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Objective

« Effects of realistic imperfections on
guantum computer operability and accuracy

» Decoherence and quantum chaos
induced by inter-qubit couplings

» New efficient algorithms for simulation of
quantum and classical physical systems

* Numerical codes with up to 30 qubits

» Development and test of error-correcting
codes for guantum chaos and noisy gates

Objective Approach

» Analytical methods developed for many-body

systems (nuclei, atoms, quantum dots)

» Random matrix theory and quantum chaos

* Large-scale numerical simulations of many
gubits on modern supercomputers

« Stability of algorithms to quantum errors

Status

 RMT for quantum computations, universal
law for fidelity decay induced by imperfections
* New quantum algorithms and imperfection
effects for tent map, Grover algorithm;
numerics with 7-28 qubits

* Pauli random error correction method



Toulouse Quantware KIAS, Seoul, 22 - 24 August, 2005

Quantware group at Toulouse

Laboratoire de Physique Théorique
UMR 5152 du CNRS, Université Paul Sabatier
Toulouse, France www.quantware.ups-tlse.fr

D.Braun, R.Fleckinger, K.Frahm (professors Univ. P.Sabatier)

B. Georgeot (researcher CNRS)

D.L.Shepelyansky (researcher CNRS, PI)

Jae-Weon Lee (EC EDIQIP post-doc => KIAS, Seoul)

J.Lages (EC EDIQIP post-doc), O.Giraud (post-doc => researcher CNRS)
A.Pomeransky (PhD => INP, Russia), B.Lévi (PhD => MIT)
A.D.Chepelianskii (undergraduate ENS, Ulm)

Collaboration: O.V.Zhirov (INP, Novosibirsk)

SUPPORT: EU IST-FET project EDIQIP

http://www.quantware.ups-tlse.fr EU IST-FET project EDIQIP



Toulouse Quantware KIAS, Seoul, 22 - 24 August, 2005

Quantum Hardware Melting Induced by Quantum Chaos

The quantum computer hardware is modeled as a (one)two-dimensional lattice of
qubits (spin halves) with static fluctuations/imperfections in the individual qubit
energies and residual short-range inter-qubit couplings. The model is described
by the many-body Hamiltonian (B.Georgeot, D.S. PRE (2000)):

Hs =) (Ao +di)of + 3, Jijoio;,

where the o; are the Pauli matrices for the qubit ¢, and A is the average level

spacing for one qubit. The second sum runs over nearest-neighbor qubit pairs,

and d;, J;; are randomly and uniformly distributed in the intervals [—d/2,4/2]

and [—J, J], respectively. Quantum chaos border for quantum hardware:
J>J.~Acx30/ng > A, ~ 06277

[~ J2/A..

http://www.quantware.ups-tlse.fr EU IST-FET project EDIQIP
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Quantum computer melting induced by inter-
qubit couplings. Color represents the level of
quantum eigenstate entropy S, (red for max-
imum S, ~ 11, blue for minimum S, = 0).
Horizontal axis is the energy of the computer
eigenstates counted from the ground state to
the maximal energy (= 2n,4p). Vertical
axis gives the value of J/Aq (from 0 to 0.5).
Here n, = 12, J./Ay = 0.273, and one
random realization of couplings is chosen.

What are effects of quantum many-body chaos
on the accuracy of quantum computations?
Static imperfections vs. random errors

In quantum gates of a quantum algorithm.

http://www.quantware.ups-tlse.fr EU IST-FET project EDIQIP
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Elementary quantum gates

PHYSLICAL REVIEW A VOLUME 34, NUMEBER L JULY 1996

Quantum networks for elementary arithmetic operations

Wlatko "I.f'ed.ral,’: Adnano Barenco, and Artur Ekert
Clarendon Laboratory, Department of Physics. University of Oxford, Oxford OXI 3PU. United Kingdom
(Recmived 3 Movember [995)

