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Introduction

Dynamical tunneling
- No semiclassical formula in the energy domain for mixed systems

(cf. hyperbolic : Gutzwiller, completely integrable : Berry-Tabor)

- Time domain approach based on Van-Vleck Gutzwiller

Time domain semiclassical analysis based on Van-Vleck Gutzwiller
- How does complex dynamics connect dynamically disjoined real regions ?

(See recent advances in theory of complex dynamical systems by Bedford and Smillie)

Here, not long-time, but just a single step semiclassical analysis
- Dynamical tunneling is dynamical tunneling?

beyond leading-order
saddle point approximation

exact

semiclassical
(edge contribution)

Dynamical tunneling

- Energy domain approach based on trance formula
No semiclassical formula for mixed systems

(cf. hyperbolic : Gutzwiller, completely integrable : Berry-Tabor)

- Time domain approach based on Van-Vleck Gutzwiller
works well within the leading order semiclassical approximation

(cf. recent advances in theory of complex dynamical systems by Bedford and Smillie)
but depends on initial and final states, or representations

- Here, not long-time, but just a single step semiclassical analysis
as close as possible to the energy domain by adjusting initial and final states

Dynamical tunneling is dynamical tunneling?

Time domain semiclassical analysis based on Van-Vleck Gutzwiller
How does complex dynamics connect dynamically disjoined real regions ?

(See recent advances in theory of complex dynamical systems by Bedford and Smillie)

Here, not long-time, but just a single step semiclassical analysis
- Dynamical tunneling is dynamical tunneling?

beyond leading-order
saddle point approximation

exact

semiclassical
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A′ A

A = { (q, p) ∈ C2 | p = pa ∈ R }
A′ = { (q, p) ∈ C2 | p = pb ∈ R }

L(A⋂
R2)

⋂
(A′⋂R2) = ∅ if (A′⋂R2) is

outside the classically allowed region.

L(A)
⋂A′ ! ∅ for anyA andA′.

L(A) (complexified) A′ (complexified)

A = { (q, p) ∈ C2 | I(q, p) = Ia ∈ R }
A′ = { (q, p) ∈ C2 | I(q, p) = Ib ∈ R }

L(A)
⋂A′ = ∅ for anyA andA′.

β = 0.1 β = 2 β = ∞

L(A) (complexified) A′ (complexified)

L(A⋂
R2)A′ (complexified)

log |〈p′| Û |p〉|2
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〈p′| Û | p〉 =
∫ ∞

−∞
dq exp

[
− i
!

{
F(q; p′, p)

}]

where

F(q; p′, p) := T(p) + V(q) + q(p′ − p)

Saddle point condition

∂F(q; p′, p)

∂q
= 0

(Schematic)
classically forbidden classically allowed

real solution complex solution
q0 q1 q p′ q′ Re q Im q

Quantum:
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〈p′| Û | p〉 =
∫ ∞

−∞
dq exp

[
− i
!

{
F(q; p′, p)

}]

where
F(q; p′, p) := T(p) + V(q) + q(p′ − p)

Saddle point condition
∂F(q; p′, p)

∂q
= 0

Manifold around the turning point

(Schematic)
classically forbidden classically allowed

real solution complex solution

turning
point

q0 q1 q p p′ q′ Re q Im q

Im q p′
Integrals with coalescing saddles

Locally, the behavior around the turning point is described by

ΨK
(
p
)
=

∫ ∞

−∞
exp
(
iΦK
(
t; p
))

dt, where ΦK
(
t; p
)
= tK+2 +

K∑

m=1

xmtm

with K = 1, that is the Airy function.

x = (x1, 0, · · · , 0)

Completely integrable model

Quantum:
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|p〉

A
′
A

A
=
{(

q,
p)
∈
C

2
|p
=

p a
∈
R
}

A
′
=
{(

q,
p)
∈
C

2
|p
=

p b
∈
R
}

L(
A
⋂
R

2 )⋂
(A
′⋂
R

2 )
=
∅i

f(
A
′⋂
R

2 )i
s

ou
ts

id
e

th
e

cl
as

si
ca

ll
y

al
lo

w
ed

re
gi

on
.

L(
A

)(
co

m
pl

ex
ifi

ed
)
A
′ (

co
m

pl
ex

ifi
ed

)

L(
A

)(
co

m
pl

ex
ifi

ed
)
A
′ (

co
m

pl
ex

ifi
ed

)

L(
A
⋂
R

2 )A
′ (

co
m

pl
ex

ifi
ed

)

lo
g
|〈p
′ |Û
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〈p′| Û | p〉 = 〈p′| e− i
!V(q̂)e−

i
!T(p̂) | p〉

=

∫ ∞

−∞
dq exp

[
− i
!

