
1. Quantum mechanics + dissipation: open system      
    • resonant tunneling in a dissipative electromagnetic environment  
    • dissipation + symmetry of coupling → competition → QPT  

2. Quantum phase transition (QPT)     
    • change in ground state upon varying a parameter  
    • exotic state of matter at the critical point  
    • non-equilibrium properties??

Harold Baranger, Duke University

Resonant Tunneling in a Dissipative 
Environment: Quantum Critical Behavior

Grants.gov
Apply for a Grant
Frequently Asked Questions (FAQ)
Registration Requirements
SBIR And STTR Grant Programs

Much of  the  work  of  the  Department  of
Energy's  Office  of  Science  (SC)  is
supported through grants and contractual
vehicles. This work is processed through
the Office of Science, Office of Grants and
Contracts Support (GCS) which serves as
the  principal  acquisition,  financial
assistance  (grants  and  cooperative
agreements)  and  contract/grant
management  advisor  to  the  Director  of
Science.

The GCS provides independent analyses,
advice  and  recommendations  on
procurement  and  assistance  actions
initiated by SC; identifies problem areas,
opportunities  and  management  issues
and makes recommendations;  serves as
SC focal point in developing positions and
responses to proposed Federal and DOE
procurement  and  assistance  regulations
and  business  management  policies  and
procedures;  provides  advice  and
guidance and serves as the SC focal point
with  Chicago  operations  offices,
universities,  contractors,  grantees  and
other  Government  agencies  on  SC
policies  and  strategies  with  respect  to
acquisition,  financial  assistance  and

Who  is  eligible  to  apply  for  grant
funding?

The following may submit grant applications
in  response  to  Funding  Opportunity
Announcements (FOA):

Colleges and universities
Non-profit organizations
For-profit commercial organizations
State and local governments
Unaffiliated individuals

Registration Requirements

The  Office  of  Science  requires  the
submission  of  all  financial  assistance
applications through Grants.gov.

Grants.gov  allows  organizations  to
electronically find and apply for competitive
grant  opportunities  from all  Federal  grant-
making agencies. Grants.gov is THE single
access point for over 1000 grant programs
offered  by  the  26  Federal  grant-making
agencies.

There  are  several  one-time  actions  you
must complete in order to be able to submit
an  application  through  Grants.gov  (e.g.,
obtain a Dun and Bradstreet Data Universal
Numbering  System  (DUNS)  number,
register  with the Central  Contract  Registry
(CCR), register with the credential provider
and  register  with  Grants.gov).  You  must
complete  all  the  steps  in  "Get  Started"  at
www.grants.gov  prior  to  submitting  your
initial  application.  Applicants,  who  are  not
registered with CCR and Grants.gov, should
allow  14  days  to  complete  these
requirements.  It  is  suggested  that  the
process be started as soon as possible.

Need  help  with  Grants.gov,  visit  the
Troubleshooting Tips Page.

FY 2012 Continuation of Solicitation for
the Office of Science Financial
Assistance Program
DE-FOA-0000600
Post Date: September 30, 2011
Close Date: September 30, 2012
This Annual FOA, issued by the Office
of Science, is for the submission of New,
Renewal and Supplemental
applications.

Materials Solicitation with Focus on
Structural Materials, Blanket First Walls,
and Divertor Plasma Facing
Components
DE-FOA-0000603
Post Date: October 17, 2011
Close Date: December 23, 2011
Pre-Applications are Required: Due
November 14, 2011

Scientific Discovery through Advanced
Computing: Scientific Computation
Application Partnership in Materials and
Chemical Sciences
DE-FOA-0000593
Post Date: September 21, 2011
Close Date: March 12, 2012
Amendment Posted 10/5/2011:
Pre-Applications REQUIRED-Due:
December 9, 2011