Quantum camputets tequite quantom atithmetic. We provide an explicit canstinction of quantom networks
effecting basic adthmetic opetations: fiom addition to modolar exponentiation. Quoantum modolar exponentia-
tion seems to be the mest difficult (time and space consuming) patt of Shot’s quantum factotizing algetithm.
We show that the amxiliaty mematy tequited to petform this opetation in a teveisible way giows linzatly with

the siz= of the numbet to be factoriz=d. [S 1030-2947(96)05707-1]

PACS nomber(s): 03.65.Ca, 07.05.Bx, 89.80.+h

http://www.quantware.ups-tlse.fr EU IST-FET project EDIQIP
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FIG. 1. Truth tables and graphical representations of the el-
ementary quantum gates used for the construction of more compli-
cated quantum networks. The control qubits are graphically repre-
sented by a dot, the target qubits by a cross. (a) NOT operation. (b)
control-NOT. This gate can be seen as a “‘copy operation’ in the
sense that a target qubit (b) initially in the state 0 will be after the
action of the gate in the same state as the control qubit. (¢) Toffoli
gate. This gate can also be seen as a control-control-NOT: the target
bit () undergoes a NOT operation only when the two controls («
and b) are in state 1.

(a)

()

FIG. 3. Basic carry and sum operations for the plain addition
network. (a) the carry operation (note that the cawry operation per-
turbs the state of the qubit »). (b) the sum operation.

http://www.quantware.ups-tlse.fr
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Fidelity decay due to errors
Accuracy measure of quantum computation is fidelity: f(¢) = |<w(¢)|ve(t)>]* .
Quantum algorithm: [ (¢)> = U' |4(0)> , U = Ung ... Us

Errors:  U; — U; e SH ~ ¢ elementary gates
(i) Decoherence due to residual couplings of quantum computer to external bath:

d H random and different at each 5 and ¢,
e.g.. random phase fluctuations: §¢ € [—¢, €] in phase-shift gates.

(if) Static imperfections in the quantum computer itself:
0 H (random but) constant at each j and ¢,

€.g.. OH = Z 5j O'J(-Z) + 2 Z Jj 0§x) O‘éﬁ_)l y Jj, 5j c [—8,8] .
7=0 7=0

(iii) Non-unitary errors in quantum computation:

e is non-unitary (6 H # SHT, density matrix and quantum trajectories approach,
J.W.Lee, DS PRE 71, 056202 (2005) )

http://www.quantware.ups-tlse.fr EU IST-FET project EDIQIP



Quantum chaos and random matrix theory for fidelity decay,
Eur. Phys. J. D 29, 139 (2004) KIAS, Seoul, 22 - 24 August, 2005

Example: model of quantum tent map

Tp2 - Classical map :
_ - (O
H(t) = =, +vw)§:5u n)
== Pn+1 — Pn — V/(Qn,)
AV’(G) A V(@) 9n+1 — Qn, + Tp'n,Jrl

%w A 2 Quantum map : p = —i9/06

v K UQ Wt + 1) >= U [ (1) >
U — e—iTp2/2 iV (0)

B L0 —7) o k(GE—0) if 0<0<m

http://www.quantware.ups-tlse.fr Klaus M. Frahm, Robert Fleckinger, Dima L. Shepelyansky



Quantum chaos and random matrix theory for fidelity decay,
Eur. Phys. J. D 29, 139 (2004) KIAS, Seoul, 22 - 24 August, 2005

Quantum algorithm for tent (and saw-tooth) map

Quantum register identification: [p> = |ao>0 |@1>1 ... [Qng—1>ng-1 -

p=>» o2 € {0,...,N—1}
j=0

N = 2"% = dimension of Hilbert space; n, = number of qubits; «; € {0,1}.