{
F(q; p′, p)

}]

where

F(q; p′, p) := T(p) + V(q) + q(p′ − p)

(Schematic)
classically forbidden classically allowed
q0 q1

Quantum:
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|I〉
|2

Completely integrable model

Quantum:
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Classical dynamics in mixed phase space

Aarea-preserving map
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)
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p − V′(q)

q + p′

)

Forbidden process in classical dynamics

Aa ∩ F−n(Bb) = ∅ for ∀n, ifAa,Bb(∈ R) are dynamically separated.

Quantum map

K(a, b) = 〈b|Ûn|a〉 =
∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
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Û = e−
i
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i
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∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Quantum map
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∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Tunneling process in quantum dynamics

K(a, b) ! 0 even ifAa,Bb(∈ R) are dynamically separated.
q p

Classical dynamics in mixed phase space

Aarea-preserving map

F :
(

p′
q′

)
=

(
p − V′(q)

q + p′

)

Forbidden process in classical dynamics

Aa ∩ F−n(Bb) = ∅ for ∀n, ifAa,Bb(∈ R) are dynamically separated.

Quantum map

K(a, b) = 〈b|Ûn|a〉 =
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q p

tunneling real

I log |〈I′| Û |I〉|2
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∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Quantum map
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q p

tunneling real

I log |〈I′| Û |I〉|2
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With the increase of β, the initial manifold A, an invariant curve for
the completely integrable map, approaches an invariant curve for the
current map F.
As β increases, invariant curves obtained by integrable approximation
well approximate KAM curves on R2.

Turning points on R2 or close to R2 become dense, which makes the
leading semiclassical approximation invalid.

As β increases, invariant curves obtained by integrable approximation
extended to complex plane pass across the discontinuous line.

N =
⋃

I

{
Natural boundary associated with action I

}

Turning points induced by foldings at the discontinuous line become
dense, which makes the leading semiclassical approximation invalid.

Turning points associated with discontinuity

Complexfied invariant curve
for the integrable map

discontinuous line

Action representation

1-step time evolution: 〈I′|Û|I(M)〉where Û = e−
i
!T(p)e−

i
!V(q)

1-step time evolution: 〈I′|U|I〉 where U = e−
i
!T(p)e−

i
!V(q)

Here |I〉 denotes the eigenfunction of the integrable map L:

Û0| In〉 = e−
i
!En | In〉 where Û0 = e−

i
!ωpe−

i
!K sin q

Eigenfunctions of the integrable map

Û| In〉 = e− i
!En | In〉 where Û = e− i

!ωpe− i
! sin q

Eigenfunctions of the integrable Hamiltonian Ĥ(M)
eff (q̂, p̂):

Ĥ(M)
eff | I(M)〉 = E(M)

eff | I(M)〉

Here |I〉 denotes the eigenfunction of the integrable map L:

U0| I〉 = e−
i
!E| I〉 where U0 = e−

i
!ωpe−

i
!K sin q
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Action representation

1-step time evolution: 〈I′|Û|I(M)〉where Û = e−
i
!T(p)e−

i
!V(q)

1-step time evolution: 〈I|U|I0〉where U = e−
i
!T(p)e−

i
!V(q)

Here |I〉 denotes the eigenfunction of the integrable map L:

Û0| In〉 = e−
i
!En | In〉 where Û0 = e−

i
!ωpe−

i
!K sin q

Eigenfunctions of the integrable map

Û| In〉 = e− i
!En | In〉 where Û = e− i

!ωpe− i
! sin q

Eigenfunctions of the integrable Hamiltonian Ĥ(M)
eff (q̂, p̂):

Ĥ(M)
eff | I(M)〉 = E(M)

eff | I(M)〉

Here |I〉 denotes the eigenfunction of the integrable map L:

U0| I〉 = e−
i
!E| I〉 where U0 = e−
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!ωpe−
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!K sin q
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Anomalous tail in the action representation

1-step time evolution of the real manifold I

I : An invariant curve of the continuous Hamiltonian (τ → 0)
SM(I) : 1-step time evolution of I

As β increases, the initial manifold I comes closer to a KAM curve of the map
with discontinuity.

As M increases, the initial manifold I comes closer to an invariant curve for
the continuous Hamiltonian (τ → 0).

As β increases, the initial manifold I comes closer to a KAM curve of the map
with discontinuity in the vicinity of the real plane, but is largely deformed
in a deeply complex region.

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I
Re q Im q

M = 2 M = 4 M = 6
I : An invariant curve of the continuous Hamiltonian (τ→ 0)

SM(I) : 1-step time evolution of I
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!ωpe− i
! sin q
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Semiclassical analysis for discontinuous limit (β = ∞)

Semiclassical analysis for large but finite β
First perform the integration with an edge p = d,

〈I′| e− i
!T1(p) |I〉 &

∫ ∞

−∞
dq
∫ ∞

−∞
dq′ exp

[ i
!

F(q, q′)
](

G(q, q′, 0) − G(q, q′, g)
)

where

F(q, q′) = d(q′ − q) − S(I′, q′) + S(I, q)

G(q, q′,ω) =
!

i(q′ − q − ω)

Next perform the saddle point evaluation for integrals over q and q′

& (2π!)
∣∣∣∣∣∣
∂2F(q0, q′0)

∂q2

∂2F(q0, q′0)

∂q′2

∣∣∣∣∣∣

−1/2

exp
[ i
!

