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Give a sketch how to use spin degreees of freedom for quantum
information processing. We Il do that by giving an introduction to
NMR quantum information processing, from basic ideas to some
of the most recent developments with a focus on the control of
multiqubit systems (up to a dozen qubits). Then we will turn to
solid state NMR, and discuss some recent directions. We will give
an assessment of the important achievements and point toward
future developments.



NMR QIP around the world
e David Cory’s group at MIT

e Yoshi Yamamoto in Stanford
e Michael Meihring in Stutgart
e Sefan Glazer in Munich

e Jonathan Jones at Oxford

e lke Chuang at MIT

e Dieter Sutter in Dortmund



e 1. Nuclear Magnetic Resonance (NMR) QIP

o Qubits and Gates

o Measurement

o Initial states

o Noise

o Isolate the spin 3/2

e 2. Some benchmarks/algorithms implemented
o Quantum error correction:
3/5 bit codes, noiseless subsystems
o Physics simulation
o The power of one bit of quantum information



e 3. Solid state NMR

o Similarities and difference between liquid and solid
o Control of solid state NMR qubits
o Heat bath algorithmic cooling
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ePauli matrices:

10 01 0 —i 1 0
1= (07) e =x= (o) i =y = (0 7)sm =220 )

0
eTensor product X; = 1IRQ1R:--- X RK---Q 1. 0)

eBloch sphere: a geometric representation of the state
¥ = cos 0|0) + e*?sin0|1) or
p = 1(1 + sin[6] cos[¢] X + sin[0] sin[¢]Y + cos[0]Z)

i = 1.05 x 107%* Js, k = 1.38 x 1072 J/K

1 Tesla= 10* Gauss (Earth Magnetic field=0.5 Gauss)
pp, = 26.75 x 107 /(Ts)

e Freq. of the spectrometer v¥ = 26.75 X 107rad/(Ts) * 11.7T /2w =
500M H =z

e Corresponding 3 = h X w;/kT

= 1.05 X 10734Js x 2 x 486 M Hz/(1.38 x 10~2.J /K X 300K) ~ 7.8 X 10~5
e Definition of T; (relaxation time): M, (1) = M?[1 — 2e(~7/TV)]

e Definition of T, (decoherence time): M, (1) = M?[exp(—27/T3)]
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NMR QIP overview
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e Some atoms, like hydrogen, carbon 13, have nuclei
which possess a magnetic moment i = [,LI where T is
the angular momentum operator for a spin half system.

The Hamiltonian is given by
H=pi-B
where B is the magnetic field.
e Use B,z, this implies H = uB,Z. This field will

induce a rotation of the magnetic moment around the

z axis at frequency called the Larmor frequency w’ =
ubB,.



e Although all nuclei of the same species have the same
magnetic moment, the surrounding electrons in a molecule
are able to shield to various degree the external mag-
netic field. This leads to an effective magnetic mo-
ment. The difference between the value of an isolated
nucleus and the one observed is called the chemical
shift and is denoted by 0. The chemical shift is how
the different qubits are distinguished. (This is not nec-
essary, ideas from cellular automata can be used ... but
we won't here).

e We will often go in the rotating frame of each nu-
clei, one which rotates at each of the Larmor fre-
quency of the nuclei implemented by the transforma-
tion: e ‘@iZitw;Zx+.)t - This “easy” to track, and is
computationally efficient. The evolution in this multi-
rotated frame will look simpler.



e Large chemical shift

e Large J coupling

e Large decoherence time

CARBOXYLIC ACIDS

L Hads

CROTONIC ACID

[T ——

453

Il111Tee

Rudy Martinez, Stable Isotope Lab, Los Alamos
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Crotonic acid

18ppm . [7.1ppm

122ppm




Breaking a Hilbert space into qubits:

©

e Breaking the methyl hydrogens into spin 3/2 and spin 1/2 components
(in fact there are two spin 1/2, and they can be decomposed into a
symmetric and non-symmetric part, our control is on the symmetric part

only).



