of nodes of frwiki = N = 1,352,825.
number of selected node = Nr = 40.

Name
Order/
index

Name
Order/
Index

Name Order/
Index Name Order/

Index

NicolasSarkozy 1 JackLang 11 JeanFrancoisCope 21 BriceHortefeux 31

FrancoisHollande 2 AlainJuppe 12 NathalieKosciuskoMorizet 22 RamaYade 32

JeanMarieLePen 3 JeanLouisBorloo 13 ArnaudMontebourg 23 PierreMoscovici 33

SegoleneRoyal 4 BertrandDelanoe 14 ClaudeBartolone 24 ManuelValls 34

JeanPierreRaffarin 5 JeanLucMelenchon 15 RachidaDati 25 ClaudeGueant 35

DominiquedeVillepin 6 MarineLePen 16 OlivierBesancenot 26 HerveMorin 36

FrancoisFillon 7 ChristineLagarde 17 NicolasDupontAignan 27 CecileDuflot 37

FrancoisBayrou 8 MartineAubry 18 EvaJoly 28 MichelSapin 38

LaurentFabius 9 DanielCohnBendit 19 ChristianeTaubira 29 HenriGuaino 39

DominiqueStraussKahn 10 ValeriePecresse 20 ElisabethGuigou 30 FlorianPhilippot 40



6

Reduced Google Matrix
Dima and Klaus algorithm

● Nr is the number of nodes in the reduced network.

● N is the number of nodes in the whole network.

● Ns=N-Nr

● We can write

●

● The page rank vector

● As a result we obtain:

● GR is the reduced Google matrix of size Nr*Nr
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Reduced Google Matrix
Dima and Klaus algorithm

● To avoid the problem of slow convergence in 
GR a slight modification can be done.

● η is an additional damping factor (0.5<η<1).

● Urs = (1/Nr)ErEs
T

● ET=(1,1,1,......,1,1,1) of size N.
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Reduced Google Matrix
Dima and Klaus algorithm - Results

0.899

0.97

0.85

0.9
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● GRmod=Grr+GI

● GI=(1-η)UrsGsr+η[Grs+(1-η)UrsGss](1-ηGss)-1Gsr

Reduced Google Matrix
Dima and Klaus algorithm - Results

Grr

GI

GRmod
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Reduced Google Matrix
Dima and Klaus algorithm - Results
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Reduced Google Matrix
Leo's algorithm

● Leo's proposal defined a reduced google matrix 
in dimension r+1 as follows
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Reduced Google Matrix
Leo's algorithm - Results

● It has the same order of pagerank vector for whole network.
● The problem with this proposal is that the pagerank of whole 

network has full influence on the results.
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Conclusion

● Klaus's algorithm of reduced Google matrix 
analyzes effective interactions between a 
subset of selected nodes belonging to a much 
larger network taking into consideration the 
indirect links via whole network.
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Thank you
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