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Introduction / Motivation / Overview

‘ ®* Quantum information

— quantum computing, quantum communication etc.
* Zoo of quantum optical systems
— ions, neutral atoms, CQED, atomic ensembles
* Theoretical Tools of Quantum Optics
— quantum optical systems as open quantum systems



1.1 Quantum information processing

® quantum computing
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Quantum computing

° guantum memory

N spin-1/2 systems
quantum register

® quantum gates
single qubit gate:

® ®© & o o
g

U= rotation of a single qubit

U1_

®* read out
®* [no decoherence]
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two-qubit gate:

@ @ @
control target
U= |0>1<O|®11 +|1)1(1|®U;

®
— U1 E—




Our goal ... implement quantum networks

®* quantum network

Qo ° * Nodes: local quantum computing
© @9 - store quantum information
\ - local quantum processing
channel - measurement
"" * Channels: quantum communication
- transmit quantum information
node - local / distant
Goals:

®* map to physical (quantum optical) system
®* map quantum information protocols to physical processes

S~



Introduction / Motivation / Overview

®* Quantum information
— quantum computing, quantum communication etc.
‘ * Zoo of quantum optical systems
— ions, neutral atoms, CQED, atomic ensembles
* Theoretical Tools of Quantum Optics
— quantum optical systems as open quantum systems



1.2 Zoo of quantum optical systems

trapped ions

100 pum

collective modes

\

CQED

AVAVAVAV .o

cavity decay

S

spontaneous
emission

Few particle system with complete
quantum control:

spin-1/2s coupled to harmonic oscillator(s)

® quantum state engineering:
quantum computing

* state preparation & measurement



optical lattice as a regular
array of microtraps for atoms

from BEC to Hubbard models laser )§

— strongly correlated systems 7/%\

— time dependent, e.g. quantum phase
transitions

— exotic quantum phases (?)

¢ ",

guantum information processing L l L—

— new quantum computing —® o6

scenarios, e.g. "one way quantum a|¢ Y+ B (i) ) _ | S
computer” _ _

qubits on a lattice @ e @ &

"quantum simulator” _T T T T_

entangling qubits via "Ising"
(cluster state)



... measurements beyond standard quantum limit

* N independent atoms * N entangled atoms
0 1
+ (N NN @000
wl?2 1 1
Aa)sQL = E— A _ 1 1 > 1 i
T T /nrep '\/N Went T /nrep f(N) N T /nrep N
standard quantum noise limit Heisenberg limit:
A ¢ maximally entangled state
|0000) + [1111)
* Entanglement via collisions: spin squeezing
wl?2
+ + laser R collisions R
0)®N 1 Ca[0)"[1)N"
0 [-L-(0)+ [1] 2
product product

state state
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cascaded quantum system: transmission in a quantum network

source Mwen system

unidirectional coupling



atomic ensembles

atomic / spin squeezing; quantum memory for light;
continuous variable quantum states

coherent
o))

measure

o
] .
---------
-------------

quantum repeater: establishing long distance EPR pairs
for quantum cryptography and teleportation

L R
a b



... and what we are working on at the moment

polar molecules ...

* hybrid quantum optics — solid state processors
— coupling polar molecules to strip line cavities

® spin lattice models (of interest in topological quantum computing)
— Kitaev xx-yy-zz on honeycomb lattices
— loffe, Feigelman et al., xx-zz on square lattice



Quantum Optics

with Atoms & lons Polar Molecules

® cold atoms in optical lattices

laser ’,.r"r
mﬁm rotation
o

® trapped ions / crystals of ...
) ® single molecules / molecular ensembles
=" - coupling to optical & microwave fields
= — trapping / cooling
— CQED (strong coupling)
— spontaneous emission / engineered

dipole moment

"""""" dissipation
°* CQED * interfacing solid state / AMO &
cavity microwave / optical
atom — strong coupling / dissipation
( 000 ) * collisional interactions
/;33,. — quantum deg gases / Wigner (?) crystals
° atomic ensembles ~ dephasing



Hybrid Device:

solid state processor
& molecular memory
+ optical interface

R. Schoelkopf, S. Girvin et al. (Yale)

superconducting (1D)
microwave transmission line
cavity
(photon bus)

strong coupling
circuit CQED

Cooper Pair Box
(qubit)



P. Rabl, R. Schoelkopf, D. DeMille, M. Lukin ...

Hybrid Device: molecular

optical = ensemble optical

solid state processor cavity (flying) qubit
& molecular memory ~rn
+ optical interface

laser

polar molecular ensemble 1:
quantum memory
(qubit or continuous variable)

superconducting (1D)
[Rem.: cooling / trapping]

microwave transmission line
cavity

(photon bus) strong coupling CQED

Cooper Pair Box
(qubit)
as nonlinearity

polar molecular ensemble 2:
quantum memory
(qubit or continuous variable)



R. Schoelkopf, M. Devoret,
_ _ _ _ S. Girvin (Yale)
1. strong CQED with superconducting circuits

* Cavity QED

- 1
— T —
SC qubit weala+ swy(t)o + glaoy +h.c.)

