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Multifractality

Logarithmically correlated random fields

Disorder-generated multifractals

Critical random matrix ensembles
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Multifractals

» d-dimensional lattice
» linear size L, lattice spacing a
» M = (L/a)? > 1 lattice sites with intensities h; > 0

hi ~ M

Multifractal Ansatz :
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Multifractality is characterized by :

» Power-law correlation of intensities

L Yq,s _ —Z2q,s
E{h9(r1)h*(r2)} o (a> (M) ;e |r-r < L
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» Spatial homogeneity

E {h(r) { th } (L)d(gqn

If
e intensities do not vary much over the scale a

E{h%(r1)h*(r2)} NE{hq+s(r1)} |ty — 12| ~a
e intensities are uncorrelated at scale L
E{rl(r1)h*(r2)} ~E{R(r1)} E{h°(r2)}  [r1—12|~L

then
Ya,s = d(Cg+s — 1), Zgs = A(Cgts — Cg — G+ 1)
= multifractal pattern characterized by (,



Large deviations

Saddle-point approximation for partition function :

Z_th / M pp(y) dy C(‘;/E())IMCQ M>1

with f'(y.) = —q and (g = f(y«) + qys«

(Recall multifractal Ansatz :
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Counting function

o0

) = ~ ey () f(z)
Nu( )—/z pu(y) dy ~ |f’(a;)|\/WM

Statistics of extreme values of h = M* <  Ny(z)~1



Log-correlated fields

Logarithm of the multifractal field :

V(r) =Inh(r) —E{lnh(r)}

With J
SRS =1
dsh |é_0 nh
one gets
_ 1" |I‘1 — I‘2|
E{V(r1)V(r2)} = —d{] IHT

(¢y : second derivative of ¢, taken at ¢ = 0).

i.e. multifractal pattern < log-correlated random field



Gaussian 1/f noises

o0
1 nt = _—int
V(t) = ; 7 [0 +Tpe”"™] £ € 0,2m)
Un, Uy, complex normal i.i.d. variables with mean zero and variance 1

Then

t1 —t
E{V(t1)V(t2)} = —2In |2 sin — 5 21t £t

Discrete version : M > 1, V, = V(t = 2M”k‘) random variables with
covariance matrix Ci,, = E{V;V,,} given by
(k—m)
M

.om
2sin

E{ViVu} = —2In

, Ckk:E{Vk2}>21nM

hi:eVi

Zg =" h and Na(x) = [° pr(y)dy can be obtained analytically



Moment distribution
Discrete periodic Gaussian 1/ f noise
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for Z, < M? and |g| < 1 [Fyodorov Bouchaud (2008)]
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= distribution of N/ (z) via ¢y

Power-law tail

P(z) ~ P

for the scaled variable z = Z,/Z,



Typical extreme value

Typical counting function N;(x) :

e]E{lan\/[(I)} N./\/‘t(x)

Scaled counting function n = Ny (z)/Ni(z) characterized by

4 4
’PT(n) =— e o2 n_(1+z%)7 0<zx <2
x
and 7@
M= 1
Ni(z) = , z)=1-—22/4
(@) zv/In M T'(1 —22/4) f@) /
Threshold for typical value N(z) ~ 1
3 Inln M
xm—2—§ i +O0(1/In M)



Average extreme value

Ny (x) = nNe(x) and E(n) =T(1 —2%/4)
= E{Nu(2)} =T(1 - 2®/4)Ni(z)

1
2—x

I (1—2%/4) ~4so

Threshold for average value E {Ny/(z)} ~ 1

1 Inln M
2 InM

Ty =

+0(1/In M)

Threshold for typical value Mi(z) ~ 1

3Inln M
2 InM

Tm =

+0(1/In M)



Disorder-generated multifractals
[Y) = Zf\il 1;|t) normalized vector :
hi = [il> ~ M™%, i=1,... M,

multifractal Ansatz pps(a) oc M@,
(pum (@) the density of exponents «;)

or

M
Zq:ZW)AQqO(M_Tqy 7g = Dq(q—1)
=1

Inverse participation ratios
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E{Z,} ~ M~ Z;yp =expE{InZ,} ~ M~

Scaling
M )
=S = [t
i=1



Singularity spectrum
f(a) I
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and scaled variable



Extreme value statistics
Distribution of the scaled variable z = Z,/ZP

P(z) ~ z 1%
= Power-law tail [Mirlin-Evers 2000]

Tail with wg — 1 for ¢ = ¢¢ = gmax

= Divergence of E(2) ~q—q. | — qc|™!
= Divergence of E(n) ~qa_ |a—a_|7!
1 M@ 1 M

Niw) = i M@ x =

Threshold for typical value MV;(ar) ~ 1

3 1 InlnM
Oy RO + =

2 f(a-) InM

Extreme value [tax|? = M ~%m




Random matrix ensembles with multifractal

eigenvalues
One-dimensional N-body models with Hamiltonian H(p,q)

» equations of motion are equivalent to
L=KL-LK
L, K pair of Lax matrices of size M x M

» explicit canonical transformation to action-angle variables

We choose L(p, q) as a random matrix with some measure
dL = P(p,q)dpdq

Canonical transformation
dL =P(A,¢)dAdeo

with A = (A1,..., Ay) eigenvalues of L.