View More Open FOAs

Materials Solicitation with Focus on
Structural Materials, Blanket First Walls,

Home Policy & Guidance Announcements Program Areas FAQ Links Contact

DOE Office of Science - Grants and Contracts http://science.doe.gov/grants/

1 of 2 10/31/11 9:08 PM

SG 

SG 

Source 

Drain 

B=6 T (spinless case) 
0.3 0.4 0.5 0.6

'6

'4

'2

0

2

4

6

V
S
G
(V

)

V g a te 2(V )

0.0

0.5

1.0

2

Sample: tuning the coupling  
asymmetry by the side gate 

Gate 



Quantum Mechanics + Environment

Tunneling with dissipation:"
  • environment as a collection of oscillators-- a “bosonic bath” 

  • spin-boson model: 2 states + bosonic environment 
[Feynman & Vernon, 1963]

[Leggett, Dorsey, Fisher, Garg & Zwerger, RMP 1987]

Tunneling with dissipation 
Dissipation in QM processes: Feynman and Vernon (1963). 
Environment as a collection of oscillators, a �bosonic bath� 
 
Leggett, Chakravarty, Dorsey, Fisher, Garg, Zwerger (1987). 
Spin-boson model: 2 states + bosonic environment 
 

e 

Delsing et al., PRL (1989) 

G ! dI/dV ~ max (eV, kBT)2r   
where r = e2 Rleads/h 

e.g. Ingold and Nazarov (1992) 

in Single Charge Tunneling 
Nazarov (1989), Devoret, Esteve, Grabert, 
Ingold, Pothier, & Urbina (1990); Girvin, 
Glazman, Jonson, Penn, & Stiles (1990) 

In electronic transport, the effect is known  
as �environmental Coulomb blockade�  
and �zero bias anomaly�. 

QM tunneling   

QPT 

Classical behavior  
(2 degenerate states) 

Environmental modes suppresses tunneling. 



After tunneling event, spreading of charge inhibited by environment"
→ Coulomb interaction leads to a charging energy  "
→ blocks (suppresses) tunneling of electron

In Quantum Transport Expt?: “Environmental Coulomb Blockade”
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EFenergy

position

[Reviews: Devoret,Esteve,Urbina LesHouches 95, Ingold&Nazarov 92,  
                Flensberg PhysicaScripta 91]



After tunneling event, spreading of charge inhibited by environment"
→ Coulomb interaction leads to a charging energy  "
→ blocks (suppresses) tunneling of electron

In Quantum Transport Expt?: “Environmental Coulomb Blockade”

Tunneling with dissipation 
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Environmental modes suppresses tunneling. 

EFenergy

position

charge localized → Coulomb barriertop view 
of structure



After tunneling event, spreading of charge inhibited by environment"
→ Coulomb interaction leads to a charging energy  "
→ blocks (suppresses) tunneling of electron

In Quantum Transport Expt?: “Environmental Coulomb Blockade”
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of structure



After tunneling event, spreading of charge inhibited by environment"
→ Coulomb interaction leads to a charging energy  "
→ blocks (suppresses) tunneling of electron

In Quantum Transport Expt?: “Environmental Coulomb Blockade”
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top view 
of structure



r ⌘ e2

h
Rleads (⇡ 0.75 here)G / V 2r

G ⌘ dI

dV

⇣
I / V 2r + 1

⌘

In Quantum Transport Expt?: “Environmental Coulomb Blockade”

Tunneling with dissipation 
Dissipation in QM processes: Feynman and Vernon (1963). 
Environment as a collection of oscillators, a �bosonic bath� 
 
Leggett, Chakravarty, Dorsey, Fisher, Garg, Zwerger (1987). 
Spin-boson model: 2 states + bosonic environment 
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Delsing et al., PRL (1989) 

G ! dI/dV ~ max (eV, kBT)2r   
where r = e2 Rleads/h 

e.g. Ingold and Nazarov (1992) 

in Single Charge Tunneling 
Nazarov (1989), Devoret, Esteve, Grabert, 
Ingold, Pothier, & Urbina (1990); Girvin, 
Glazman, Jonson, Penn, & Stiles (1990) 

In electronic transport, the effect is known  
as �environmental Coulomb blockade�  
and �zero bias anomaly�. 