Jaynes-Cummings
parameters:

ood cavit
cavity frequency w. ~ 27 x 10 GHz e J /

cavity damping k ~ 27w x 1.. Hz
SC qubit - cavity coupling g ~ 27 x 30 MHz <——  strong coupling!

3~ -5
SG qubit damping T ~ 27 £ 1 MHz (mode volume V/ A%~ 10-)

\ “not so great” qubits
* [... similar results expected for coupling to quantum dots (Delft)]
* [compare with CQED with atoms in optical and microwave regime]



... with Yale/Harvard
2. ... coupling atoms or molecules

* superconducting transmission ¢ hyperfine excitation of BEC/
line cavities atoms / atomic ensemble
molecules
hyperfine structure
~ 10 GHz

g ~ 27 x 80 Hz /#atoms
SC qubit

® rotational excitation of polar
molecule(s)

N=1

rotational excitations / large!
~ 10 GHz
N=0

g ~ 271 x 10 KHz +/#molecules

~ 27 X 1...10MHz ensemble @



A. Micheli, G. Brennen, PZ, preprint, Dec 2005
Polar Molecules in an Optical Lattice: Lattice Spin Models

polar molecules on optical lattices provide a complete toolbox to realize
general lattice spin models in a natural way
Examples:

Duocot, Feigelman, loffe et al. Kitaev

o S

—0—0—0—0—0—

——O0—O0—0—0—
—0_e & e @

T

|
Hon = Xy 2y Yoot +e0sioiol)  HO =3, S orop+3, 3 ool

spin

x—links y—links
protected quantum memory:

degenerate ground states as qubits +J: Z Ojo%

z-links



H.P. Buchler

_ _ V. Steixner
(Wigner-) Crystals with Polar Molecules G. Pupillo
M. Lukin
* “Wigner crystals“ in 1D and 2D (1/R3 repulsion — for R > R,)
potential energy  d?/R3 1 1/3
- = ~= ~
kinetic energy h2/2MR%2 R

dipole-dipole: crystal for high density

_ e%R
Y YL
2D triangular lattice Coulomb: WC for low density (ions)
(Abrikosov lattice)

gR), solid , st order phase
transition

liquid Tonks gas / BEC
WC (liquid / gas)
4 4 , mean
R | | distance

~ 100 nm quantum
statistics

v




Introduction / Motivation / Overview

®* Quantum information
— quantum computing, quantum communication etc.
* Zoo of quantum optical systems
— ions, neutral atoms, CQED, atomic ensembles
‘ * Theoretical Tools of Quantum Optics
— quantum optical systems as open quantum systems



1.3 Quantum optical systems as open quantum systems

®* example: trapped ion

A
motion le) [/ ...
<>
of Sr ) /in-2)
® In=1)
laser In = 0)
spontaneous — 19)
emission

HPI Zoller



Our approach ...

Quantum Optics

®* Open quantum system

environ-
ment

harmonic oscillators

v' master equation

® Continuous observation

counts

T

time
out
— —D
in

v’ Stochastic Schrodinger Equation

“Quantum Markov processes*

Quantum Information

®* Quantum operations

system p —

— &(p)
U

environ- |eo>_ _
ment

p — &p) = X, ExpE|

U K

leo)




Summary: what the lectures are about ...

® Theoretical modelling of quantum optical systems

— how to describe theoretically trapped atoms and ions in
various traps, CQED, atomic ensembles etc.

® Quantum state engineering / QPIC with qo systems
— how to perform gate operations

® Preparation & Measurement in qo systems
— state preparation and read out
— decoherence

— from quantum operations to stochastic Schrodinger
equations, continuous measurement and all that



Quantum Computing with Trapped lons

® basics: quantum optics of single ions & many ions
— develop toolbox for quantum state engineering
® 2-qubit gates
— from first 1995 gate proposals and realizations
— ... geometric and ,best” coherent control gates
® spin models

100 pm



1. A single trapped ion
® asingle laser driven trapped ion

v system: atom + motion in trap:
goal: quantum engineering

trap
%71,. spontaneous v [open quantum system]
emission

® system: two-level atom + harmonic oscillator

|e> H= HOT+HOA+H1

\

| :
Q‘ § I ® 1) trap Hor = 5’—& +IMv2X? = hv(ata+ 1)
9) 0

atom Hga = —hAle)(el

two-level system phonons
(= qubit) v ~ 10 MHz laser  Hy = —LnQe*X|e)gl+h.c.