H=) ji,-B=H,+ H,y

eThe background field B, = B3 :

eTo induce one bit gates use the coil to send rf waves

B,; = Bgcos[wr(t — tg)]& + Bysin[wr(t — t¢)]g which looks like a
constant magnetic field in the rotating frame.

Rotation around x/y axis: e.g. around X

Rotation around z axis:

hard pusle: 10 us;
soft pulse 1/6

At

e X = 1 cos[f] — i X sin[6]
Z — Z cos[20] — Y sin[20)]
Y — Y cos[20] + Z sin[20)]

A®




In NMR, the background Hamiltonian provides rotation around the z
axis, and only rotation of 90° around the x-axis are necessary to obtain
universality.

A generic rotation can be written as: e *®"*% which can be rewritten as

s s 8 _aT _ -0 T _ 8 T s
e 7 Z€z4X6z2Z6 7 Xe zZez4Xe zzze Z4X€ 7,2Z

a =tan"'[n,/ng] : B = tan '[n,/n.]

In NMR, we have rotation around axis on the X — Y plane and Z
rotations come for free as they can be done by redefining subsequent
rotation axis of rotation:

N=Xcoso +Ysino

we usually limit ouserlves to 90° or 180° as they are easier to calibrate.



Suppose we are not able to calibrate very well and a 90° is really 90° + €,
how can we make a pulse which reduce this imprecision?
For Z initial state, use the sequence:

U — o—iG+aY o—i(3+20)X ,—i(5+e)Y

For a general state we need the sequence

U — e—i%Xe—i%(X cos[—30]+Y sin[—30]) ,—¢5 (X cos[60]+Y sin[60])

e
—i5 (X cos[—30]+Y sin[—30])e—z'gX

e

Exercise: Show that if g — g + €, the gate remains precise to order €2.



Remember H,,,q = fi - Egrad and use a gradient field B%md = BgradzZ2
The sample get a linear phase as a function z:

I.(2) = X £iY — e~ PinByazty,

The operators I gets averaged over z.
e We can use this to “label” parts of the density matrix, e.g. the
one with different number of I..

L1 — e B[ 5 LI — e WP 12
.1’ - 1.1° ; Z'1— Z'1
Zl/2 1

< Ii>.,= dze HBorai? [~
—2z/2 :U'Bgradzl

e Gradients can also be used to implement decoherence.
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The rf power is different for various parts of the sample:
we need to find a way to either homogenize or use
a sub-sample of the spin where this inhomogeneity

Get homogeneity up to +/- 2%
(with around 12% of the signal)



eindirect interaction between spins (mediated through electrons)

Hip =Y J;;i6° -6 =) J(X'X) + Y'Y + Z2°Z7)

¥ %]

If |wi — wl| < Jij, we can neglect X*X7 + Y'Y

e %%2Z — Qllcosp — iZZ sin ¢
X1 — X1llcos2¢ + Y Zsin2¢
Y1 — Ylcos2¢p — X Zsin2¢

e Eliminate the natural evolution using refocusing

]l — e’l:Tl'X/ze—’l:ﬂ'letZIZ2/2e—’l:ﬂ'X/2 e—’l:ﬂ'letZlZz/2

e’iﬁjlthlZ2/2

t/2 t/2

Can we refocus efficiently?



If all the qubits are coupled, expectation is that it is not possible,
but if we have only two qubit coupling:

This is not efficient, instead use Hadamard matrices,
(put a refocusing at each change of sign in a row)

++ + +
[t
++ — —

R

IO

p_ 1 [ T
12 (]
r__ |l [l

Jones & Knill J.Magn.Resonance 141 (1999) 322-325
D.W. Leung et al., quant-ph/9904100



For two spins, the magnetization M (t) = Tr[p(t)(I} + I?)]