QM tunneling   

QPT 

Classical behavior  
(2 degenerate states) 

Environmental modes suppresses tunneling. 

After tunneling event, spreading of charge inhibited by environment"
→ Coulomb interaction leads to a charging energy  "
→ blocks (suppresses) tunneling of electron

measured observable: (differential) conductance, 

with

EFenergy

position

[Reviews: Devoret,Esteve,Urbina LesHouches 95, Ingold&Nazarov 92,  
                Flensberg PhysicaScripta 91]



• carbon nanotube q.dot"
• dirty metal leads  →"
• B=6T ⇒ “spinless”

R ⇠ h

e2

Outline

1. Experiment

2. Theory of approach to quantum critical point

3. Model of quantum critical system/state

• map to interacting 1D model-- a Luttinger liquid"
• power laws from scaling at strong and weak coupling"
• amazing consistency with experiment! 

• introduce Majorana fermion representation"
• QCP described by a decoupled zero-mode Majorana"
• indirect experimental signature of Majorana: linear T dependence



Experimental System: Carbon Nanotube Quantum Dot
Gleb Finkelstein group: H. Mebrahtu, I. Borzenets, Y. Bomze, A. Smirnov, GF  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Conductance, in units of e2/h

Short carbon 
nanotube 
(CNT)  
quantum dot 
(300 nm) 
connected  
to resistive 
leads via  
tunable tunnel 
barriers.



T =
4�L�R

(�✏)2 + (�L + �R)2

G =
e2

h
T

Resonant Tunneling

Ignore environment for now:  
Tunneling through a double barrier →	  resonances (sharp)  

�R�L

Symmetric coupling + on resonance →	  perfect	  transmission  

Conductance is Transmission!  
      (Landauer viewpoint)

Now connect the environment-- what happens? is T suppressed?

can tune
�✏, �L, �R

B=6 T (spinless case)



G ⇠
⇣
max{eV, kBT}

⌘
2r

r ⌘ e2

h
Rleads (⇡ 0.3 here)

Preliminary: Environmental Coulomb Blockade
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Conductance Resonance: Symmetric vs. Asymmetric Coupling

Resonant tunneling, T << !. Symmetric vs. asymmetric coupling.  

Asymmetric Symmetric 
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Resonant tunneling, T << !. Symmetric vs. asymmetric coupling.  
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Conductance Resonance: Height and Width Power Laws

Resonant tunneling, T << !. Symmetric vs. asymmetric coupling.  

Asymmetric Symmetric 
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Resonant tunneling, T << !. Symmetric vs. asymmetric coupling.  
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Summary:
• 1 special point— symmetric & on resonance— 

with perfect transmission,"
• for all other parameters, conduction blocked, G �! 0

G �! 1
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G~1 : Unstable, Strong-Coupling Fixed Point

• unusual cusp in conductance!"
• power law approach to full transparency"
• V power and T power agree (quasi-linear)

[Henok Mebrahtu, et al., Nature Physics 2013]
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From G~1 to G=0: Flow Toward Weak-Coupling Fixed Point

Shape of conductance resonance:"
use Vgate to tune resonant level 
through the chemical potential

Remember simple double  
barrier result:

T =
4�L�R

(�✏)2 + (�L + �R)2

[Henok Mebrahtu, et al., Nature Physics 2013]
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From G~1 to G=0: Flow Toward Weak-Coupling Fixed Point

Shape of conductance resonance:"
use Vgate to tune resonant level 
through the chemical potential

Remember simple double  
barrier result:

T =
4�L�R

(�✏)2 + (�L + �R)2

Here: power in tail is 3.5 not 2 !