H = £2 1 LMV2R2 + horegle)el-h(2 Qeliiote)gl+h.c. )



* laser absorption & recoill

)
Q ‘ interaction H, = —%thikLX|e><g|+h.C.

9)
, % , laser photon recoil:
|g)lmotion) — |e)e™*motion)  couples internal dynamics and center-of-mass

photon recoil kick

®* Lamb-Dicke limit

trap size Lamb-Dicke expansion
«> o0 _ [k

2Mvy e ik X _ gin(a+a’)

=1+in(a+a) +...
AL

< > t N
laser wave length N =215 = Jaw ~0.1




® spectroscopy: atom + trap

blue sideband

le,2)
le, 1)
e, 0) T nQa’
Q
nQa
red sideband 9,2)
v ]g,1)
9, 0)

laser interaction

1 opikX _ 1
> 26" e)gl= 5 Q)|

+i5Qna le)gl
1

+iLona'lexl

+...

® processes: "Hamiltonian toolbox for phonon-state engineering”

laser | OO

e)
$V|

n<

phonon

9)

red sideband

phonon ‘?I v

—r &

n<

——|9

blue sideband

laser assisted phonon absorption and emission



example: "laser tuned to red sideband"

e, 2)
nQy3 \ Jaynes-Cummings model

le, 1)
le,0)
ne,/2
nQ
v 1g,1)
9,0)

Remark: CQED

9,2)

Hyc = hva'a- hAle)(e|—%ih(Qn)|e>(g|a +h.c.

f f

trap vacuum Rabi frequency
~ laser (switchable)

Hic = va'a + wegle) (el — igle){gla + h.c.

f f

optical vacuum Rabi frequency



[Dissipation: spontaneous emission]

® sideband cooling... as optical pumping to the ground state

€,2)
| OQ el preparation of pure states
e
! $ v
patom X pmotion — |g><g|®|0>(0|
9,2)
l9,0)

®* measurement of internal states: quantum jumps ...

qubit read out



Excercises in quantum state engineering

* Example 1: single qubit rotation

le,1)
U
.0 (alg) + Ble)) ® 0 = (a'lg)+ B'le)) ® [0)
qubit (1) we can rotate the qubit without
touching the phonon state
9,1)
9, 0)

* Example 2: swapping the qubit to the phonon mode

el
coy (alg) + Ble)) ®10) — Ig) & (l0) + L))
ion qubit phonon qubit
(2) Using a laser pulse we can swap
—‘1— qubits stored in ions to the phonon
—o— 9:1) modes (and vice versa)



Example 3: engineering arbitrary phonon superposition states

U
9)®10) = [¥) =gy ® >\ caln)
given coefficients c, »

v’ Fock states
v squeezed & coherent states
v Schrodinger cat states

v o
le,2)

le, 1)

le,0)
—Q—
—0—

—_eo—"'"lo.1)

19,0)

Idea: we will look for the inverse U which transforms |¥) to |9) ® szgx Cnln)

Law & Eberly, Gardiner et al., Wineland et al.



e, 1)
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|9,0)

e,2)

——
9,2)






e, 2)
e, 1)

le,0) '(

9,2)

& g
|9, 0)



2. Many lons

* 2ions & collective phonon modes

) )
\y
«— —>
stretch mode QO O vi = J3ve
— —>
center-ofFmass @ @ Ve =V

®* example: classical ion motion

100 pm

(3) We can swap a qubit to a collective mode via laser pulse



Example: 2 ions in a 1D trap kicked by laser light

O O
laser - \\/ I
— o)
qubit
H — VcaTa + VrbTb
: 1 ooty L
+ %Q(t)aie'Uc(aT"'a)"'?Ur(bT‘i'b) + %Q(t)agemc(a +a)- 2 nr(b+b) +h.c
«— —>
@ O kick stretch mode
— — Ve =V

@ @ kick center-of-mass

Ve = \/§Vc



io/,{f," .

lon Trap Quantum Computer '95

®* Coldions in a linear trap

Qubits: internal atomic states

1-qubit gates: addressing ions
with a laser

2-qubit gates: entanglement via
exchange of phonons of

quantized collective mode
* State vector

W) = Z Ce|TN—1,--- ,T0)atom ‘O>phonon

quantum register databus

* QC as a time sequence of laser pulses
* Read out by quantum jumps



Level scheme

)

. X
auxiliary level \
\
addressing with different \
light polarizations

state measurement via
quantum jumps




Two-qubit phase gate

* step 1: swap first qubit to phonon first atom: m

laser
<+
Q

3

9~

o)
@!
@!
@!
Q!




step 2: conditional sign change

m
“—> —> «—>
®Q

n

4+ 4> —>

O OX )
Iase/

second atom: n

1) ‘ro 1)