F(q0, q′0)
](

G(q0, q′0, 0) − G(q0, q′0, g)
)

Semiclassical analysis for discontinuous limit (β = ∞)

Semiclassical analysis for large but finite β
First perform the integration with an edge p = d,

〈I′| e− i
!T1(p) |I〉 &

∫ ∞

−∞
dq
∫ ∞

−∞
dq′ exp

[ i
!

F(q, q′)
](

G(q, q′, 0) − G(q, q′, g)
)

where

F(q, q′) = d(q′ − q) − S(I′, q′) + S(I, q)

G(q, q′,ω) =
!

i(q′ − q − ω)

Next perform the saddle point evaluation for integrals over q and q′

& (2π!)
∣∣∣∣∣∣
∂2F(q0, q′0)

∂q2

∂2F(q0, q′0)

∂q′2

∣∣∣∣∣∣

−1/2

exp
[ i
!

F(q0, q′0)
](

G(q0, q′0, 0) − G(q0, q′0, g)
)

1-step propagator in the action representation

〈I′| Û |I〉 =
∫ ∞

−∞
dq
∫ ∞

−∞
dq′
∫ ∞

−∞
dp exp

[
− i
!

{
F(q′, p, q; I, I′)

}]

where

F(q′, p, q; I, I′) := S(I′, q′) − S(I, q) − p(q′ − q) + T(p) + V(q)

for the present map

T(p) =
[s
2

(p − d)2 + ω(p − d)
]
θβ(p − d)

V(q) = K cos(2πq)

S(I, q) = Iq + K sin q

This

Since T(p) has a discontinuity at p = d,
∫

dq′
∫

dp
∫

dq =
∫

dq′
{∫ d

−∞
dp +

∫ +∞

d
dp
} ∫

dq

Saddle point condition:

∂F
∂q′
= 0,

∂F
∂p
= 0,
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∂q
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Saddle point condition leads
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1-step propagator in the action representation

〈I′| Û |I〉 =
∫ ∞

−∞
dq
∫ ∞

−∞
dq′
∫ ∞

−∞
dp exp

[
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{
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}]

where

F(q′, p, q; I, I′) := S(I′, q′) − S(I, q) − p(q′ − q) + T(p) + V(q)

for the present map

T(p) =
[s
2

(p − d)2 + ω(p − d)
]
θβ(p − d)

V(q) = K cos(2πq)

S(I, q) = Iq + K sin q

This

Since T(p) has a discontinuity at p = d,
∫

dq′
∫

dp
∫

dq =
∫
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{∫ d

−∞
dp +

∫ +∞

d
dp
} ∫

dq

Saddle point condition:
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Saddle point condition leads
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1-step propagator in the action representation

〈I′| Û |I〉 =
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dq
∫ ∞
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dq′
∫ ∞
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dp exp

[
− i
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{
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}]

where

F(q′, p, q; I, I′) := S(I′, q′) − S(I, q) − p(q′ − q) + T(p) + V(q)

for the present map

T(p) =
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2

(p − d)2 + ω(p − d)
]
θβ(p − d)

V(q) = K cos(2πq)

S(I, q) = Iq + K sin q

Since T(p) has a discontinuity at p = d,
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Edge contribution + Saddle point contribution
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Semiclassical analysis for discontinuous limit (β = ∞)

Semiclassical analysis for large but finite β
First perform the integration with an edge p = d,

〈I′| e− i
!T1(p) |I〉 &

∫ ∞

−∞
dq
∫ ∞

−∞
dq′ exp

[ i
!

F(q, q′)
](

G(q, q′, 0) − G(q, q′, g)
)

where

F(q, q′) = d(q′ − q) − S(I′, q′) + S(I, q)

G(q, q′,ω) =
!

i(q′ − q − ω)

Next perform the saddle point evaluation for integrals over q and q′

& (2π!)
∣∣∣∣∣∣
∂2F(q0, q′0)

∂q2

∂2F(q0, q′0)

∂q′2

∣∣∣∣∣∣

−1/2

exp
[ i
!

F(q0, q′0)
](

G(q0, q′0, 0) − G(q0, q′0, g)
)

Semiclassical analysis for discontinuous limit (β = ∞)

Semiclassical analysis for large but finite β
First perform the integration with an edge p = d,

〈I′| e− i
!T1(p) |I〉 &

∫ ∞

−∞
dq
∫ ∞

−∞
dq′ exp

[ i
!

F(q, q′)
](

G(q, q′, 0) − G(q, q′, g)
)

where

F(q, q′) = d(q′ − q) − S(I′, q′) + S(I, q)

G(q, q′,ω) =
!

i(q′ − q − ω)

Next perform the saddle point evaluation for integrals over q and q′

& (2π!)
∣∣∣∣∣∣
∂2F(q0, q′0)

∂q2

∂2F(q0, q′0)

∂q′2

∣∣∣∣∣∣

−1/2

exp
[ i
!