[Henok Mebrahtu, et al., Nature Physics 2013]
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use Vgate to tune resonant level 
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r ⌘ e2

h
Rleads (⇡ 0.65 here)

Scaling collapse of data at different T

[Henok Mebrahtu, et al., Nature Physics 2013]



G ⇠ T 2r, with r ⌘ Re/(h
2/e) G ⇠ T 2(1/g�1)

Tunneling with Dissipation ↔ Luttinger Liquid physics
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Tunable Quantum Phase transition in Dissipative Resonant Level 

The phase fluctuation :  𝜑 , 𝑡 =
ℏ ∫ 𝑑𝑡 𝑈 , 𝑡 −

ℏ
𝑉𝑡 

US,D : voltage cross junction;  V : average voltage 

𝜑 = (𝜑 + 𝜑 )/2 
 
𝜑 = (𝜑 − 𝜑 )/2 

𝜑 : phase fluctuation of whole  
      junction (both S and D) 
𝜑 : phase fluctuation of gate 

For 𝐾 = < 4𝑔 − 1 ( 0 < 𝑟 + 𝑟𝐺 < 2): 

• 𝑉 = 𝑉 Î strong coupling; perfect transmission. 
• Tuning asymmetry Î 2nd order QPT; critical point (1,1). 
For 𝐾 = < 4𝑔 − 1, 4𝑔𝑓 − 1 > 0 (2 < 𝑟 + 𝑟𝐺 < 3)  

•  𝑉 = 𝑉   : BKT quantum phase Transition  
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[2] I. Safi and H. Saleur, Phys. Rev. Lett. 93, 126602 (2004). 
[3] C.L. Kane and M.P.A. Fisher, Phys. Rev. B 46, 15233 (1992). 
[4] S. Florens, P. Simon, S. Andergassen, and D. Feinberg, Phys. Rev.B 75, 155321 (2007). 
[5] K. Le Hur and M.-R. Li, Phys. Rev. B 72, 073305 (2005). 

• Motivated by the experimental data of dissipative resonant tunneling [1] from 
Finkelstein’s  group  at  Duke. (H. Mebrahtu ‘s  talk : Session Q5, 12:51 PM–1:03 PM.) 

• Whether and How the environmental degree of freedom can induce novel correlation 
effect in a simple non-interacting resonant level model ? 

Introduction and Motivation 

Dissipative Tunneling vs. Luttinger Liquid 

Tunneling junction with resistive lead,  
Excites EM modes. Zero-bias conductance 
𝐺~max  (𝑉   , 𝑇) , with 𝑟 = 𝑅 /(ℎ/𝑒 ) 

Conductance G vanishes at TÆ0.   𝐺~𝑇 / . [3]  

Safi  &  Saleur, (2004)  

Mapping [2] 
 𝑔 = 1/(1 + 𝑟) 

Spinless, resonant level with  
Ohmic dissipative environment. 

Symmetric 
   VS = VD 

Asymmetric 
     VS ≠  VD H.T. Mebrahtu, et al. submitted  

For ГS=ГD , on-resonant 𝐺 → 𝑒 /ℎ as TÆ0. 
For ГS≠ГD , on-resonant 𝐺~𝑇 /  . [3] 

Kane & Fisher, 1992 

spinless 

Model 
Dissipative tunneling through a QD 

? 

Hamiltonian: 

where 

 : Environment, harmonic oscillators, 
   bilinearly coupled to the phase.  

and 

References: 

Chiral Fermion Representation 

Resonant level with metallic leads Î 
Non-chiral semi-infinite 1D free fermion  

The leads and tunneling Hamiltonian  

Unfold the 1D non-chiral free field  Î  
1D chiral  free fermion field 

Mapping to Resonant Level with two Luttinger Liquid Wires 

Phase Diagrams and Quantum Phase Transitions 

Bosonization 

Introduce the flavor and charge fields :  

Tunneling part  Î 

Analytic continuation 𝜑(𝑡) → 𝜑(𝑡, 𝑥) and 𝜑 𝑡 → 𝜑 𝑡, 𝑥  

The phase 𝝋 and 𝝋𝒄 can be absorbed by  flavor and charge field [4,5] : 

The new 𝐻  only includes 𝜙  and 𝜙  ; 𝜑′ and 𝜑 ′ are decoupled.  