p(t) — e—it(w1Z1+w2Z2)tp(t0)e’it(w1Z1+w222)t

-

0 1 2 3 4 5 6 0 20 40 60 80

The Fourier transform has a peak at the Larmor frequency. The integral of the
peak gives us the scale of the matrix element, the width estimates T5.
eln the presence of coupling,

p(t) — e—zt(w1Z1+w2Z2—|—JZ1Z2)p(to)ezt(w1Z1+w2Z2—|—JZ1Z2)

4 S 6 0 20 40 60 80

Coupling between qubits is seen has the splitting of the lines in two, correspond-
ing to having the second qubit is in the state |0) or |1)



|1>

|0>

[11>

01

|00>

[10>

Obsevable is the transition
|0><11+11><0I of a given spin

X

|

X

| -

XIl

i

XZ]

X(1+2)




The initial state is p = e PH /Tre="H with Bwr ~ 107° implies

1
p N( ﬂ%w )

Sorensen [6], Schulman and Vazirani [5]: concentrate polarization of the qubits.
A 3 qubit example: if H = w(Z; + Z> + Z3), we can increase polarization by
swapping the states |011) «—— [100)
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1

1
_ —BH
_— _e Yy — ]]. - H o o o
p=- S (1= pBH +...)
Making a pseudo pure state (Cory et al 1996, Gershenfeld et al. 1997)
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E. Knill& R.L. PRL81, 5672, 1998

1 1
_ —BH ~_ 3
pi_ e ~/ ]]. H | e o o
Z Z( )

Making a pseudo pure state on only one bit

_la-Yze1®...)
pi= (-

and evolve with U,,.1i: described the circuit below, measuring X
on the first qubit alone will give

1 _q) U

2n-1

rI‘r[Xonne bith’UoTne bit] —

- Re(T(U))



The strong magnetic field in the z direction, with some work to ho-
mogenize the magnetic in the X — Y direction reduces the number
of parameters that describe the noise to three. The temperature,
T2 and T1.

T2 describe the rate of decoherence (the randomization of the
phase) which induce the decay of the off diagonal terms. It is
caused by coupling to other spins or to the inhomogeneity of the
magnetic field. It is a unital quantum operation, i.e. preserve the
unit matrix.

b — ( a b—|—ic) _) ( a (bHC)e_t/Tz)

(b — ic)e VT 1—a

T2 is of the order off seconds in liquid state NMR.



Relaxation to thermal equilibirum is given at a rate called T'1. It

describe the interaction with the “lattice”.
The evolution of a family of isolated spin in pure states evolve as:

p = (p 00 P 01>
P10 P11

H
p = (ng 1 — ?t/Tl) T Pf)oe_t/T1 p61e_t/2*T1. )

with pod = ¥ /(eP¥ + e7P%) and pi] = e P¥/(eP¥ + e Pv)

T1 for liquid state NMR is of the order of seconds to tens of
seconds.



Control

Target

7:90
Cl 13
7/2 coupling G
= ) 2 Y:90 |« » Y:-90| | X:90
, 02
> 0 1302

A control-not is implemented by
combining one bit gates and a
single two qubit gate. C is the
control and C, the target.

We can translate these gates into
the spectrometer language.

time

Pulse sequence

(C2 90:sp9 phl3 ):f1l
3u
3u ippl3

0.71365m

8u

8u

(C2 90:8p9 phl9) :f1l
6u ippl5 ippl9o

8u

(C2 90:8p9 ph20) : f1
6u ippl5 ipp20



____________________________________________________________________________________________

:n the state O

]
_________________________________________________________________________________ Q== m—-- -

2es0 wlth the Carbon the control
in the state 0. . .
Hzippm LUE"“HLLL _________
phase . . . . ] .
calibrate 805405 ... , ............. , .............. ,. ............. , .............. r ............. 1 _________

integrate

' Quantum:circuit

Control-Not
' Tatget

utilities
dual “ o ﬂ!:::::"--'- :-. - """""

autoplot
dpl dp2 dp3
FlotReq

Y ¥ dot

________________________________________________

________________________________________________

________________________________________________

Re Im Fid 2 T

Sh UIsh

2D JD

................................................................................................

