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Basic Question

Quantum Chaos Theory:

Standard semiclassical limit:
fixed N (number of particles), A.;r — 0

Non-standard: fixed h.;s, N — oo (Bosons)

But what if heff —0and N — c0?



Single-particle Quantum Chaos

Gutzwiller’s trace formula:
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A, stability factor,
S-(E) action of a periodic orbit ~

M Number of periodic orbits grows

exponentially with length

— No prediction on E,, from an individual ~
— All {~} together <— spectrum



Two-point correlation function
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T,,T., are periods of v,+', Ty =2mhp (Heisenberg time)

Spectral correlations S
Correlations between actions of periodic orbits



Semiclassical origins of universality

K(t)=c1m + et ...

Diagonal approximation v =+ —
Leading order: ¢; [M. Berry 1985]

Diagonal approximation Sieber—Richter pairs

Sieber-Richter pairs (Non-trivial correlations) —
Second order: ¢, [M. Sieber K. Richter 2001]

S. — S.. ~ h = Duration of encounter ~ 7z = X\ '|log h
Y Y < |

Ehrenfgst time



Full theory — all orders in 7

S. Muller, S. Heusler, P. Braun, F. Haake, A. Altland 2004

K(T)ﬁ%ﬁ{@} v

Periodic Orbits

Pairing is robust under perturbation
Other correlations are washed out!

Pairing mechanism —-
Universality of spectral correlations



Many-particle systems
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Chaos; Local, Homogeneous interactions
l.e, Invariance undern — n + 1

Many—particle Periodic Orbit Single—particle Periodic Orbi
d—-dimensions Nd-dimensions

Q: Is the single-particle theory of Quantum Chaos
applicable?

A: Depends how large N is



| Field Theory
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Caricature

Continu

1) PO -are 2D toric surfaces in d-dim space (Rather than

Ines in

1D |

) Encounters are “rings” (Rather than 1D stretches) of

“width” ~ )\_1| log heff|



Caricature: Semiclassical Field Theory

Single-particle structure diagrams:

Distinguished by order of encounters

Many-particle structure diagrams:

{

Distinguished by order and winding numbers w of
encounters!




Many-particle Quantum Chaos

A7 log heff| =: ng- Ehrenfest “number”

A Iogh <T,N

f/
((

A. It N <ng, T 2 ng = onlyw = (0,1) “single-particle”
encounters

Effectively single-particle Quantum Chaos

B. N,T 2 ng, — w = (0,0) encounters dominate!

C.N 2 ng, T <ng = onlyw=(1,0) encounters

B, C - Genuine many-particle Quantum Chaos!



Coupled-Cat Maps

inqm fffffff Givo @ =00 O U

1.4

S(qt7 CIt+1) = SO(qta CIt+1) + Sint(qt)s dq: = ((]1,15, da.t - -

N uncoupled cat maps, ¢+, pn: € |0, 1]:

N
SO — Z S(()n) (Qn,ta Qn,t—l—l) + V(Qn,t)
n=1

Interactions:

N
Sint — = Z (n,t41+(nmodN),t-

n=1

- QN,t)



Coupled-Cat Maps V' = 0

Ly = By Zymodl, Ly = (Ch,tapl,ta . QN,tapN,t)Ta

with 2N x 2N matrix B, given by:

(A B 0 ... 0 B\
B A B ... 0 0
O B A ... 0 O a 1 1
BN: . . i . ] ,A: ’B:_
: : : : : ab—1 b b
O 0 0O ... A B
\B 0 0 ... B A

Lyapunov exponents:

cosh A\, = (a + b)/2 — cos(2wk/N), k

1,...N

Full chaos: [Re)\;| > 0,i.e. [a+b| > 4



Particle-time Duality

Newtonian form:
A+ N = (a+b—4)q,s + V' (gns) mod 1
A?- discrete Laplacian: A% f, = foq1 — 2fa + fa-1

Particle-time duality:

If {¢,..:} solution then {q, ; = ¢} also solution! —-
N-part. PO I' of period 1" <= T-part. PO [ of period N

1) S(T') = S(IV)

2) [# of N-particle PO of period T'] = [# of T-particle PO of
period N] < |det(I — BL)| = |det(I — BY)]

Corollary: T? H 4 sin? (Wk—T) N2 H 4 sin? (WmN>



2D Symbolic Dynamics
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2D Symbolic Dynamics

Zt_|_1 + Mt — BNZt, Mt — (ml,ta R mN,t)Ta mn,t — (m%,u mg,t)

T
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1) Small alphabet (does not grow with V)

2) Uniqueness: Each PO I' is uniquely encoded by M-
I" can be easily restored from M

3) Locality: r x r square of symbols around (n, t) defines
position of the n’th particle at the time ¢ up to error ~ A™"



