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Concept of quantum non-locality

• 1905 : Einstein : special relativity

Principle of locality: if A and B are space-

like separated regions, what happens in A

cannot have a causal influence on what

happens in B

• 1935 : Einstein-Podolsky-Rosen

Paradox: existence of “entangled states”

implies that if one associates an “element

of reality” with observable quantities, then

quantum mechanics is incomplete

• 1951 : Bohm |ψ〉 = | ↑↓〉 − | ↓↑〉

• 1964 : Bell

Possibility of testing quantum non-locality:

quantum mechanical predictions are incom-

patible with local realism (i.e., with any

local hidden-variable model)



EPR-Bohm experiment

a b

y

Alice Bob

xobservable

outcome correlations  P(a,b | x,y)

Detection events are
spacelike separated

|     > − |     >

∃ quantum correlations PQM that cannot be

reproduced by local hidden-variable models

Hidden variable λ (a-priori shared randomness):

specifies the outcome of any measurement

LHVM:

{

Alice λ, x → P (a|λ, x)
Bob λ, y → P (b|λ, y)

Locality: P (a, b|x, y) =

∫

dλ q(λ)P (a|λ, x)P (b|λ, y)

deterministic LHVM:

{

Alice λ, x → a(λ, x)
Bob λ, y → b(λ, y)

⇒ λ assigns a value to each observable



Bell inequality (CHSH, 1969)

Alice Bob|     > − |     >

x = 0 or 1 y = 0 or 1

A   or A   = +/− 1 B   or B   = +/− 10 1 0 1

S ≡ 〈A0B0〉 + 〈A0B1〉 + 〈A1B0〉 − 〈A1B1〉 ≤ 2

• Satisfied by all LHVM.

Proof: assume deterministic LHVM
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• Violated by QM.

Proof: choose appropriate measurements

〈A0B0〉 = 〈A0B1〉 = 〈A1B0〉 = −〈A1B1〉 = cos(π/4)

SQM = 2
√

2



GOAL: Finding a loophole-free test of
Bell inequalities using homodyning

Bell test = evidence of the incompatibility be-

tween quantum mechanics and “local realism”

1. Locality loophole : the experimental data

admit a local realistic description if communi-

cation between the parties is possible

⇒ Alice’s and Bob’s detection events must be

spacelike separated ⇒ use photons

e.g. G. Weihs, T. Jennewein, C. Simon, H. Weinfurter,

and A. Zeilinger, Phys. Rev. Lett. 81, 5039 (1998).

2. Detection loophole : the experimental data

can be explained by local realistic theories wherein

the detectors only click with probability η

⇒ the detector efficiency η must be high

e.g. M.A. Rowe, D. Kielpinski, V. Meyer, C.A. Sackett,

W.M. Itano, C. Monroe, and D.J. Wineland, Nature

409, 791 (2001).

EPR light beams and highly efficient homo-

dyne detection may circumvent both loopholes,

but ...



The original EPR state cannot exhibit
nonlocal effects with homodyning

|EPR〉 =

∫ ∞

−∞
ei(xa−xb)p dp ∼

{

δ(xa − xb)
δ(pa + pb)

Regularized as a 2-mode squeezed vacuum state

|EPR〉 '
√

1 − λ2
∞∑

n=0

λn |n, n〉 with λ = tanh(r)

generated with optical parametric amplifier (OPA)

Wigner function W (r) = π−2√
det γ

exp
[

−rT γ−1 r
]

> 0

with r = (xa, pa, xb, pb)
T and γij = 〈rirj + rjri〉

W provides an explicit local hidden-variable model

for homodyne measurements [xa(θ), xb(φ)]

⇒ Explore

{

(1) non-gaussian measurements
(2) non-gaussian states



(1) Non-gaussian measurements

Use EPR state but measurement of the photon

number parity (−1)n̂a+n̂b

K. Banaszek and K. Wódkiewicz, PRA 58, 4345, 1998

Use W(x, p) = tr(ρŴ) with Ŵ ∝ D̂(x, p)(−1)n̂D̂†(x, p)

D(  ) D(  )α β

| β >| α >

(−1) (−1)
n n

EPR source
(OPA)

E(α, β) = 〈 D̂(α)(−1)n̂aD̂†(α)
︸ ︷︷ ︸

Alice′s parity

⊗ D̂(β)(−1)n̂bD̂†(β)
︸ ︷︷ ︸

Bob′s parity

〉

S = E(0,0) +E(J,0) + E(0, J) −E(J, J)

violates CHSH inequality |S| ≤ 2 by ∼ 10 %

although W > 0

Detection loophole...

Experimental feasibility...



(2) Non-gaussian states

Use more “exotic” states that have W 6≥ 0

(necessary but not sufficient condition)

e.g. W.J. Munro, PRA 59, 4197, 1999

|Ψ〉 =
∞∑

n=0

cn |n, n〉 (correlated photon-number states)

Binarization of measured quadrature: sign(x)

Optimal source violates CHSH by ∼ 3.8 %
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Experimental feasibility...