: _ —iTp?/2 . i(-)ajap, i( )
Quantum Fourier transform: p <» 6 and ¢ Ip> = H,e Ikl e I |p> .
j<k B(Q)() J B(l)()
with simple and controlled phase-shift: Ik J

o OO
o O~ O
o = O O
m@' o o O
-

1 0
B§”<¢>=<O ¢> . B(#) =

Double controlled phase-shift: Bﬁ%(qﬁ) = Bﬁ) (%) Bﬁ) (%) C]S;év) Bﬁ) (_%) C,iév) _

Number of elementary gates: n, ~ 9 n?]/Z

http://www.quantware.ups-tlse.fr Klaus M. Frahm, Robert Fleckinger, Dima L. Shepelyansky



Quantum chaos and random matrix theory for fidelity decay,

Eur. Phys. J. D 29, 139 (2004) KIAS, Seoul, 22 - 24 August, 2005
Husimi function Poincaré section (K = kT = 1.7)
t=2>5 16 qubits t =15

. x@
t = 5625 — 0 — 7. 10—7 0.2 0.4 0.6 0.8
A ,_6 N N j ng (static: ¢ = t/te, (a), (b)x(c)
off =1' = 27T/ ! =2 random: © = t/ty, (d))

http://www.quantware.ups-tlse.fr Klaus M. Frahm, Robert Fleckinger, Dima L. Shepelyansky



Eigenstates of operating quantum computer, Eur. Phys. J. D 20, 293 (2002) KIAS, Seoul, 22 - 24 August, 2005

Eigenstates of operating quantum computer:
hypersensitivity to static imperfections

Variation of quasienergy (red curve) and corre-
sponding eigenstate (shown by Husimi function)
of unitary evolution operator of quantum saw-
tooth map with strength of static imperfections
€:

— —iTH? /4 _ik(0—m)2 )2 —iTh2/4 —iE
P =e e e Y =e Y

Here € = 0, 4 x 107%, 107? (right top,
left /right bottom); and K = kT = +/2,T =
2r /N, N =2",J = 0,n, = 9. Mixing of
levels takes place at critical interaction strength:

e ~ 1/V/N ~ 27m4/?

http://www.quantware.ups-tlse.fr G.Benenti, G.Casati, S.Montangero and D.L.Shepelyansky



Quantum chaos and random matrix theory for fidelity decay,
Eur. Phys. J. D 29, 139 (2004) KIAS, Seoul, 22 - 24 August, 2005

Random matrix theory for fidelity decay

1 . £\ |2
Fidelity with average initial state: f(t) = ‘Ntr (U_t (U ezéHeff) ) ‘

o =1
Regime (1 — /) <1 : f(t)=1-— tic — t—CTz::l(t—T) ()

11 te . T
with: —C = Ntr (5Heff2) 3 C('T) — Ntr (y 5‘-[;[eff UJ 5Heff>
OH 7 (7)

U e COE (CUE) = Scaling law:

_<1nf(t))Uzt—]\ch (%) | X(s):s—l—%s2—2/08d7~'(5—7~')b2(7~').

with the “two-level form factor”: ba(T).

http://www.quantware.ups-tlse.fr Klaus M. Frahm, Robert Fleckinger, Dima L. Shepelyansky



Quantum chaos and random matrix theory for fidelity decay,
Eur. Phys. J. D 29, 139 (2004) KIAS, Seoul, 22 - 24 August, 2005

Scaling analysis for chaotic dynamics

(@ +
T fc 107 L ((gg X
= 6 + *
10000 } = 38X
E = 10 * 105}
TS wo0fng= 120
R —
—~~ = 16 & 3t
QF\ 1t — 18 e 10
S—"
E 0.01 } ‘ 10° 10° ; 10’
| C
0.0001 1P
2 2 2 gH
0.01 1 100
al
t / tH 10

107 |

Upper curve: with theoretical values:

tg =2"%and t. = 1/(° n, nﬁ)

Lower curve: with fit values ¢, and tz from: —In(f(t)) = (tu ~ tu/3)

_|_

tetn

S| o+

http://www.quantware.ups-tlse.fr Klaus M. Frahm, Robert Fleckinger, Dima L. Shepelyansky



Quantum chaos and random matrix theory for fidelity decay,
Eur. Phys. J. D 29, 139 (2004) KIAS, Seoul, 22 - 24 August, 2005