F(q0, q′0)
](

G(q0, q′0, 0) − G(q0, q′0, g)
)

1-step propagator in the action representation

〈I′| Û |I〉 =
∫ ∞

−∞
dq
∫ ∞

−∞
dq′
∫ ∞

−∞
dp exp

[
− i
!

{
F(q′, p, q; I, I′)

}]

where

F(q′, p, q; I, I′) := S(I′, q′) − S(I, q) − p(q′ − q) + T(p) + V(q)

for the present map

T(p) =
[s
2

(p − d)2 + ω(p − d)
]
θβ(p − d)

V(q) = K cos(2πq)

S(I, q) = Iq + K sin q

This

Since T(p) has a discontinuity at p = d,
∫

dq′
∫

dp
∫

dq =
∫

dq′
{∫ d

−∞
dp +

∫ +∞

d
dp
} ∫

dq

Saddle point condition:

∂F
∂q′
= 0,

∂F
∂p
= 0,

∂F
∂q
= 0

Saddle point condition leads
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1-step propagator in the action representation

〈I′| Û |I〉 =
∫ ∞
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dq
∫ ∞

−∞
dq′
∫ ∞

−∞
dp exp

[
− i
!

{
F(q′, p, q; I, I′)

}]

where

F(q′, p, q; I, I′) := S(I′, q′) − S(I, q) − p(q′ − q) + T(p) + V(q)

for the present map

T(p) =
[s
2

(p − d)2 + ω(p − d)
]
θβ(p − d)

V(q) = K cos(2πq)

S(I, q) = Iq + K sin q

This

Since T(p) has a discontinuity at p = d,
∫

dq′
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dp
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−∞
dp +

∫ +∞

d
dp
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dq

Saddle point condition:
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= 0,
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Saddle point condition leads
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Semiclassical analysis for discontinuous limit (β = ∞)

Semiclassical analysis for large but finite β
First perform the integration with an edge p = d,

〈I′| e− i
!T1(p) |I〉 &

∫ ∞

−∞
dq
∫ ∞

−∞
dq′ exp

[ i
!

F(q, q′)
](

G(q, q′, 0) − G(q, q′, g)
)

where

F(q, q′) = d(q′ − q) − S(I′, q′) + S(I, q)

G(q, q′,ω) =
!

i(q′ − q − ω)

Next perform the saddle point evaluation for integrals over q and q′

& (2π!)
∣∣∣∣∣∣
∂2F(q0, q′0)

∂q2

∂2F(q0, q′0)

∂q′2

∣∣∣∣∣∣

−1/2

exp
[ i
!

F(q0, q′0)
](

G(q0, q′0, 0) − G(q0, q′0, g)
)

Semiclassical analysis for discontinuous limit (β = ∞)

Semiclassical analysis for large but finite β
First perform the integration with an edge p = d,

〈I′| e− i
!T1(p) |I〉 &

∫ ∞

−∞
dq
∫ ∞

−∞
dq′ exp

[ i
!

F(q, q′)
](

G(q, q′, 0) − G(q, q′, g)
)

where

F(q, q′) = d(q′ − q) − S(I′, q′) + S(I, q)

G(q, q′,ω) =
!

i(q′ − q − ω)

Next perform the saddle point evaluation for integrals over q and q′

& (2π!)
∣∣∣∣∣∣
∂2F(q0, q′0)

∂q2

∂2F(q0, q′0)

∂q′2

∣∣∣∣∣∣

−1/2

exp
[ i
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](
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)

A set of saddle points

The saddle point condition leads
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q p
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collaboration with Y Hanada and K S Ikeda

completely integrable model



Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Around the turning point on the real manifold

Two types of turning points

1. Turning points on the real manifold
locally highly degenerated, reflecting tangency
between I and S1(I)

2. Turning points in the complex plane
increase as β gets large, reflecting the increase
of singularities, and possibly the existence of
natural boundaries

Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Around the turning point on the real manifold

Two types of turning points

1. Turning points on the real manifold
locally highly degenerated, reflecting tangency
between I and S1(I)

2. Turning points in the complex plane
increase as β gets large, reflecting the increase
of singularities, and possibly the existence of
natural boundaries

1-
st

ep
ti

m
e

ev
ol

ut
io

n
of

th
e

re
al

m
an

if
ol

d
I

I
:A

n
in

va
ri

an
tc

ur
ve

of
th

e
in

te
gr

ab
le

m
ap

S 1
(I

):
1-

st
ep

ti
m

e
ev

ol
ut

io
n

of
I

A
s
β

in
cr

ea
se

s,
th

e
in

it
ia

lm
an

if
ol

d
I

in
th

e
m

ap
co

m
es

cl
os

er
to

a
K

A
M

cu
rv

e
w

it
h

di
sc

on
ti

nu
it

y.