................................................

swr-sfol




________________________________________________________________________________________________

Fmal state of Hydrogen the target
in the state 0, '

]
_________________________________________________________________________________ Q== mmm -

Lz with the Carbon the control
in the state 0. . .
Hzippm LUE"“HLLL _________
phase . . . . ] .
calibrate 805405 ... , ............. , .............. ,. ............. , .............. r ............. 1 _________

integrate

Gcntml Nc:t Ouantumicircuit

utilities atgﬁﬂ
dual L C - ---------

autoplot
dpl dp2 dp3
FlotReq

Y ¥ dot

________________________________________________

________________________________________________

________________________________________________

Re M Fid R T UASr RACECEEEEEELE CEEERREERPEERFEEPEEREES
Sh Ush ] : : : ] :
ZD 3D

................................................................................................

_______________________________________________

................................................

swr-sfol

iexpno.exe : finished



Hzippm 1"“’*["’ |n|t|a| State Of Hydrogen the tar.QEt

in the state 0,

calibrate ; e e e

integrate Wlth the Carbon, the control
utilities |n the State 1 .

dual

autoplot C'D ntrol- N‘Dt
dpl dp2 dp3 -

! ! ' I' |||| IIIJ L

FlotReq ! ' ' ' jll1 01 2 qubit-gate
1 1 1 : ok l‘lll 1'1-

v | vu | dot ]

Re Im Fid
Sh UIsh
2D 3D

swr-sfol

iexpno.exe : finished




Hz/ppm

phase
calibrate
integrate
utilities
cual

autoplot

dpl dp2
FlotReq

Y YU

Re Im Fid
sh Ush
ZD 3D

swr-sfol

|n the state 1

] 1
............................................................................ L R
1

Wlth the Carbon the control
|n the state 1
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(a]0) + 5]1))|00)
(1) 4 B8|0))[11)
Control-Not (|0) + B]1))]01)
(00 — 00
Bl 1 (a]0) + B]1))]10)
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NMR implementation of the decoding and error correction:

[0

[0

Toffoli gate:

ERROR
ENCODING EVOLUTION DECODING CORRECTION
Y Q Tlme delay Q ®
= P-4 0
I \_J N \_/
(o) 180deg Z sotat (o)
o voo g Z rotations Y90 —e—@
I u toinduce \_/ 1
@ Decoherence. @ Py
@ &
21
(3

and the full decoding and Toffoli, including some optimization

J-coupling delay with refocussing Selective pulse on C1 J-coupling delay , Selective pulse on C1 J-caupling delay with refocussing
IR el 1 | L s
i | RN N MR 1
H = e it 1
o ! o | L o
@ L. 4AIINIC DS B
Cl ; ] : : : ' : : i : :
Y90 | ! X0 | | Y90 | | pFX90| LYoo | L[ -X90
' @]l * ! ! x| : i
c o - e
] ]

' Decoding part

I Modfﬂed'Tofféﬂ gdfe pulse s_equénce '



0.8

1.0

0.6}
04}

0.2¢
" No H

Error location

C: C;

Error-corrected

-~ -
—_—_

¢

200 400 600 800 ms

The demonstration of quantum error correction is in the shape of the green curve which
does not have the first order error. The curve is much flatter than the red one.

Experimental Quantum Error Correction:

D. G. Cory, M. D. Price, W. Maas, E. Knill,
R. Laflamme, W. H. Zurek,T. F. Havel and
S. S. Somaroo, PRL 81, 2152, 1998



As we increase the number of qubits, we need to automate many tasks such as the refo-
cusing schemes and also deal systematically with errors that can be partially corrected.