Integrable dynamics

: t t? [, w0} ® x / )
t = 22783, Fit: —In(f(t)) ==+ —. ,
te tetn 4
10° | -
ng = 14 y
10°
10 10 107
te
10°
: () X
10*
x X ox
10° « 2% X
_ —=.10—7 _ .
e=0 f e=5-107, f=05/7 107 10* 10°
Position of initial gaussian wave packet tH

http://www.quantware.ups-tlse.fr Klaus M. Frahm, Robert Fleckinger, Dima L. Shepelyansky



Quantum chaos and random matrix theory for fidelity decay,
Eur. Phys. J. D 29, 139 (2004) KIAS, Seoul, 22 - 24 August, 2005

Time scale of reliable quantum computations

Time scale ty with f(t;) = 0.9 : ——
100000 } (a) -+ -

tf ) ~.
10000 f s

Theory from RMT-approach:

If € > (2" nn,) "% N e=5-10""

tr~ 0.1t~ 1/(10e” ngn?) 1000 } s ;
N, =tyn, ~ 1/(10e*n, n,) 100 |
If e < (24 nﬁnq)_lm: o

ty ~ 0.2 Etn ~ 2" /(5e ngy \/Ng) 6 8 10 12 14 16 18

2 nq
Random errors: N, ~ 5/¢

http://www.quantware.ups-tlse.fr Klaus M. Frahm, Robert Fleckinger, Dima L. Shepelyansky



Quantum error correction of coherent errors by randomization,
Eur. Phys. J. D 32, 153 (2005) KIAS, Seoul, 22 - 24 August, 2005

Pauli Random Error Correction (PAREC)

The basic idea of the PAREC-method: The two boxes (full
lines) represent two sequences of universal quantum gates for
ng = 4 qubits. Two random sequences of Pauli operators

X ,}Af ,Z ,14) and % ,X' ,X ,Z are also indicated.
112,43, 14 1,22, 43,44

The unitary Pauli operators outside the dashed boxes (full lines)

are applied to the qubits whereas the ones inside the dashed boxes

(dashed lines) are taken into account by appropriate permutations

of the elementary quantum gates. Due to the identities X2 =
v2=22_-1 the inserted random sequences of Pauli operators
change the computational basis but leave the ideal quantum

o algorithm unchanged. o _ _
The PAREC method eliminates coherent errors produced by static imperfections and increases

significantly the maximum time over which realistic quantum computations can be performed
reliably. Furthermore, it does not require redundancy using all qubits for logical purposes.

http://www.quantware.ups-tlse.fr O. Kern, G. Alber and D. L. Shepelyansky



Quantum error correction of coherent errors by randomization,
Eur. Phys. J. D 32, 153 (2005) KIAS, Seoul, 22 - 24 August, 2005

Pauli Random Error Correction (PAREC)

Quantum Poincaré sections with Husimi-
functions in tent map at ¢ = 3000 in scaled
momentum and position variables y = p €
[0,27] and £ = x € [0, 27]: The parame-
ters are K = 1.7 and n, = 10. The initially
prepared coherent states are centered around
(w/4,0) (left panel) and (5.35,0) (right
panel). First row: ideal dynamics; second
row: static imperfections with ¢ = 5 x 107Y;
third row: PAREC-method applied after each
sequence of mnger = 20 universal quantum
gates of Ref. [17]. The probability density is
coded in colors (red/maximum, blue/zero).

http://www.quantware.ups-tlse.fr O. Kern, G. Alber and D. L. Shepelyansky



Quantum error correction of coherent errors by randomization,
Eur. Phys. J. D 32, 153 (2005) KIAS, Seoul, 22 - 24 August, 2005

Pauli Random Error Correction (PAREC)

0.8
—0.6
« 0.4

0.2

i 2 3 4
t /1000 | n(t)

