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Diffusion: the processby which a piece
of information spreads and reaches
individuals through interactions in a
netowork.



Why do we care?

Modeling epidemics
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Why do we care?

Opinion Formation



Outline

ÅEpidemic models

ÅInfluence maximization

ÅOpinion formation models



EPIDEMIC SPREAD



Epidemics

Understanding the spread of viruses 
and epidemics is of great interest to 
ÅHealth officials
ÅSociologists
ÅMathematicians
ÅHollywood 

The underlying contact network clearly affects the 
spread of an epidemic



Epidemics

ÅModel epidemic spread as a random process 
on the graph and study its properties

ÅQuestions that we can answer: 

ïWhat is the projected growth of the infected 
population?

ïWill the epidemic take over most of the network?

ïHow can we contain the epidemic spread?

Diffusion of  ideas and the spread of influence 
can also be modeled as epidemics



A simple model

ÁBranching process: A person transmits the disease to each 
people she meets independently with a probability p

Á An infected person meets k (new)people while she is 
contagious

Á Infection proceeds in waves. 

Contact network is a 
tree with branching 
factor k
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Infection Spread

ÅWe are interested in the number of people 
infected (spread) and the duration of the 
infection

ÅThis depends on the infection probability p 
and the branching factor k

An aggressive 
epidemic with high 
infection probability

The epidemic survives
after three steps
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Infection Spread

ÅWe are interested in the number of people 
infected (spread) and the duration of the 
infection

ÅThis depends on the infection probability p 
and the branching factor k An mild epidemic with 

low infection 
probability

The epidemic dies out
after two steps
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Basic Reproductive Number

ÅBasic Reproductive Number (Ὑ): the expected number of 
new cases of the disease caused by a single individual

Ὑ Ὧὴ

ÅClaim: (a) If R0 < 1, then with probability 1, the disease dies 
out after a finite number of waves. (b) If R0 > 1, then with 
probability greater than 0 the disease persists by infecting 
at least one person in each wave.

1. If Ὑ ρeach person infects less than one person in 
expectation. The infection eventually dies out.

2. If Ὑ ρeach person infects more than one person in 
expectation. The infection persists.



Proof

Åὢ : number of infected nodes after n steps

Åή 0Òὢ ρ : probability that there exists 
at least 1 infected node after n steps

Åήᶻ ÌÉÍή : the probability of having 
infected nodes as ὲᴼЊ

ÅWe want to show that iÆὙ ρ, ήᶻ πwhile 
if Ὑ ρ, ήᶻ π.



Proof

n-1

p p p

ή ή ή

ή

Each child of the root starts a 
branching process of length n-1

ή ρ ρ ὴή

if 
Ὢὼ ρ ρ ὴὼ

then
ή Ὢή

We also have: ή ρ.

So we obtain a series of values: 1, ὪρȟὪὪρ ȟȣ

We want to find where this series converges



Proof

ÅProperties of the function Ὢὼ:

1. Ὢπ πand Ὢρ ρ ρ ὴ ρ.

2. Ὢ ὼ ὴὯρ ὴὼ πȟin the interval 
[0,1] but decreasing. Our function is increasing 
and concave.

3. Ὢ π ὴὯ Ὑ



Proof

ÅCase 1: Ὑ ὴὯ ρ. The function starts with 
above the line ώ ὼbut then drops below 
the line.

Ὢὼ crossesthe line ώ ὼat some point
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Proof

ÅStarting from the value 1, repeated 
applications of the function Ὢὼwill converge 
to the value ήᶻ ή Ὢή
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Proof

ÅCase 2: Ὑ ὴὯ ρ. The function starts with 
below the line ώ ὼȢRepeated applications of 
Ὢὼ converge to zero.
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Branching process

ÅAssumes no network structure, no triangles or 
shared neihgbors



The SIR model

ÅEach node may be in the following states

ïSusceptible: healthy but not immune

ïInfected: has the virus and can actively propagate it

ïRemoved: (Immune or Dead) had the virus but it is no 
longer active

ÅParameter p: the probabilityof an Infected node to 
infect a Susceptible neighbor



The SIR process

ÅInitially all nodes are in state S(usceptible), 
except for a few nodes in state I(nfected).

ÅAn infected node stays infected for ὸsteps.
ïSimplest case: ὸ ρ

ÅAt each of the ὸsteps the infected node has 
probability p of infecting any of its susceptible
neighbors
ïp: Infection probability

ÅAfter ὸsteps the node is Removed
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