I
:A

n
in

va
ri

an
tc

ur
ve

of
th

e
in

te
gr

ab
le

m
ap

S 1
(I

):
1-

st
ep

tim
e

ev
ol

ut
io

n
of

I
R

e
q

Im
q

1-step time evolution of the real manifold I

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I

As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity.

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I
Re q Im q

A set of saddle points

The saddle point condition leads



I

q


 !−→




q

p


 !−→




p

I′




As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity in the complex plane as well. .

T1 T2

A set of saddle points

The saddle point condition leads



I

q


 !−→




q

p


 !−→




p

I′




As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity in the complex plane as well. .

T1 T2

Eigenfunctions of the integrable Hamiltonian Ĥ(M)
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eff

(q̂, p̂):
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〉 should not
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With increase in β, the initial manifold I comes closer to KAM curves, and moves
very slightly within a single step.
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Diffraction integrals with coalescing saddles
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The saddle point condition leads
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As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity in the complex plane as well. .
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Around the turning point on the real manifold

Two types of turning points

1. Turning points on the real manifold
locally highly degenerated, reflecting tangency
between I and S1(I)

2. Turning points in the complex plane
increase as β gets large, reflecting the increase
of singularities, and possibly the existence of
natural boundaries
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Foldings in the complex plane

Around a turning point on the real plane
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Integrals with coalescing saddles
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−∞
exp(iΦK(t; x)) dt, where ΦK(t; x) = tK+2 +

K∑
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I S1(I)



Model 3

F3 :
(

p′
q′

)
=

(
p − V′(q)
q + T′(p)

)

where

T(p) = ω(p − d) +
[s
2

(p − d)2 + g(p − d)
]
θβ(p − d)

V(q) =
k

4π2
cos(2πq)

and θβ(p) ≡ 1
2

[
tanh(βp) + 1

]

p T′(p) β = ∞

β = ∞, s = 0

β = ∞, s = 1 +
√

3/10

g = 0.0
g = 0.1
g = 0.2
g = 0.5

n = 0 n = 1 n = 2 n = 3

β = 3

β = 40

β = 1
β = 5
β = 9
β = 17
β = 41

I = mh log |〈ψm|U|ψ0〉|2

0 − 10 − 20 − 30 − 40

−0.6 − 0.4 − 0.2 0 0.2 0.4 0.4 0.6 0.8 1

β = 1 β = 50

-35

-30

-25

-20

-15

-10

-5

 0

-0.2  0  0.2  0.4  0.6  0.8
-35

-30

-25

-20

-15

-10

-5

 0

-0.2  0  0.2  0.4  0.6  0.8

Model 3

F3 :
(

p′
q′

)
=

(
p − V′(q)
q + T′(p)

)

where

T(p) = ω(p − d) +
[s
2

(p − d)2 + g(p − d)
]
θβ(p − d)

V(q) =
k

4π2
cos(2πq)

and θβ(p) ≡ 1
2

[
tanh(βp) + 1

]

p T′(p) β = ∞

β = ∞, s = 0

β = ∞, s = 1 +
√

3/10

g = 0.0
g = 0.1
g = 0.2
g = 0.5

n = 0 n = 1 n = 2 n = 3

β = 3

β = 40

β = 1
β = 5
β = 9
β = 17
β = 41

I = mh log |〈ψm|U|ψ0〉|2

0 − 10 − 20 − 30 − 40

−0.6 − 0.4 − 0.2 0 0.2 0.4 0.4 0.6 0.8 1

β = 1 β = 50

With the increase of β, the initial manifold A, an invariant curve for
the completely integrable map, approaches an invariant curve for the
current map F.
As β increases, invariant curves obtained by integrable approximation
well approximate KAM curves on R2.

Turning points on R2 or close to R2 become dense, which makes the
leading semiclassical approximation invalid.

As β increases, invariant curves obtained by integrable approximation
extended to complex plane pass across the discontinuous line.

N =
⋃

I

{
Natural boundary associated with action I

}

Turning points induced by foldings at the discontinuous line become
dense, which makes the leading semiclassical approximation invalid.

Turning points associated with discontinuity

Complexfied invariant curve
for the integrable map
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Action representation

1-step time evolution: 〈I′|Û|I(M)〉where Û = e−
i
!T(p)e−

i
!V(q)

1-step time evolution: 〈I|U|I0〉where U = e−
i
!T(p)e−

i
!V(q)

Here |I〉 denotes the eigenfunction of the integrable map L:

Û0| In〉 = e−
i
!En | In〉 where Û0 = e−

i
!ωpe−

i
!K sin q

Eigenfunctions of the integrable map

Û| In〉 = e− i
!En | In〉 where Û = e− i

!ωpe− i
! sin q

Eigenfunctions of the integrable Hamiltonian Ĥ(M)
eff (q̂, p̂):

Ĥ(M)
eff | I(M)〉 = E(M)

eff | I(M)〉

Here |I〉 denotes the eigenfunction of the integrable map L:

U0| I〉 = e−
i
!E| I〉 where U0 = e−
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Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane
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1-step time evolution of the real manifold I
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S1(I) : 1-step time evolution of I

As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity.
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A set of saddle points

The saddle point condition leads



I

q


 !−→




q
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p
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As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity in the complex plane as well. .
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As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity in the complex plane as well. .