Dependence of the fidelity f(t) on the number of iterations: Parameters as in the left panel of
previous Fig.; left: static imperfections without error correction, PAREC after each map iteration,
after each ngs = 50, and after each ngef = 20 quantum gates (from bottom up); right: static
imperfections without error correction, with PAREC after each map iteration and after each
sequence of nger = 20 quantum gates (full curves), best fits for linear- and quadratic-in-time

decays (dashed curves).

http://www.quantware.ups-tlse.fr O. Kern, G. Alber and D. L. Shepelyansky



Quantum computation of the Anderson transition in presence of imperfections,
Phys.Rev. A 69, 014302 (2004) KIAS, Seoul, 22 - 24 August, 2005

Quantum computation of the Anderson transition
in presence of imperfections

The stationary Schrodinger equation for the Anderson model: a particle on a d-dimensional
lattice in a random potential: > VizYmis + Eavs = Evg, Ind > 3 dimensions the wave
functions are exponentially localized for sufficiently large (compared to Vj;) typical value of Ej
and delocalized for small typical value of E, (P.W. Anderson (1958)).

Our model: 1-dim. kicked rotator with frequency modulation.

Anderson localization — dynamical localization of quantum chaos in the kicked rotator model
(S. Fishman et al. (1982)).

3 dimensions — 1 dimension plus frequency modulation with 2 incomensurate frequencies

(D.L.S (1983)).

Our Hamiltonian H: Hy(n) 4+ k(1 4+ e cos(£21t) cos(€22t)) cos 0 > 6(t — m),
The time evolution: ¢ = UpUyp, Ur =exp{—iHy(n)}
U = exp {—ik(1 + 0.75 cos(€21t) cos(22t)) cos 6}.

A. A. Pomeransky and D. L. Shepelyansky



Quantum computation of the Anderson transition in presence of imperfections,
Phys.Rev. A 69, 014302 (2004) KIAS, Seoul, 22 - 24 August, 2005

The quantum algorithm

The quantum states n = 0, ..., N — 1 are represented by one quantum register with ng qubits so that
N = 2"4.  The initial state with all probability at ng = 0 corresponds to the state |00...0) (momen-
tum n changes on a circle with N levels). The random phase multiplication Up = exp(—iHgp(n)) in

the momentum basis is performed as a random sequence of one-qubit phase shifts and controlled-NOT gates.
Then the kick operator U, = exp(—ik(t) cos @) is performed as follows. First, one applies the QFT to
change the representation. Then 6 can be written in the binary representation as 6/27 = O.a1a2..an,

with a; = 0 or 1. It's convenient to use the notation & = maj + 6 to single out the most signifi-

cant qubit. Then due to the relation cosf = (—1)%lcosf = o7 cos@ the kick operator takes the form
. .z ~

—ik(t)cosO _ —ioTk(t)cos® Tpig operator can be approximated to an arbitrary precision by a sequence

tmaq6

Uk:e

of one-qubit gates applied to the first qubit and the diagonal operators S = e We used the following

sequence: R(0) = HS'H ¢ 191 HS™2H ¢ 2°1 HS2H ¢ '1°1 HS ™ H = ¢—i017e0s(0) | (43,
where H = (07 + 07)/+/2 is the Hadamard gate. Thus the kick operator is given by U, = RW(H_)Z + O(1y?),
where the number of steps [ = k /-~ and we used in our numerical simulations the small parameter v = £/l ~ 0.2
that gives I = 5 — 10 for k ~ 1 — 2. The number of gates is ~ k, so the algorithm is more efficient for moderate
k. Then one goes back to the momentum representation by the QFT. One complete iteration of the algorithm
requires ng elementary gates where ny = 2[k/v](ng + 2) + n?] + 12n4 4+ 9 with the square brackets denoting
the integer part.

A. A. Pomeransky and D. L. Shepelyansky



Quantum computation of the Anderson transition in presence of imperfections,
Phys.Rev. A 69, 014302 (2004) KIAS, Seoul, 22 - 24 August, 2005

Static imperfections in QA for Anderson transition

The time evolution of the probability distribution
[4,,|? in the localized (left column, k& = 1.2) and de-
localized (right column, k = 2.4) phases for n, = 7
qubits (N = 2"7), with 0 < t < 400 (vertical
axis) and —N/2 < n < N/2 (horizontal axis);
k. = 1.8. The strength of static imperfections is
e = p = 0 for top row and € = p = 10™* for
bottom row.