Integration over ¢ yields P(A)



Ruijsenaars-Schneider model

2

2
Hamiltonian H(p,q) = Y, cos(p;) [T, (1 - “k])

sin?[-15—=
Lax matrix :

—1)+p;+

T gi—Gs 1 . —q.
Ly — H sin[% 2?_’ + 71']2 ellr(v ] S H Slnnggq— — 7]
e sin[25% ] sin[ 252 + T] o sin[ 25
For q;, = 2wk/M and 7 = wa/M,
eipj 1— eQTria

Lj, =

I 1= Gk

p; = independent random variables uniformly distributed in [0, 27]
[Phys. Rev. Lett. 103, 054103 (2009)]



Multifractality of eigenvectors

Eigenvectors of
elPj 1— eQma

M 1= ik it

Lj, =

a=0.1,0.3,0.5,0.7,0.9



Perturbation expansion for RS

Fractal dimensions are accessible via perturbation series

I _ ei<I>m 1— eQTria
mn M 1 — e2ni(m—n+a)/M
Perturbation series are possible around all integer points a = &,
a=kK-+e
i(M—1
Lyn = L) (1 + 7”()e> + L) 4+ 0(e?)
M
where
ng% = eiq)m(sn m+k
. —mi(m—n+r)/M
Lgrlz’)n = el‘l>m(1 - 6n m+n) .7Te
’ Msin(m(m —n+ k)/M)

(On, m+x = 1 when n = m + k mod M and 0 otherwise)



Fractal dimensions for RS

» Strong multifractality (almost localized) :
akl1, L%% diagonal
» Unperturbed eigenfunctions \11§0)(a) =ja
> Unperturbed eigenvalues Ao = e e
At first order in a
)
S AN D)
» Weak multifractality (almost extended) :
a =k + € and k # 0. The unperturbed matrix

LO), = 76,
is the shift matrix and its eigenfunctions are extended.

2
a—kK
quq—l—q(q—l)%, la — k| < 1

[Phys. Rev. Lett. 106, 044101 (2011)]



Correlations in the Ruijsenaars-Schneider model

Vi=In|¥;[* —E {In |¥;[*}

Weak multifractality limit a = k + € with Kk # 0
Expansion to order 2ine, k=1 :

n2e? z(2r —ax— M)) (x —2r)(M — x)
E {Vi(a)Viir(a)} = 4+
WeloVerr (@)} = 5 | L= Z v

(E = average over eigenvectors «, phases ® and position k)
For r =cM, M — oo, c fixed,

E {Vi,() Visr (@)} ~ —2¢21n % r< M

= hidden logarithmic structure of the RS model. Compare with

|r1 — rof

E{V(r1)V(r2)} = —d(]In 7

2
Here 7, = q — 1 — q(q — 1) “73 = 1{l = —2¢?
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Correlations in the Ruijsenaars-Schneider model
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Extreme values in RS

(=]




REM and SDM

M
hi=e/z(B),  Z2(B)=) N
=1

V; Gaussian random variables (V;) =0, (V;?) = 2In M
» Random Energy Model [Derrida 1981] : V; are i.i.d.

» Derrida-Spohn Model [Derrida-Spohn 1988] : V; = > #;,,,... along a
path, t;,,,... i.i.d Gaussian with variance % In2, M =2"

N

too to1 t1o t11
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REM and Spohn Derrida models

Typical singularity spectrum is the same for both :

fP) =1 - 4—;20 LB a)?, a1 B2 (1+5)
1+ i
E
| v\
0 1 3 1‘5 4
But

e REM: —Inh,, ~ (1= 8)*InM + 1 3Inln M
e DSM: —Inhy, ~ (1 - 8)?2InM + 28Inln M



Extreme value distribution in REM and Spohn
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Conclusions

Extreme values in multifractal patterns

> logarithm of a disorder-generated multifractal = log-correlated
random field

» relationship between logarithmically correlated random processes
and disorder-generated multifractals

» parallel between features of their extreme values

» Ruijsenaars-Schneider ensemble and models with (DSM) or
without (REM) logarithmic correlations
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