Map to : Dot couples to 2 LL wires (interaction 𝐠𝐟); 
          + Coulomb interaction between dot and leads. 

Apply a unitary transformation: 

Current Operator 
Difference between incoming and outgoing field 

Original model: 

Rewrite into 𝑓/𝑐 fields 𝐼 = 𝛼𝐼 − (1 − 𝛼)𝐼  : 

After absorbing the environment phase 𝜑 and 𝜑   

𝑼, 𝑰 = 𝟎  Î Transformation 𝑈 does not affect current. 
Operator 𝐼 : current operator for the model below. 

𝝋′ field 
decoupled  

• Same as double barriers in Luttinger liquid [3] . 

• Initial (bare) value for 𝐾1 is 𝒈𝒇
𝒈𝒄
= 𝟏 𝒓𝑮

𝟏 𝒓
 ; controlled by 𝑟/𝑟  , 

or dot-leads density interaction in the effective model. 
• K1

ini=1 for LL without extra dot-leads density interaction [3]. 

Map to 1D Coulomb Gas with 2 type charges.       
𝒒 and 𝒑 charge : ∑ 𝒒𝒊𝒊 = 𝟎 and 𝒑𝒊 ∗ 𝒑𝒋 = (−𝟏)𝒊 𝒋 

Coulomb Gas representation  
Partition function obtained : integrating out 𝜙  and 𝜙  field.   

Conclusions: 

RG Flow and QPT 

Coulomb gas model : real-space RG in weak coupling limit 

Symmetric: VS=VD Asymmetric: VS≠VD Interaction between particle 𝑖 and 𝑗 in such 1D potential :   

• Map :  the dissipative resonant level model Î Dot coupled to 
two Luttinger liquid wires + dot-leads Coulomb interactions. 

• Current operator will not be affected by the mapping. 
• Resistance 𝑟 controls Luttinger parameter 𝑔  ; 𝑟/𝑟  (dot-leads 

interaction) controls the initial point in RG flow. 
• For 0 < 𝑟 + 𝑟 < 2,  symmetry 𝑉 = 𝑉 Î perfect transmission; 

tuning asymmetry Î 2nd order quantum phase transition. 
• For 2 < 𝑟 + 𝑟𝐺 < 3, symmetry 𝑉 = 𝑉 Î BKT QPT. 

Similar way for 𝜑 , one can define new charge field 𝜙  .   

𝑅 = ℎ/𝑒  
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Tunable Quantum Phase transition in Dissipative Resonant Level 

The phase fluctuation :  𝜑 , 𝑡 =
ℏ ∫ 𝑑𝑡 𝑈 , 𝑡 −

ℏ
𝑉𝑡 

US,D : voltage cross junction;  V : average voltage 

𝜑 = (𝜑 + 𝜑 )/2 
 
𝜑 = (𝜑 − 𝜑 )/2 

𝜑 : phase fluctuation of whole  
      junction (both S and D) 
𝜑 : phase fluctuation of gate 

For 𝐾 = < 4𝑔 − 1 ( 0 < 𝑟 + 𝑟𝐺 < 2): 

• 𝑉 = 𝑉 Î strong coupling; perfect transmission. 
• Tuning asymmetry Î 2nd order QPT; critical point (1,1). 
For 𝐾 = < 4𝑔 − 1, 4𝑔𝑓 − 1 > 0 (2 < 𝑟 + 𝑟𝐺 < 3)  

•  𝑉 = 𝑉   : BKT quantum phase Transition  
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• Whether and How the environmental degree of freedom can induce novel correlation 
effect in a simple non-interacting resonant level model ? 

Introduction and Motivation 

Dissipative Tunneling vs. Luttinger Liquid 

Tunneling junction with resistive lead,  
Excites EM modes. Zero-bias conductance 
𝐺~max  (𝑉   , 𝑇) , with 𝑟 = 𝑅 /(ℎ/𝑒 ) 

Conductance G vanishes at TÆ0.   𝐺~𝑇 / . [3]  

Safi  &  Saleur, (2004)  

Mapping [2] 
 𝑔 = 1/(1 + 𝑟) 

Spinless, resonant level with  
Ohmic dissipative environment. 