T1 T2

Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Around the turning point on the real manifold

Range beyond the semiclassical approximation

Two types of turning points

1. Turning points on the real manifold
locally highly degenerated, reflecting tangency
between I and S1(I)

2. Turning points in the complex plane
increase as β gets large, reflecting the increase
of singularities, and possibly the existence of
natural boundaries



2nd order symplectic map

S2 = Vτ/2 ◦ Tτ ◦ Vτ/2

where

Tτ :
(

p′
q′

)
#→
(

p
q + τT′(p)

)

Vτ :
(

p′
q′

)
#→
(

p − τV′(q)
q

)

Quantum unitary operator

Û = exp
[
− i
!
τ

V(q̂)

2

]
exp
[
− i
!
τT(p̂)

]
exp
[
− i
!
τ

V(q̂)

2

]

Integrable approximation of Û

Û(M) := exp
[
− i
!
τĤ(M)

eff
(q̂, p̂)

]

where

Ĥ(M)
eff

(q̂, p̂) = Ĥ1(q̂, p̂) +
M∑

j=3

( iτ
!

) j−1

Ĥj(q̂, p̂)

Ĥj: the j-th order term in the Baker-Campbell-Hausdorff (BCH) series.

Classical Hamiltonian (“Shadow” Hamiltonian)

H(M)
eff

(q, p) = H1(q, p) +
M∑

j=3
(j∈odd int.)

( iτ
!

) j−1

Hj(q, p).

Hj(q, p): obtained by replacing commutators in the BCH series by Poisson brackets.

Explicit forms of the first few terms are given as

Ĥ1(q̂, p̂) = T(q̂) + V(p̂)

Ĥ3(q̂, p̂) =
1

24

(
[T, [T,V]] − [V, [V, T]]

)

...

2nd order symplectic map

S2 = Vτ/2 ◦ Tτ ◦ Vτ/2

where

Tτ :
(

p′
q′

)
#→
(

p
q + τT′(p)

)

Vτ :
(

p′
q′

)
#→
(

p − τV′(q)
q

)

Quantum unitary operator

Û = e−
i
!V(q̂)e−

i
!T(p̂)

A A′

We here take

T(p) =
p2

2
, V(q) = K sin q

Classical dynamics in mixed phase space

Aarea-preserving map

F :
(

p′
q′

)
=

(
p − V′(q)

q + p′

)

Forbidden process in classical dynamics

Aa ∩ F−n(Bb) = ∅ for ∀n, ifAa,Bb(∈ R) are dynamically separated.

Quantum map

K(a, b) = 〈b|Ûn|a〉 =
∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Quantum map

Û = e−
i
!T(p̂)e−

i
!V(q̂)

Propagator

K(a, b) = 〈b|Ûn|a〉 =
∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Tunneling process in quantum dynamics

K(a, b) ! 0 even ifAa,Bb(∈ R) are dynamically separated.
q p
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Standard map and integrable approximation
(complexified)
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Û
=

e−
i !
ω

p e−
i !

si
n

q

Ei
ge

nf
un

ct
io

ns
of

th
e

in
te

gr
ab

le
H

am
il

to
ni

an
Ĥ
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Standard map

1-step time evolution in the action representation
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A set of saddle points

The saddle point condition leads
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As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity.

As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity in the complex plane as well.
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Coalescing condition for saddle points

∂I′(q, I)
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= 0
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Standard map and integrable approximation
(complexified)
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Langrangian manifold a set of saddle points

Langrangian manifold a set of saddle points
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collaboration with Y Hanada and K S Ikeda

completely integrable model1-step time evolution of the real manifold I

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I

As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity.

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I
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Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Around the turning point on the real manifold

Range beyond the semiclassical approximation

Failure of semiclassical ansatz

Two types of turning points

1. Turning points on the real manifold
locally highly degenerated, reflecting tangency
between I and F(I)

2. Turning points in the complex plane
increases as M gets large, reflecting the increase
of singularities, and possibly the existence of
natural boundaries

! ln |〈I(M)
! |∆ÛM|I(M)

0 〉|2
I(M)
!
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As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity.

As β increases, the initial manifold I in the map comes closer to a KAM curve
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As β increases, the initial manifold I in the map comes closer to a KAM curve
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Integrable approximation

Quantum unitary operator

Û = exp
[
− i
!
τ

V(q̂)

2

]
exp
[
− i
!
τT(p̂)

]
exp
[
− i
!
τ

V(q̂)

2

]

Integrable approximation of Û

Û(M) := exp
[
− i
!
τĤ(M)

eff
(q̂, p̂)

]

where

Ĥ(M)
eff

(q̂, p̂) = Ĥ1(q̂, p̂) +
M∑

j=3

( iτ
!

