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1. Tunneling splitting in 1-dimensional integrable systems

2. Tunneling splitting in non-integrable systems

3. Characterization of tunneling splitting in nearly integrable systems

4. Conclusion

Outline

Aim 

The aim of this talk is to propose a new analysis to characterize tunneling splitting 

in non-integrable systems. This is achieved by decomposition of the eigenfunction 

into a good integrable bases.



1. Tunneling splitting in 1-dimensional integrable systems
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1. Tunneling splitting in 1-dimensional integrable systems

Tunneling in energy domain

tunneling splitting
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Tunneling in energy domain

Symmetrized Standard map
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2. Tunneling splitting in non-integrable systems

inside of chaotic sea

outside of chaotic sea
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3. Characterization of tunneling splitting 

      in nearly integrable systems
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R. Scharf, J. Phys. A 21 (1988) 2007



9

�q|�n� =
�

�

Con(M)
n,� (q) Con(M)

n,� (q) � �q|J (M)
� ��J (M)

� |�n�
Contribution spectrum

|�q|J (M)
0 �|2q=0

|�q|�+
0 �|2q=0

Contribution mode decomposition

3. Characterization of tunneling splitting 

      in nearly integrable systems

max(Con(M)
n,� (q))

Maxmal mode of contribution spectrum
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      in nearly integrable systems
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We have explored the origin of the staircase structure in the splitting curve.

The maximal mode of the contribution spectrum has the capability of 
reproducing the exact amplitude.
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The maximal mode analysis tells us that the staircase structure consists of 
the two regions:

Conclusion

・Coupling with outside of separatrix → plateau (slowly decaying)


・Coupling with inside of separatrix → steeply decaying

The successive switching of the position of the maximal mode generates

the staircase structure.

A. Shudo, Y. Hanada, T. Okushima, K.S. Ikeda, Europhys. Lett. 108 (2014) 50004 
Y. Hanada, A. Shudo, K.S. Ikeda, submitted to PRE (arXiv:1503.00696)
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Contribution spectrum 
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action representation of |Ψn〉 
(projection onto |Jl(M)〉 )
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outside of Sep.
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keep almost constant values



22

0 10 20 30 40 50 60 70 80 90
−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(a)

|⟨q|Ψ(M)
0 ⟩|2q=0

|⟨q|J (M)
0 ⟩|2q=0

|∆E0|

0 10 20 30 40 50 60 70 80 90

1/h

−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(b)

|⟨q|Ψo(M)
0 ⟩|2q=0

|⟨q|Jo(M)
0 ⟩|2q=0

|∆Eo
0 |

1/h

0 10 20 30 40 50 60 70 80 90
−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(a)

|⟨q|Ψ(M)
0 ⟩|2q=0

|⟨q|J (M)
0 ⟩|2q=0

|∆E0|

0 10 20 30 40 50 60 70 80 90

1/h

−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(b)

|⟨q|Ψo(M)
0 ⟩|2q=0

|⟨q|Jo(M)
0 ⟩|2q=0

|∆Eo
0 |

(b)

Esad

Esad

(b)

(a)Contribution spectrum 
action representation of |Ψn〉 
(projection onto |Jl(M)〉 )

Amplitude of |Jl(M)〉 at q = 0

Con(M)
n,� (q) � �q|J (M)

� ��J (M)
� |�n�

const. (plateau)

const.

move to inside

Supplemental Slide2:

 Origin of the staircase-structure in the splitting curve



23

0 10 20 30 40 50 60 70 80 90
−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(a)

|⟨q|Ψ(M)
0 ⟩|2q=0

|⟨q|J (M)
0 ⟩|2q=0

|∆E0|

0 10 20 30 40 50 60 70 80 90

1/h

−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(b)

|⟨q|Ψo(M)
0 ⟩|2q=0

|⟨q|Jo(M)
0 ⟩|2q=0

|∆Eo
0 |

1/h

0 10 20 30 40 50 60 70 80 90
−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(a)

|⟨q|Ψ(M)
0 ⟩|2q=0

|⟨q|J (M)
0 ⟩|2q=0

|∆E0|

0 10 20 30 40 50 60 70 80 90

1/h

−25

−20

−15

−10

−5

0

m
ax

(|C
on

(M
)

ℓ
|2 )

(lo
g 1

0)

(b)

|⟨q|Ψo(M)
0 ⟩|2q=0

|⟨q|Jo(M)
0 ⟩|2q=0

|∆Eo
0 |

(b)

Esad

(c)

(c)

Contribution spectrum 
action representation of |Ψn〉 
(projection onto |Jl(M)〉 )

Amplitude of |Jl(M)〉 at q = 0

Con(M)
n,� (q) � �q|J (M)

� ��J (M)
� |�n�

Supplemental Slide2:

 Origin of the staircase-structure in the splitting curve

move to inside

move to inside



24



25

Husimi-rep.

Husimi-rep.

�q|�n� =
�

�

Con(M)
n,� (q)

Con(M)
n,� (q) � �q|J (M)

� ��J (M)
� |�n�

maxmal mode

Contribution mode decomposition

(1)

(2)

(1)

(2)

3. Characterization of tunneling splitting 

      in nearly integrable systems

q

q

|�q
|�

n
�|2

|�q
|�

n
�|2

〈q|ψn〉 
〈q|Jn

(M)〉

〈q|ψn〉 
〈q|Jn

(M)〉