Symmetric 
   VS = VD 

Asymmetric 
     VS ≠  VD H.T. Mebrahtu, et al. submitted  

For ГS=ГD , on-resonant 𝐺 → 𝑒 /ℎ as TÆ0. 
For ГS≠ГD , on-resonant 𝐺~𝑇 /  . [3] 

Kane & Fisher, 1992 

spinless 

Model 
Dissipative tunneling through a QD 
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Hamiltonian: 

where 

 : Environment, harmonic oscillators, 
   bilinearly coupled to the phase.  

and 

References: 

Chiral Fermion Representation 

Resonant level with metallic leads Î 
Non-chiral semi-infinite 1D free fermion  

The leads and tunneling Hamiltonian  

Unfold the 1D non-chiral free field  Î  
1D chiral  free fermion field 

Mapping to Resonant Level with two Luttinger Liquid Wires 

Phase Diagrams and Quantum Phase Transitions 

Bosonization 

Introduce the flavor and charge fields :  

Tunneling part  Î 

Analytic continuation 𝜑(𝑡) → 𝜑(𝑡, 𝑥) and 𝜑 𝑡 → 𝜑 𝑡, 𝑥  

The phase 𝝋 and 𝝋𝒄 can be absorbed by  flavor and charge field [4,5] : 

The new 𝐻  only includes 𝜙  and 𝜙  ; 𝜑′ and 𝜑 ′ are decoupled.  

Map to : Dot couples to 2 LL wires (interaction 𝐠𝐟); 
          + Coulomb interaction between dot and leads. 

Apply a unitary transformation: 

Current Operator 
Difference between incoming and outgoing field 

Original model: 

Rewrite into 𝑓/𝑐 fields 𝐼 = 𝛼𝐼 − (1 − 𝛼)𝐼  : 

After absorbing the environment phase 𝜑 and 𝜑   

𝑼, 𝑰 = 𝟎  Î Transformation 𝑈 does not affect current. 
Operator 𝐼 : current operator for the model below. 

𝝋′ field 
decoupled  

• Same as double barriers in Luttinger liquid [3] . 

• Initial (bare) value for 𝐾1 is 𝒈𝒇
𝒈𝒄
= 𝟏 𝒓𝑮

𝟏 𝒓
 ; controlled by 𝑟/𝑟  , 

or dot-leads density interaction in the effective model. 
• K1

ini=1 for LL without extra dot-leads density interaction [3]. 

Map to 1D Coulomb Gas with 2 type charges.       
𝒒 and 𝒑 charge : ∑ 𝒒𝒊𝒊 = 𝟎 and 𝒑𝒊 ∗ 𝒑𝒋 = (−𝟏)𝒊 𝒋 

Coulomb Gas representation  
Partition function obtained : integrating out 𝜙  and 𝜙  field.   

Conclusions: 

RG Flow and QPT 

Coulomb gas model : real-space RG in weak coupling limit 

Symmetric: VS=VD Asymmetric: VS≠VD Interaction between particle 𝑖 and 𝑗 in such 1D potential :   

• Map :  the dissipative resonant level model Î Dot coupled to 
two Luttinger liquid wires + dot-leads Coulomb interactions. 

• Current operator will not be affected by the mapping. 
• Resistance 𝑟 controls Luttinger parameter 𝑔  ; 𝑟/𝑟  (dot-leads 

interaction) controls the initial point in RG flow. 
• For 0 < 𝑟 + 𝑟 < 2,  symmetry 𝑉 = 𝑉 Î perfect transmission; 

tuning asymmetry Î 2nd order quantum phase transition. 
• For 2 < 𝑟 + 𝑟𝐺 < 3, symmetry 𝑉 = 𝑉 Î BKT QPT. 

