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Perron-Frobenius operators

Physical system evolving by a discrete Markov process:

pi(t + 1) =
∑
j

Gij pj(t) with
∑
i

Gij = 1 , Gij ≥ 0 .

Transition probabilities Gij ⇒ Perron-Frobenius matrix.
Conservation of probability:

∑
i pi(t + 1) =

∑
i pi(t) = 1.

In general GT 6= G and complex eigenvalues λ with |λ| ≤ 1.
eT = (1, . . . , 1) is left eigenvector with λ1 = 1⇒ existence of (at
least) one right eigenvector P for λ1 = 1 also called PageRank in the
context of Google matrices: GP = 1 P

For non-degenerate λ1 and finite gap |λ2| < 1: lim
t→∞

p(t) = P

⇒ Power method to compute P with rate of convergence ∼ |λ2|t.
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Google matrix
Construct an Adjacency matrix A for a directed network with N
nodes and N` links by :

Ajk = 1 if there is a link k → j and Ajk = 0 otherwise.

Sum-normalization of each non-zero column of A ⇒ S0.

Replacing each zero column (dangling nodes) with e/N ⇒ S.

Eventually apply the damping factor α < 1 (typically α = 0.85):

Google matrix: G(α) = αS + (1− α)
1

N
eeT .

⇒ λ1 is non-degenerate and |λ2| ≤ α.

Same procedure for inverted network: A∗ ≡ AT where S∗ and G∗ are obtained in

the same way from A∗. Note: in general: S∗ 6= ST . Leading (right) eigenvector of S∗

or G∗ is called CheiRank .
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PageRank
(KF, Georgeot and Shepelyansky, J. Phys. A 44 (2011) 465101.)

Example for university networks of Cambridge 2006 and Oxford 2006 (N ≈ 2× 105

and N` ≈ 2× 106).

P (i) =
∑
j

Gij P (j)

P (i) represents the “importance” of “node/page i” obtained as sum of all other pages

j pointing to i with weight P (j). Sorting of P (i) ⇒ index K(i) for order of

appearance of search results in search engines such as Google.
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Numerical methods

• Power method to obtain P or P ∗: rate of convergence for G(α) ∼ α t.

• 2d Rank : representation of nodes (node-density) in K −K∗−plane

where K (K∗) is sorting index of PageRank P (CheiRank P ∗).

• Complex eigenvalues: Full “exact” diagonalization for N . 104 or Arnoldi
method to determine largest nA ∼ 102 − 104 eigenvalues.

• Invariant subspaces in realistic WWW networks⇒ large degeneracies of λ1:

⇒ S =

(
Sss Ssc
0 Scc

)
where Sss is block diagonal according to the subspaces and can be diagonalized
separately. Scc corresponds to the core space with |λmax| < 1.

• Strange numerical problems to determine accurately “small” eigenvalues, in
particular for (nearly) triangular network structure due to large Jordan-blocks
(e.g. citation network of Physical Review and recently Bitcoin network).
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Applications

• University WWW-networks (N ∼ 2× 105, N` ∼ 2× 106).

• Linux Kernel network (N ∼ 3× 105)

(Nodes = kernel functions)

• Wikipedia, different language editions (N ∼ 4× 106, N` ∼ 108)

• World trade network (N ∼ 102 but more complicated structure).

• Twitter 2009 (N ∼ 4× 107, N` ∼ 1.5× 109).

• Physical Review citation network (N ∼ 5× 105, N` ∼ 5× 106).

(Review: Ermann, KF, and Shepelyansky, Rev. Mod. Phys. 87, 1261 (2015). )
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Example: Wikipedia 2009

(Ermann, KF, and Shepelyansky, EPJB (2013) 86:193)
N = 3282257 nodes, N` = 71012307 network links.

left (right): PageRank (CheiRank)

black: PageRank (CheiRank) at α = 0.85
grey: PageRank (CheiRank) at α = 1− 10−8

red and green: first two core space eigenvectors

blue and pink: two eigenvectors with large imaginary part in the eigenvalue
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“Themes” of certain Wikipedia eigenvectors:

-1 -0.5 0 0.5 1
0

0.5

-0.82 -0.8 -0.78 -0.76 -0.74 -0.72

0

0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98

0

A
us

tr
al

ia

Sw
itz

er
la

nd
E

ng
la

nd

Bangladesh

New Zeland

Poland

Kuwait
Iceland

Austria

B
ra

zi
l

C
hi

na

A
us

tr
al

ia

A
us

tr
al

ia
C

an
ad

a

England

muscle-artery
biology

DNA
R

N
A

pr
ot

ei
n

sk
in

muscle-artery

muscle-artery

mathematics

math (function, geometry,surface, logic-circuit)

ra
il

w
ar

G
aa

fu
 A

lif
 A

to
ll

Q
ua

nt
um

 L
ea

p

T
ex

as
-D

al
la

s-
H

ou
st

on

L
an

gu
ag

e

music

Bible

poetry
football

song

poetry
aircraft
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Reduced Google matrix
(KF, Shepelyansky arXiv:1602.02394, KF, Jaffrès-Runser, Shepelyansky, EPJB (2016) 89: 269.)

Consider a sub-network with Nr � N nodes providing a
decomposition in reduced and scattering nodes:

G =

(
Grr Grs

Gsr Gss

)
, P =

(
Pr
Ps

)
GP = P ⇒ GRPr = Pr

with the effective reduced Google matrix :

GR = Grr + Grs(1−Gss)
−1Gsr

containing direct link contributions from Grr and
scattering contributions from Grs(1−Gss)

−1Gsr.
GR has the same symmetries as G: (GR)ij ≥ 0 and

∑
i(GR)ij = 1.

Analogy with chaotic scattering: S = 1− 2iW † 1
E−H+iWW †

W .
(Mahaux and Weidenmüller, Phys. Rev. 170 (1968), 847.)
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Problem: practical evaluation of (1−Gss)
−1 is very difficult for large

network sizes and the expansion

(1−Gss)
−1 =

∞∑
l=0

G l
ss

typically converges very slowly since the leading eigenvalue λc of Gss

is very close to unity: 1− λc � 1.
More efficient expression:

(1−Gss)
−1 = Pc

1

1− λc
+Qc

∞∑
l=0

Ḡ l
ss

with Ḡss = QcGssQc, the projectors Pc = ψRψ
T
L ,Qc = 1− Pc and

ψR,L are right/left eigenvectors of Gss for λc such that ψTLψR = 1.
The leading eigenvalue of Ḡss is close to α = 0.85
⇒ rapid convergence of the matrix series.
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⇒ three components of GR:

GR = Grr + Gpr + Gqr

Grr = rr sub-block of G ⇒ direct links

Gpr = Grs
ψRψ

T
L

1− λc
Gsr =

ψ̃Rψ̃
T
L

1− λc
, rank 1

with
ψ̃R = GrsψR , ψ̃TL = ψTLGsr

Gqr = Grs

[
Qc

∞∑
l=0

Ḡ l
ss

]
Gsr ⇒ indirect links

Typically: Gpr is numerically dominant but

Gqr has a more interesting structure allowing to identify friends/followers.
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Application : Main network = Wikipedia 2013, different language editions.
Groups = leading 20/40 politicians of certain countries or G20 state leaders.

Node density in lnK − lnK∗−plane:

20 US, Enwiki

20 UK, Enwiki

G20, Enwiki

40 DE, Dewiki

40 FR, Frwiki

20 RU, Ruwiki
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Positions in K −K∗−plane
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Enwiki Politicians US

1− λc = 3.68× 10−4
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Grr

Gpr

Gqr
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Grr Enwiki Politicians US
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Gqr Enwiki Politicians US
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Name Friends Followers
Obama Bush Lew

Clinton Comey
Biden Carter

Bush Obama Comey
Cheney Pelosi
McCain McCain

Clinton Obama Lew
Bush Sanders
McCain Pelosi

Kerry Obama Pelosi
Bush McCain
Clinton Biden

McCain Bush Palin
Obama Comey
Clinton Sanders
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Gqr Enwiki Politicians UK
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Politicians UK Enwiki
Name Friends Followers
Blair Brown Miliband

Cameron Khan
Miliband Foster

Cameron Blair May
Brown Khan
Osborne Miliband

Brown Blair Miliband
Cameron Khan
Miliband Eagle

Johnson Cameron May
Blair Wood
Brown Cameron

Salmond Sturgeon Sturgeon
Blair Wood
Cameron Foster
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Gqr Dewiki Politicians DE
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Politicians DE Dewiki
Name Friends Followers
Kohl Schmidt Merkel