Partner Orbits

C
-

-l N

My is obtained by reshuffling M-

Note: One encounter is enough, even if time reversal
symmetry is broken




Example of Partner Orbits

T =50, N=70,a=3,b=2

C315D42045E8D314E360306B100311232002C6013B05B5056C00403035A06B33005C45
2316C3253B21C71B533005B2A52C32B3106B8B5240012033B053B503333BB23C6CB5B4
c60B03B6303323Cc5B313C1610B6C113B501A33B30503300855102B06B135C610403320
C322035E32C31B3133005B6A501053C50263B326C031030A31032006C53E50250053B8
3B1300353B30026C6E3502B3150A6C8E6030343B233326C31021C50B51B5133B3A30A3
3014E53B130305B61013302054Cc51015B04C 6C
32A15B7C22A5010025B33A330320505302B0
3B3515B50330035E36D4B04B7B41B3B35C85
B31601C60136C04581000015023220207D60
C6C6F620501150315A30550B16E4B26CB36C4
C6D45115B5A53203052A3400115026B55CB5
06C630512301B8A350C0530253C60C33E35A06
0B530C1330522B5C36A1321B3C332B5511330C6
023335C043B05A16BB9BB4B2C8B130B6B061B2
C601B7A6030203B32AB804005B06B22B23022
0332A3030133303B1221C326B2A05320B314

3B3A3033
33A04303230433Cc50101221311106205E6104B
416C3031103B46C720052025F622B05B0410C5
B3B6B13C505A33A3C8A1101B85B3003122C5001
A506A6B6B3030421A35B6303403034B0301326
03310B31C323B303B5016D332002C50000133B13
54B5025C011123016B25B071136B360300235C53
1233B1C830205A30A242A6C5C325E61A341B2B3
B8D51B335E06B3321C51B35B2306C12153B332304
1106B1233A314C31353B25B6B032C30505C323

21B35C6BB6B5C031B53033C6C313061C5C7013303B052B303255F530200520013B6A03
C8A110405004250B8105E623C3C60130050A206B4501126C60B104E5330313203D6011
5B8C30301520110A6E6E530C53C30C53BB60C5B5E3225F6A305D5301114E9C306C6A20
3233B6BA5E9C0522121211624B3132B30062C7C3533C701B13103053200535A232125C
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Distances between paired points

dpt = \/(Qn,t — Qv )? + (Pnt — Py )?,

Lardgest distances ~ 2 - 107° are between points in
encounters



Action differences

T ] R A ] il F (Do (1)) Tt Pt ()
- . L L2
B o] | e -
ﬁ‘ : aC 2 B L A @@ @)
a) - b) 7777777777777777777777777777 C) v

S(T) = Y ASl,+ > ASk,

(n,t) E@C” (n,t)eoC |

ASy, a € {|, L} - symplectic area of the region formed by
the pOIHtS (QN,t<k)7pn,t(k))! (Qn,t(k)vpn,t(k))’ k= 17 2

S(I') — S(I") independent of OC choice as long as it is
inside of the encounter



Quantisation

Hannay, Berry (1980); Keating (1991)
Uy is LY x LN unitary matrix, L = h_;,

Translational symmetries: — N subspectra
approximately of the same size = LY /N. Almost all are
paired i.e., mostly doubly degenerate levels

Gutzwiller trace formula
Rivas, Saraceno, A. de Almeida (2000)

Tr (Uy)" = ’det(sz\} — 1)’_% Z exp(—i2mw LST).

I'ePO

All entries are symmetric under exchange N < T



Quantum Duality

Particle-time duality (Quantum):

Tr (Uy)" = Tr (U)

Tr (Uy)"

2LN

For shorttimes 7' < np = A"tlogL, N ~ L'
Regime dual to universal:

1 2
Form Factor: Ky (T') = < >
Kn(T)=L""NKg(TN/L")
In particular for very shorttimes L' /T < N, Kz~ 1

Kn(T)~ L7 )LY

Short time exponential growth instead of linear TN /LY



Many-particle Semiclassics

( = ) KN(T) = Kaiag(N, T) + Kot (N, T).

NT
Diagonail: Kaiag(N,T) =2/0
Off-diagonal:
Sp—5S
x{ } Kot =3 e o
All possible structures X I FEX

For a given encounter type w:

. > NT\*
Ko (N, T) = ol (de>
k=1

The scale L% is defined by length of encounter:
d(o,1) = N, d(1,0) =1, d(0,0) — NE
For non-interacting particles d = 1.




Summary 1

Terra incognita:

Many—particle
Quantum Chaos

No partners Dual regime m
N

Ne >

Duality:

Single—particle
Quantum Chao

KK(N,T) = K(T, N)

Challenge: Contributions from new partners. Applications
beyond spectral correlations. Extension to:

[1 Hamiltonian flows (continues 1)
[1 Quantum Field Theory (continues 7', N)



Summary 2

“Sadly, searching for periodic orbits
will never become as popular as a
week on Cote d’Azur, or publishing
yet another log-log plot in Phys.
Rev. Letters.”

— P Cvitanovié, et al., Chaos:
Classical and Quantum

Preprint: arXiv:1503.02676
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