Similar way for 𝜑 , one can define new charge field 𝜙  .   

𝑅 = ℎ/𝑒  
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The phase fluctuation :  𝜑 , 𝑡 =
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ℏ
𝑉𝑡 
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𝜑 = (𝜑 + 𝜑 )/2 
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 𝑔 = 1/(1 + 𝑟) 
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   VS = VD 
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Operator 𝐼 : current operator for the model below. 
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𝟏 𝒓
 ; controlled by 𝑟/𝑟  , 
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𝒒 and 𝒑 charge : ∑ 𝒒𝒊𝒊 = 𝟎 and 𝒑𝒊 ∗ 𝒑𝒋 = (−𝟏)𝒊 𝒋 

Coulomb Gas representation  
Partition function obtained : integrating out 𝜙  and 𝜙  field.   

Conclusions: 

RG Flow and QPT 

Coulomb gas model : real-space RG in weak coupling limit 

Symmetric: VS=VD Asymmetric: VS≠VD Interaction between particle 𝑖 and 𝑗 in such 1D potential :   

• Map :  the dissipative resonant level model Î Dot coupled to 
two Luttinger liquid wires + dot-leads Coulomb interactions. 

• Current operator will not be affected by the mapping. 
• Resistance 𝑟 controls Luttinger parameter 𝑔  ; 𝑟/𝑟  (dot-leads 

interaction) controls the initial point in RG flow. 
• For 0 < 𝑟 + 𝑟 < 2,  symmetry 𝑉 = 𝑉 Î perfect transmission; 

tuning asymmetry Î 2nd order quantum phase transition. 
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[Safi & Saleur, PRL 04]
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Theoretical approach:

• model in which tunneling event excites the environment"
• exploit formal correspondence to interacting 1D electrons"
• analyze resulting 1D quantum field theory"
• power laws come from scaling dimension of irrelevant and  
   relevant operators near the strong- and weak- coupling fixed points

[D. Liu, H. Zheng, S. Florens (Grenoble), HUB]



Need quantum description of electrical properties of the junctions S and D, 
i.e. a quantum capacitor:"
introduce conjugate charge and  
phase fluctuations on the junctions:

Model of Resonant Tunneling with Environment
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After: Ingold & Nazarov review 1992, K. LeHur et al., C.-H. Chung et al., S. Florens et al.



'c ⌘ ('S + 'D)/2

' ⌘ 'S � 'D

Model of Tunneling Junctions

electron destroyed in dot

quasi-particle appears in metallic lead and  
charge on junction shifts by 1e

HT = VS

X

k

(c†kSe
�i'Sd+ h.c.) + VD

X

k

(c†kDe�i'Dd+ h.c.)

ei'Qe�i' = Q� e

ei'operator         increments charge on capacitor by 1: 

eip̂[remember action of         on position]

convenient to use sum and  
difference variables:

conjugate to total charge on dot

ei' moves charge around circuit
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Model of the Environment
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Quant.

Integrate out bath degrees of freedom to get correlation of phi:

Couple phase to bath of LC oscillators:

choose oscillators such that the  
impedance is ohmic (resistance R)

decay of quantum fluctuations of charge moving around the circuit 
are controlled by the resistance

R

[Devoret, LesHouches 95]



Bosonic Description of Electrons

in 1D, bosonize the fermionic leads   

cS,D(x) =

1p
2⇡a

FS,D exp[i�S,D(x)]

Leads: free fermions "
→	  chiral	  fermions	  →	  bosonize 

[Wait! why 1D??   a local quantum system couples to only 1 
continuous degree of freedom:

mathematically: can always tri-diagonalize H starting from given state]

XX XX XX
dot

�S(x) �D(x)and are standard chiral bosonic fields:

density fluctuations of the electrons in the leads
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Mapping to Luttinger Liquid

Emulate Luttinger liquid physics using E&M environment

Goal: combine these lead fields with the environmental phase

Combine so that fields in leads remain free; boundary op. changes:

gf ⌘ 1

1 + r
 1 with r ⌘ Re

RQ



Analysis of the Effective 1D Interacting Model 

To solve: draw on enormous literature on LL physics"
[resonant level: Kane&Fisher 92, Eggert&Affleck 92, Furusaki 98,  

Nazarov&Glazman 03, Komnik&Gogolin 03, Meden, et al. 05, Goldstein&Berkovits 10, ...]