Merkel Westerwelle
Schröder Lafontaine

Schmidt Kohl Kohl
Merkel Lafontaine
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Merkel Kohl Hendricks
Schröder Mißfelder
Schäuble Gröhe
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Schmidt Lammert
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Gqr Frwiki Politicians FR
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Politicians FR Frwiki
Name Friends Followers
Sarkozy Fillon Hortefeux

J.-M. Le Pen Pécresse
Hollande Yade

Hollande Sarkozy Royal
Royal Aubry
Fabius Fabius

J.-M. Le Pen Sarkozy Philippot
M. Le Pen M. Le Pen
Bayrou Taubira

Royal Hollande Moscovici
Sarkozy Philippot
Fabius Hollande

Raffarin Sarkozy Copé
Juppé Pécresse
Fillon Hortefeux
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Gqr Ruwiki Politicians RU
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Politicians RU Ruwiki
Name Friends Followers
Putin Medvedev Hakamada

Chubais Fradkov
Ivanov Nabiullina

Medvedev Putin Putin
Chubais Mironov
Ivanov Gref

Zhirinovsky Putin Zyuganov
Medvedev Hakamada
Zyuganov Yavlinsky

Matvienko Putin Mironov
Medvedev Kudrin
Mironov Nemtsov

Zyuganov Putin Hakamada
Medvedev Yavlinsky
Zhirinovsky Zhirinovsky
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Gqr Enwiki G20 EN
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G20 EN Enwiki
Name Friends Followers
Obama Putin Noda

Merkel Abdullah
Calderón Myung-bak

Putin Merkel Noda
Obama Myung-bak
Barroso Merkel

Cameron Putin Gillard
Obama Barroso
Merkel Hollande

Harper Obama Merkel
Cameron Gillard
Putin Myung-bak

Merkel Barroso Hollande
Putin Monti
Obama Kirchner
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Geopolitics interactions between countries
(KF, Zant, Jaffrès-Runser, Shepelyansky, PLA 381 (2017) 2677.)
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Gqr Enwiki

Friends Followers
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Gqr Arwiki

Friends Followers
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World terror networks
(Zant, KF, Jaffrès-Runser, Shepelyansky, to appear in EPJB, arXiv:1710.03504)

“Friend” network: Gqr + Grr, Countries and terror groups, Enwiki 2017
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Random Perron-Frobenius matrices
(KF, Eom, Shepelyansky. PRE, 89, 052814 (2014).)

Construct random matrix ensembles Gij such that:

Gij ≥ 0, Gij are (approximately) non-correlated and distributed with the same
distribution P (Gij) (of finite variance σ2),∑

j

Gij = 1 ⇒ 〈Gij〉 = 1/N

⇒ average of G has one eigenvalue λ1 = 1 (⇒ “flat” PageRank) and other
eigenvalues λj = 0 (for j 6= 1).

degenerate perturbation theory for the fluctuations⇒ circular eigenvalue density
with R =

√
Nσ and one unit eigenvalue.

Different variants of the model:

full ⇒ R = 1/
√

3N

sparse with Q non-zero elements per column ⇒ R ∼ 1/
√
Q

power law with P (G) ∼ G−b for 2 < b < 3 ⇒ R ∼ N 1−b/2
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Numerical verification:

uniform full:
N = 400

uniform sparse:
N = 400,
Q = 20

power law:
b = 2.5

triangular
random and
average

constant sparse:
N = 400,
Q = 20

power law case:
Rth ∼ N−0.25
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Conclusions
• New mathematical method to construct a reduced Google matrix
GR for sub-networks of Wikipedia etc.

• The need for an efficient numerical algorithm provides a
decomposition of GR in three contributions which are also
important for the interpretation.

• Appearance of hidden/indirect links providing a friend/follower
network structure which may be quite different for GR or Gqr.

• Only the link information of Wikipedia articles is used and not the
details of their content ( ⇒ future approaches with links
supporting positive, neutral or negative attitudes between nodes).

• Different language editions of Wikipedia allow to take into account
multi-cultural aspects when constructing the reduced network
structure.
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