Quantum Cil’i.lit: single bit + cnot
Qubit data, Ideal pulse program: x/y 90, Z + 2z
-nuclei file \ 4
-pulse shape
5, J; -pp-state |
v -phgse cycling

_ -Adjust phase (z),
!DU'SG analysis » -Optimize ZZ, rest
ideal, z, zz, rest using refocusing

v \ 4
-select for rf
-calibrate

Quantum network

180

>

Pre-compiled pulse sequence

; pulse Hh_90 0.25~H4

;zz .25 C3H4

; refocus C3_Hhce_Nh_180 0:0:0
; pulse Hh_90 0~H4 @H4:Z+

; pulse Ch_90 0.25~C3 @C3:Z-

;zzend * *

sgz ¥k E

Compiled pulse sequence

(Hh_90 ph2 ):12

1.48295m

(0.1714m Hhe_180:sp1 ph19 0.1714m ):f2
1.49295m

(Hh_90 ph3):f2

(Ch_90 ph7):f3

;Net ZZ error: 0.001, cos=1.000

;Total ZZ error: 0.001, cos=1.000

;Final phases (in reference frame):

3 0.915,0.944,0.056, 0.085, 0.283, 0.457, 0.713,0.696,
; 0.838,0.651,0.832,0.665, 0.335, 0.046, 0.345, 0.236,
;Final channel phases (in reference frame):

3 0.914,0.013,0.580, 0.870, 0.090,

Improving one bit pulse ) Data
Som

A4




-Decide which pulses are required:
soft or hard pulse

90 and 180
-Use a molecule with simpler spectra:

RH
Jhn= Jnc=
-0.4Hz 142Hz

InC=

Glycine

mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm

mmmmmmmmmmmmmmmmmmmm

.....................
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq



Projection on the spin 1/2

Py =1— P3)

=1 - [|3 2a3/2> + |3/291/2> +

[3/2,—1/2) +(3/2,=3/2)]

in term of operators we have

Py = [3101 — [(1XX) + (YY) + (1Z22)]]




as|nd Jualpeln

as|nd Jualpeln




as|nd UalpeID X9




Encoding — Decoding «—

M {0 ? 790 Implementation of the 5 bit code with
S 1 the stabilizer Z2Y3Y*X5, ZY?y3X?,
C3 ol Lot o Y?Z°Z*Z° and X'Z?X?Z*, including de-
C4 Koje bw coding and error correction for a basis of 1
. Correcting Z errors qubit errors [1]

Cl

C2
C3 I_i
C4

Cq i

N q e swap

C2

C3
C4

5 Qe |
T g .

90x rotation

C1$

C3

45 rotation

C4 O

1.0}

Relative polarization
o
o

xM C4 zC4 zC1
yM xC}\l?» yC1 xC3
zM xC1 zC2 yC2
no xC2 zC3 xC4

50 | | 0 | | 50 | " 100 Hz



We have seen that the circuit below can be powerful computationnaly

L || U

2n-1

Tr [Xl Uone bitPiUT

one bit] — on—1

Re(Tr[U})

Are there any interesting U?



It is possible to characterize complex dynamics. In reference [3] it was suggested
that the average fidelity decay of the state can be used to characterise if a
unitary operator U has symmetries (regular system) or not (quantum chaotic)
using where we evolve under a unitary evolution U P where U is characteristic
of the evolution U of a perturbation P

F, () = [l (U U7 )|

is given by

- |Tr [(Un)’r (PU)"} |2 N
F, — .
N2+ N

A simpified circuit to evaluate this is given by (noting that the control on the
U can be dropped without changing the circuit):

A - —

A PH U

|0><0|

11 oo

|11

|11
U
-

n times



The circuit can be implemented in crotonic acid

|0><0| M —

R

IPerturbationlRandom Map

Q

C1
C2

1
2N
C3

C4

Random Rotation

@@@@@@-ﬁb

Random Rotation

l
3
v

0070 030,050

l

4 times



The diagrams below give the behavior of regular and chaotic evolution:

z | z
St:ps St:ps
and experimentally we obtain:

10”4 10°

10} 10 ' g

B\

0 5 10 15

Steps

For details see [4]



Thenuclei spectra
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