 

side gate 

“healed chain” fixed point: 
competition between the two 
leads prevents the level from 
being absorbed into either one  

• integrate out all quadratic degrees of freedom"
• perform perturbative RG-- “Coulomb gas RG”"
• at strong-coupling fixed point, analyze likely dominant operators

resulting  
RG flow  
diagram"
(on resonance): G~1
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Operators Controlling the Flow

Most important effect on transmission:   
   2kF scattering (back scattering) from the barriers"
   in bosonized form, this corresponds to the operator

This operator is irrelevant-- controls flow into the QCP along symmetric line

If the coefficient of this leading operator is exactly 0  
      (ie. on-resonance and with symmetric barriers),"
      then the next-to-leading operator is"
      corresponds to 2kF scattering off the Friedel oscillation in the density

This operator is relevant-- causes flow to weak coupling
→ for low conductance, 

near unitary conductance, 

→ near unitary conductance, 
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Strong Coupling Critical State: Majorana Fermion

What is special about the model "
Hamiltonian at the critical point?

reorganize, drop inessential factors

If                 , only the combination             appears! VS = VD d+ d†

(current around the loop involves both  
destruction and creation of the dot electron)



Majorana Hamiltonian for the QCP
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, generating a density-density term

[as in Komnik & Gogolin PRL 03; like Emery & Kivelson for 2 channel Kondo]
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e�i�f (x=0)Second, refermionize for g=1/2 (ie. r=1): 

competition between leads is like competition between channels 
in 2CK-- leads to Majorana representation in same way
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Majorana Hamiltonian for the QCP

• one Majorana hybridizes with the leads"
• the other is uncoupled (when symmetric and on resonance)  
      [much as in describing the two-channel Kondo problem]

d† = a� ibWrite the state in the quantum dot as two Majorana’s:

an independent Majorana zero mode

g̃ / (1� r)
In experiment, r is not quite 1 :

interacting leads with [Wong & 
  Affleck]

If neglect contact interaction: Majorana resonant level  
      →	  non-interacting model, so dependence on T and V is quadratic 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Majorana Hamiltonian: Linear Conductance from Interactions

If neglect contact interaction: Majorana resonant level  
      →	  non-interacting model, so dependence on T and V is quadratic 

But in system studied, the interaction is large, ~EF  
Nevertheless, try perturbation theory:

physical current in transformed basis:
 f unaffected by interaction  

      →	  correction to G=1 comes from self-energy of b	  Majorana!

linear dependence on T or V is signature of Majorana fermion

If r not 1, ~near linear dependence...

→

→ by Fourier transform

[H. Zheng, S. Florens, HB, PRB 2014]
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G~1 : Unstable, Strong-Coupling Fixed Point

• unusual cusp in conductance!"
• power law approach to full transparency"
• V power and T power agree (quasi-linear)

[Henok Mebrahtu, et al., Nature Physics 2013]

non-quadratic dependence is signature of Majorana zero mode



"
Æ Resonant tunneling in a  

dissipative environment      
    • dissipation + symmetry of coupling → competition → QPT 

Æ 1. Experiment: Beautiful data accessing both  
                  strong- and weak- coupling fixed points "

Æ 2. Theory: mapping to interacting 1D model-- emulation of LL  
                    uncoupled Majorana state → ~linear dependence of 1-G 

Majorana Quantum Critical Behavior for  
Resonant Level + Dissipative Environment

CONCLUSIONS

D. Liu, H. Zheng, S. Florens, HUB 
H. Mebrahtu, I. Borzenets,Y. Bomze,  
      A. Smirnov, G. Finkelstein
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