Dependence of the IPR & and the excitation proba-
bility: W = 37 _n/ssn/4) [%nl” (full and dashed
curves for left and right scales respectively) on the
kick strength k for n, = 10 and ¢t > 10°, € = 0;
1072 2%x107°: 4x107°: 8x107° (curves from right
to left); u=0.

A. A. Pomeransky and D. L. Shepelyansky



Quantum computation of the Anderson transition in presence of imperfections,
Phys.Rev. A 69, 014302 (2004) KIAS, Seoul, 22 - 24 August, 2005

Critical point shift

Dependence of the shift of the critical point
o [1098K, T Ak.(€) = k. — kc(€) on rescaled imperfec-
tion strength € = engy,/n, for e = 2 X 107°
(diamonds), 4x 107 (triangles) and 8 x 10~
, (squares); open/full symbols are for u = 0,
e 8<n,<13and p =€ 8 < n, <11 re-
- | spectively; k. = 1.8. The dashed lines show

log &

sl the scaling relation.
The shift of the critical point Ak (e) = k. — k.(€) depends on €, i and n,. From the IPR data
obtained for various €, 11, n, we find that the global parameter dependence can be described by
the scaling relation Ak.(e) = A€, € = engy,/n,. The data fit gives A = 3.0, a = 0.64 for
p=0and A =48, o = 0.68 for up = e.
In the vicinity of the critical point the algorithm gives a quadratic speedup in computation of

diffusion rate and localization length, comparing to the known classical algorithms.

A. A. Pomeransky and D. L. Shepelyansky



Quantum computation of the Anderson transition in presence of imperfections,
Phys.Rev. A 69, 014302 (2004) KIAS, Seoul, 22 - 24 August, 2005

The complexity of quantum algorithm

The quantum states n = 0, ..., N — 1 are represented by one quantum register with ng qubits so that
N = 2"4. The initial state with all probability at ng = O corresponds to the state |00...0) (momentum n
changes on a circle with N levels). The random phase multiplication U = exp(—iHy(n)) in the momentum
basis is performed as a random sequence of one-qubit phase shifts and controlled-NOT gates. Then the kick operator
Up = exp(—1tk(t) cos ) is performed. One complete iteration of the algorithm requires ng, elementary gates

where ng ~ 10k(ng + 2) + n?].

However, in the vicinity of critical point in real d-dimensions the number of states grows with
time as n? ~ t. Hence, up to time ¢ the classical computation may use only N levels in each
direction so that the total number of levels is N ~ ¢. Other levels are only very weakly populated
on this time scale and therefore they can be eliminated with a good accuracy. Thus, the number
of classical operations for ¢ kicks can be estimated as 4. ~ tN%1og’ N ~ t?log?t. At the
same time the quantum algorithm will need n, ~ dngt ~ tlog®t gates assuming d quantum

registers with N¢ = 29"¢ ~ ¢ states. The coarse-grained characteristics of the probability
distribution can be determined from few measurements of most significant qubits, e.g. W. Thus,
even if each iteration step is efficient, the speedup is only quadratic near the critical point.

A. A. Pomeransky and D. L. Shepelyansky



Phase diagram for the Grover algorithm with static imperfections,
Eur. Phys. J. D 31, 131 (2005) KIAS, Seoul, 22 - 24 August, 2005

Phase diagram for the Grover algorithm
with static imperfections

An unstructured database is presented by N = 2"7 states of quantum register with n,
qubits: {|x)}, x = 0, , N — 1. The searched state |7) can be identified by oracle function
g(x), defined as g(ac) = 1 if £ = 7 and g(z) = O otherwise. The Grover iteration operator G
is a product of two operators: G = DO. Here the oracle operator O = (— 1)9(“") is specific to
the searched state |7), while the diffusion operator D is independent of |7): Dy = —1 + 2 ~

and D;; = £ (i # j). For the initial state |t¢) = Zivz_ol x) /v N, t applications of the
Grover operator G give:

(1)) = G*lpo) = sin (¢ + Dwe)|7) + cos ((¢ + Dwe)|n)

where the Grover frequency wg = 2arcsin(4/1/N) and |n) = Z(O<x<N)| Y/ VN — 1.