Find a reasonable compromise between
experimental feasibility and stringent
requirements of loophole-free Bell test
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Sophie prepares a non-gaussian state by subtracting a
photon on each mode, conditionally on a double-click

Alice measures xa(θ1) or xa(θ2) → binarizes it

Bob measures xb(φ1) or xb(φ2) → binarizes it



Simplified model (ideal photodetector η = 1)

APDA APD
B

η η

BSA B
BS

T TEPR source
(OPA)

λ

|Ψin(λ)〉 =

√

1 − λ2
∞∑

n=0

λn |n, n〉

|Ψout〉 ∝ âA âB |Ψin(Tλ)〉

∝
∞∑

n=0

(n+ 1)(Tλ)n |n, n〉

Tλ = effective squeezing

Reduce squeezing λ by taking T → 1

(then, imperfect APD ' ideal APD)

Works well with imperfect APDs (η ' 10 %)

with no single-photon resolution

PAPD ∝ (1−T)2 so there is a compromise with the need

to accumulate enough statistics



|Ψout〉 ∝
∞∑

n=0

(n+ 1)(Tλ)n
︸ ︷︷ ︸

cn

|n, n〉 with Tλ = 0.57
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The photon subtraction reduces the relative contribu-

tion of the vacuum, making |Ψout〉 more “non-gaussian”,

and thus a good candidate for a Bell test

E(θ, φ) =

∫ ∞

−∞
sign(xAθ x

B
φ ) P (xAθ , x

B
φ ) dxAθ dx

B
φ

with P (xAθ , x
B
φ ) ≡ |〈xAθ , xBφ |Ψout〉|2

S = E(θ1, φ1)+E(θ1, φ2)+E(θ2, φ1)−E(θ2, φ2)



Case Tλ = 0.5

One-dim cut of W(xa, pa, xb, pb) along the line xa = −xb,
pa = pb = 0 for the non-gaussian state |Ψout〉
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Maximum violation of ∼ 2.3 % for Tλ ' 0.57
e.g. T ' 0.95 and λ ' 0.60 (6 dB)

? optimal angles θ = 0, π/2 and φ = −π/4, π/4
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Exact calculation (imperfect APD & BHD)

LO LOA B
θ φ

Source

η η

APD
D

APD
C

x
A

xB

BHDA
BHDB

BHD BHDηη
C D

A B

Gaussian completely positive map:

γin = γEPR
AB ⊕ ICD

γin 7−→ γout = S2 S1 γin S
T

1 S T
2 + G2

with S1 = BSAC ⊕ BSBD
S2 =

√
ηBHD IAB ⊕√

η ICD
G2 = (1 − ηBHD) IAB ⊕ (1 − η) ICD

TrCD

{

ρout

[

IA⊗IB⊗(IC − |0〉〈0|)⊗(ID − |0〉〈0|)
] }

⇒ (2π)2
∫

Wout(· · · )︸ ︷︷ ︸
γout

O(· · · ) dxC dpC dxD dpD

⇒ linear combination of 4 gaussian Wigner f.
⇒ analytical calculation of E(θ, φ), hence of S



Violation of CHSH inequality |S| ≤ 2

(perfect detectors η = ηBHD = 1)
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T = 0.99 → 5.6 dB (2.3 % violation)

T = 0.95 → 6.0 dB (1.9 % violation)

T = 0.90 → 6.4 dB (1.4 % violation)

• simplified model (Tλ ' 0.57)



Imperfect photodetectors (η < 1)
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Imperfect homodyne detectors (ηBHD < 1)
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Realistic parameters:

T=0.95, λ=0.6 (6 dB), η=0.30

ηBHD=0.95 − 0.97 ⇒ violation of 0.5 − 1 %



Electronic noise of the homodyne detectors

T=0.95, λ=0.6 (6 dB), η=0.30, ηBHD=0.95
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with sign binarization, the effect of added noise

is equivalent to a decreased efficiency ηBHD

⇒ should be 15-20 dB below shot noise



Some alternative schemes
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Conclusions

Existence of an experimental window for a

loophole-free Bell test seems very plausible !

? T=0.95, λ=0.6 (6 dB)

? η = 30 % or lower

but should filter out the other modes impinging on APDs!

? R ∼ 1 MHz (1 µs is enough for pulse analysis and

random bit generation)

⇒ P ' 2 × 10−4 (∼ 200 counts per sec)

? ηBHD & 95 %

? Nel . 15 − 20 below shot noise

J. Wenger, R. Tualle-Brouri, Ph. Grangier, PRL 92,

153601 (2004): experimental generation of single-mode

non-gaussian states by photon subtraction

Local realism may be definitively disproved

by observing Bell violation (in percent range)

after about 1 hour statistics