) j−1

Ĥj(q̂, p̂)

Ĥj: the j-th order term in the Baker-Campbell-Hausdorff (BCH) series.

Classical Hamiltonian (“Shadow” Hamiltonian)

H(M)
eff

(q, p) = H1(q, p) +
M∑

j=3
(j∈odd int.)

( iτ
!

) j−1

Hj(q, p).

Hj(q, p): obtained by replacing commutators in the BCH series by Poisson brackets.

Complex turning points and foldings in the complex region

Anomalous tail in the action representation

1-step time evolution of the real manifold I

I : An invariant curve of the continuous Hamiltonian (τ → 0)
SM(I) : 1-step time evolution of I

I : An invariant curve of the BCH integrable Hamiltonian
S2(I) : 1-step time evolution of I

As β increases, the initial manifold I comes closer to a KAM curve of the map
with discontinuity.

As M increases, the initial manifold I comes closer to an invariant curve for
the continuous Hamiltonian (τ → 0).

As M increases, the initial manifold I comes closer to a KAM curve for the map S2.

As β increases, the initial manifold I comes closer to a KAM curve of the map
with discontinuity in the vicinity of the real plane, but is largely deformed
in a deeply complex region.

As M increases, the initial manifold I comes closer to an invariant curve for
the continuous Hamiltonian (τ → 0) in the vicinity of the real plane, but is largely
deformed in a deeply complex region.

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I
Re q Im q

M = 2 M = 4 M = 6
I : An invariant curve of the continuous Hamiltonian (τ→ 0)

SM(I) : 1-step time evolution of I
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Hénon map

step=0 step=1 step = 1 0

M = 1 M = 3 M = 5

Contents

- Generic and sharply divided phase space

- Diffraction in the map with discontinuity

- Natural boundaries in the analytic map

- Diffraction in the analytic map

- New perspective for quantum effects in mixed systems ?

- Semiclassical analysis for the the map with discontinuity

-

Mat with discontinuity

Analytic map (standard map)

Semiclassical interpretation

Complexified KAM curve and natural boundary

Map with discontinuity
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Classical dynamics in mixed phase space

Aarea-preserving map

F :
(

p′
q′

)
=

(
p − V′(q)

q + p′

)

Forbidden process in classical dynamics

Aa ∩ F−n(Bb) = ∅ for ∀n, ifAa,Bb(∈ R) are dynamically separated.

Quantum map

K(a, b) = 〈b|Ûn|a〉 =
∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Quantum map

Û = e−
i
!T(p̂)e−

i
!V(q̂)

Propagator

K(a, b) = 〈b|Ûn|a〉 =
∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Tunneling process in quantum dynamics

K(a, b) ! 0 even ifAa,Bb(∈ R) are dynamically separated.
q p
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∫
· · ·
∫ ∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

Tunneling process in quantum dynamics

K(a, b) ! 0 even ifAa,Bb(∈ R) are dynamically separated.
q p

Classical dynamics in mixed phase space

Aarea-preserving map

F :
(

p′
q′

)
=

(
p − V′(q)

q + p′

)

Forbidden process in classical dynamics

Aa ∩ F−n(Bb) = ∅ for ∀n, ifAa,Bb(∈ R) are dynamically separated.

Quantum map

K(a, b) = 〈b|Ûn|a〉 =
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0
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depend on !.

Since Im Sγ0 is a purely classical quantity, ! ln〈I(M)
" |∆ÛM|I(M)

0 〉 should not depend on
!.
depend on !.

With increase in β, the initial manifold I comes closer to KAM curves, and moves
very slightly within a single step.

With increase in M, the initial manifold I comes closer to KAM curves, and moves
only slightly within a single step.
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Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Around the turning point on the real manifold

Two types of turning points

1. Turning points on the real manifold
locally highly degenerated, reflecting tangency
between I and S1(I)

2. Turning points in the complex plane
increase as β gets large, reflecting the increase
of singularities, and possibly the existence of
natural boundaries
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Around a turning point on the real plane
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With increase in M, turning points on the real manifold becomes more highly
degenerated, and those in the complex plane become denser.
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Forbidden process in classical dynamics

Aa ∩ F−n(Bb) = ∅ for ∀n, ifAa,Bb(∈ R) are dynamically separated.
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dqj
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Tunneling process in quantum dynamics

K(a, b) ! 0 even ifAa,Bb(∈ R) are dynamically separated.
q p

Classical dynamics in mixed phase space

Aarea-preserving map

F :
(

p′
q′

)
=

(
p − V′(q)

q + p′

)

Forbidden process in classical dynamics

Aa ∩ F−n(Bb) = ∅ for ∀n, ifAa,Bb(∈ R) are dynamically separated.