Hence, the ideal algorithm gives a rotation in the 2D plane (|7), |n)).

A. A. Pomeransky, O. V. Zhirov and D. L. Shepelyansky



Phase diagram for the Grover algorithm with static imperfections,
Eur. Phys. J. D 31, 131 (2005) KIAS, Seoul, 22 - 24 August, 2005

The implementation of the operator D through the elementary gates requires an ancilla qubit.
As a result the Hilbert space becomes a sum of two subspaces {|x)} and {|x 4+ N )}, which differ
only by a value of (n, + 1)-th qubit. These subspaces are invariant with respect to operators
O and D: O = 1 —2|r)(r| = 2|7 + N)(7 + N|, D = 1 — 2Jypo)(tbo| — 2|1) (1],
where [¢1) = Zi\:ol |2 + N)/+/N and |1g.1) correspond to up/down ancilla states. Then
D can be represented as D = W RW (Grover (1997)), where the transformation W =
Wiy Wg... Wi is composed from n, one-qubit Hadamard gates Wy, and R is the

ng-controlled phase shift defined as R;; = 0 if ¢ # j, Roo = 1 and R;; = —1if 7 # 0
(2,7 =0,..., N —1). In turn, this operator can be represented as R = qua?fq_l e O] Ny
Opg—1 - -+ 01 Whny, Where Ay is generalized ng-qubit Toffolli gate, which inverts the n,-th qubit

if the first n, — 1 qubits are in the state |1). The construction of A, from 3-qubit Toffolli gates
with the help of only one auxillary qubit is described by A.Barenco et al. (1995). As a result
the Grover operator G is implemented through n, = 12n;,, — 42 elementary gates including
one-qubit rotations, control-NOT and Toffolli gates. Here n,,; = n, 4 1 is the total number of
qubits.

A. A. Pomeransky, O. V. Zhirov and D. L. Shepelyansky



Phase diagram for the Grover algorithm with static imperfections,
Eur. Phys. J. D 31, 131 (2005) KIAS, Seoul, 22 - 24 August, 2005

Oscillations of the Grover search probability

101 5 i .

2 i Probability of searched state w¢(t) (top) and
Seo_5-;}\\},\f AR Al fidelity f(¢t) (bottom) as a function of the
Yo 27§ L Y : ;) : . . . .

o LA \/f_,-:v WaNAVAYA iteration step t in the Grover algorithm for

Nt = 12 qubits. Dotted curves show re-
sults for the ideal algorithm (¢ = 0), dashed
and solid curves correspond to imperfection
strength e = 4-107% and 1073, respectively.

A typical example of imperfection effects on the accuracy of the Grover algorithm for a fixed
disorder realization of Hg on 3 X 4 qubit lattice.

A. A. Pomeransky, O. V. Zhirov and D. L. Shepelyansky



Phase diagram for the Grover algorithm with static imperfections,
Eur. Phys. J. D 31, 131 (2005) KIAS, Seoul, 22 - 24 August, 2005

Husimi function in the Grover algorithm

Evolution of the Husimi function in the Grover
algorithm at times t = 0, 17, and 34 (from
left to right), and for ¢ = 0, 0.001, and
0.008 (from top to bottom). The qubit lat-
tice and disorder realization are the same as in
previous Fig. The vertical axis shows the com-
putational basis x = 0,...,2N — 1, while
the horizontal axis represents the conjugated
momentum basis. Density is proportional to
color changing from maximum (red) to zero

(blue).
the probability is mainly distributed over four states corresponding to four straight lines in phase

space: |10) = |7) 5 |m) = [T+ N) 5|no) = [n) ;|m) = Z;ZTKN)I + N)/vVN —1
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Phase diagram for spectral density

Lflu .