Quantum map

K(a, b) = 〈b|Ûn|a〉 =
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Large deformation in the complex plane

Foldings in the complex plane

Around a turning point on the real plane

x = (x1, x2, · · · , xK) = (x1, 0, · · · , 0)

I′ Im q

K = 1 (Airy)
K = 3 (Pearcey)
K = 5
K = 7
K = 9

ΨK(x) x x1
∂ΦK(t, x)
∂t

t

Integrals with coalescing saddles

ΨK(x) =
∫ ∞

−∞
exp(iΦK(t; x)) dt, where ΦK(t; x) = tK+2 +

K∑

m=1

xmtm

x = (x1, x2, · · · , xK) = (x1, 0, · · · , 0)
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M-dependence of deformation in the complex region

Summary

- Semiclassical approximation (leading-order) in a single step propagator
breaks down in maximally renormalized integrable representation

- Transition from one torus to another or to chaotic regions occurs under a
purely quantum mechanism and cannot be described even by complex clas-
sical dynamics.

- Purely quantum regions are sandwiched between highly degenerated turn-
ing points and turning points associated with singularities of complexified
tori, and possibly with natural boundaries

- Semiclassical approximation (leading-order) in a single step propagator breaks
down in maximally renormalized integrable representation

- Transition from one torus to another or to chaotic regions occurs under a
purely quantum mechanism and cannot be described even by complex classical
dynamics.

- Purely quantum regions are sandwiched between highly degenerated turning
points and turning points associated with singularities of complexified tori,
and possibly with natural boundaries.

- Observed diffractive phenomena global are beyond the treatment based on
local diffraction integrals such as a series of diffraction catastrophes.

M = 5 M = 3 5 7 9 (complexified)

I S(I)

(complexified)
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Foldings in the complex plane
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M-dependence of deformation in the complex region

Summary

- Semiclassical approximation (leading-order) in a single step propagator
breaks down in maximally renormalized integrable representation

- Transition from one torus to another or to chaotic regions occurs under a
purely quantum mechanism and cannot be described even by complex clas-
sical dynamics.

- Purely quantum regions are sandwiched between highly degenerated turn-
ing points and turning points associated with singularities of complexified
tori, and possibly with natural boundaries

- Semiclassical approximation (leading-order) in a single step propagator breaks
down in maximally renormalized integrable representation

- Transition from one torus to another or to chaotic regions occurs under a
purely quantum mechanism and cannot be described even by complex classical
dynamics.

- Purely quantum regions are sandwiched between highly degenerated turning
points and turning points associated with singularities of complexified tori,
and possibly with natural boundaries.

- Observed diffractive phenomena global are beyond the treatment based on
local diffraction integrals such as a series of diffraction catastrophes.
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Two types of turning points
1. turning points on the real manifold
2. turning points in the complex plane

Around the turning point on the real manifold

Range beyond the semiclassical approximation

Two types of turning points

1. Turning points on the real manifold
locally highly degenerated, reflecting tangency
between I and S1(I)

2. Turning points in the complex plane
increase as β gets large, reflecting the increase
of singularities, and possibly the existence of
natural boundaries
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1-step time evolution in the action representation
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- New perspective for quantum effects in mixed systems ?

- Semiclassical analysis for the the map with discontinuity

-
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Semiclassical interpretation

Complexified KAM curve and natural boundary

Map with discontinuity

Hénon map
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M = 1 M = 3 M = 5 1-step time evolution of the real manifold I

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I

As β increases, the initial manifold I in the map comes closer to a KAM curve
with discontinuity.

I : An invariant curve of the integrable map
S1(I) : 1-step time evolution of I
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Summary

- Semiclassical approximation (leading-order) in a single step propagator
breaks down in maximally renormalized integrable representation

- Transition from one torus to another or to chaotic regions occurs under a
purely quantum mechanism and cannot be described even by complex clas-
sical dynamics.

- Purely quantum regions are sandwiched between highly degenerated turn-
ing points and turning points associated with singularities of complexified
tori, and possibly with natural boundaries

-

M-dependence of deformation in the complex region

Summary

- Semiclassical approximation (leading-order) in a single step propagator
breaks down in the integrable representation

- Transition from one torus to another or to chaotic regions occurs under a
purely quantum mechanism and cannot be described even by complex clas-
sical dynamics.

- Purely quantum regions are sandwiched between highly degenerated turn-
ing points and turning points associated with singularities of complexified
tori, and possibly with natural boundaries.

- Observed diffractive phenomena are global and beyond the treatment based
on local diffraction integrals such as a series of diffraction catastrophes.

- Semiclassical approximation (leading-order) in a single step propagator breaks
down in the maximally renormalized integrable representation

- Transition from one torus to another or to chaotic regions occurs under a
purely quantum mechanism and cannot be described even by complex classical
dynamics.

- Purely quantum regions are sandwiched between highly degenerated turning
points and turning points associated with singularities of complexified tori,
and possibly with natural boundaries.

- Observed diffractive phenomena are global and beyond the treatment based
on local diffraction integrals such as a series of diffraction catastrophes.
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