Phase diagram for the spectral density S (w)
as a function of imperfection strength e,
Niot = 12, same disorder realization as in
previous Fig. Color is proportional to density
S(w) (yellow for maximum and blue for zero).

|

I

—— -
———
—

o ) 14 135

10¢ e
The transition rate induced by imperfections after one Grover iteration is given by the Fermi

golden rule: T" ~ eQnZntot, where n;,; appears due to random contribution of qubit couplings €
while nz factor takes into account coherent accumulation of perturbation on n, gates used in one
iteration. In the Grover algorithm the four states are separated from all other states by energy
gap AFE ~ 1 (sign change introduced by operators O and D). Thus these four states become

mixed with all others for e > e. &~ 1.7/(ng\/Ntot), when I' > AFE.
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Averaging over disorder

% () Dependence of probabilities wg (a,c) and
3 @ wy (b,d) on rescaled imperfection strength
CPEEER e/e.. For panels (a,b) ny = 12, squares
; 0 and pluses show data for two typical disor-
. ey der realizations, green/grey area shows the
3 DE"%DA . region of probability variation for various dis-
Y order realizations (see text), full thick curves

2 i 2 give average dependence W, W4.

e/ e e/

Dashed area bounded’ by thin curves show the region of probability variation in the single-kick
model, open circles give the average data in this model with rescaling factor R = 0.56. Panels
(c,d) show wg, wy for ny: = 9 (triangles), 12 (full circles), 15 (open squares) and 16 (full
squares). In panel (c) full curves are given by theory for same n;,;: values from top to bottom,
R = 0.56.
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Theoretical estimates for the Grover algorithm

In the regime where the dynamics of Grover algorithm is dominated by four states subspace
the single-kick model can be treated analytically. The matrix elements of the effective Hamiltonian
in this space are

A+ a 0 —lwea 0
0 A—a 0 — W

H. s = , , 1
s wa 0 B b (1)

0 Wea b B
where A = —Rn,> % ai<7'|agz)|7‘>, B = Rn, Z;qu bij; — b, a = —Rngan,+1 and
b = Rng(bnq+17nq+2_[/w + bngr1,Le + brgngr1 + bnq+1_Lx,nq+1) and qubits are arranged on
L, x L, lattice, and numerated as ¢ = x + L,(y — 1), withz =1,..., L, y=1,...,L,.

In the limit of large n, the terms a, b are small compared to A, B by a factor 1/,/n, and H.ss
is reduced to 2 X 2 matrix, which gives wg = 2wg,/[(A — B)? + 4w?].
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For large n, the difference A — B has a Gaussian distribution with width o =
Rng\/nge/3\/a2 + 232 = e Rn,,/ny,. The convolution of w¢ with this distribution gives

we = \/7/2(1 — er f(V 2w /o)) exp (2w /0°) we/o (2)
This formula gives a good description of numerical data in Fig. c that confirms the validity of single-
kick model. For o > w¢ and a typical disorder realization with (A— B) ~ o the actual frequency
of Grover oscillations is strongly renormalized: w ~ (A — B) ~ 0 > wg, and in agreement
with previous Fig. w ~ &/e.. In this typical case wg ~ wg/0? < 1 (almost total probability
is in the states |19),|n1)). Hence, the total number of quantum operations N,,, required for
detection of searched state |7), can be estimated as N, ~ Ny;/w ~ o/wg, ~ eN/e., where
Ny ~ 1/wg ~ 0 /w?, is a number of measurements required for detection of searched state.
Thus, in presence of strong static imperfections the parametric efficiency gain of the Grover
algorithm compared to classical one is of the order €. /e. For € ~ w¢ the efficiency is comparable
with that of the ideal Grover algorithm while for € ~ e, there is no gain compared to the classical
case.
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