\r10> ‘I’O,O
Ne
\ _‘g 1
\90
fI|p sign
()‘2#,1
9>m 9>n O> - 9>m g>
9)m|T)nl0) — 9)m|r)
—i|g)mlg)nll)  —  i[g)mlg)
—i|@)m|T)n|1) —  —i|g)m|T)

S

N

S

S

o O

—_



step 3: swap phonon back to first qubit

atom m

Iaser/'

UZ;L’O

g)nl0)  —

‘g>m 02¢ T>n O> —
ilg)nll) —

—i|r),|l)  —

I3IL8s

ﬁ

3

3

3

3

)

=
~ S S~ S~
S

N

)

S

=
S



summary: we have a phase gate between atom m and n

7)lg) 10)  — 9)lg) 0
g9)\ro) 10)  — g9)\r0) 10
ro)lg) 10)  — ro)lg) 10
r0)|r0)|0)  —  — |ro)|ro) |0

Rem.: this idea translates immediately to CQED

)

phonon mode returned to

initial state
Y /Z/
Y



®* (addressable) 2 ion controlled-NOT + tomography

Realization of the Cirac-Zoller
controlled-NOT quantum gate

Ferdinand Schmidt-Kaler, Harimut Haffner, Mark Riebe, Stephan Guide, truth table C N OT
Gavin P. T. Lancaster, Thomas Deuschle, Christoph Becher,
Christian F. Roos, Jiirgen Eschner & Rainer Blatt Innsbruck

0.8

Institut fiir Experimentalphysik, Universitit Innsbruck, Technikerstrafie 25,
A-6020 Innsbruck, Austria

Experimental demonstration of a
rohust, high-fidelity geometric
two ion-qubit phase gate

D. Leibfried*+, B. DeMarco*, V. Meyer*, D. Lucas*:, M. Barrett®,

J. Britton*, W. M. ltano*, B. Jelenkovic*$, C. Langer*, T. Rosenband*
& D. J. Wineland*

* teleportation Innsbruck / Boulder

®* decoherence: qguantum memory DFS 20 sec EPR pair



R. Blatt et al.
Four-ion W-state Nature 2005

W,) = % (|ISDDD) + |DSDD) 4+ |DDSD) + |DDDS))




: : R. Blatt et al.
Eight ion W-state Nature 2005
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Scalability

* key idea: moving ions ... without destroying the qubit

o (@) (@)
laser move laser
O O ¢
© o
single qubit storage two qubit gate between

operations a pair of ions



Two-qubit gate ... the "wish list”

* fast: max # operations / decoherence [what are the limits?]

NO temperature requirement: “hot” gate, i.e. NO ground state cooling

v Xv|®pmotion — €Ntangle qubits via motion — |y Xw|®p ) otion

qubits motional T/)

state: motional state factors out
e.g. thermal

®* NO indivdual addressing

addressing:
> > ) ) .
VS. VS.

strong coupling:
small distance



Speed limits

* In all present proposals the speed limit for the gate is given by the trap

frequency
Tgate ~ 1/777/
v%trap frequency L
Lamb Dicke parameter n = \/€7R
ED T ~ 1//V v~10MHz, ie. T~ us

|

limits given by trap design



The rest of the lecture ...

Push gate
Geometric phase gates

Optimal Control Gates
— what is the best gate for given resources?

[Examples]
— fast gate with short laser pulses
— fast gate with continuous laser pulses
— engineering spin Hamiltonians ...

J.l. Cirac & PZ

D. Leibfried et al.
NIST

J. Garcia-Ripoll
J.l. Cirac,
PZ



Another example for a 2-qubit gate ... V(R)

@ @+—@® @
1 2
Push gate state dependent interaction
® converting "spin to charge” ®* spin dependent optical potential
| P39
fine $
structure ; 2 P, /2
pushing
laser 0+
g S‘PJm —8- 251/ 2
\ - different AC Stark shifts
qubit dependent
A displacement of the ion
accumulate different energy shifts
0 1 o )1 along different trajectories: 2-qubit
gate
d
time

®* robust: temperature insensitive ©



Push gate

® converting "spin to charge” ®* spin dependent optical potential

. . . . | Pa/2
fine $ ;
2
structure P, /2
pushing
laser 0+
2
—&- S1/2

different AC Stark shifts

qubit dependent /
displacement of the ion

®* Hamiltonian \

— 3 [t Vsl )l + X g

iz dmeg |z; — x5



Geometric Phase [Gate]: One lon

* Goal: geometric phase by driving a harmonic oscillator phase space
®* Hamiltonian
(Xope) (P
H = %ha)(f)z + X2) — f(H)X /’ \
, \
[ ] ‘ ;X
: . i T
* Time evolution " /
S ’/’
Wo) = |Zo = Xo +1P0) = |wr) = e'%fzy = X¢ +ipy) 1
coherent state T coherent state
phase
* Solution
A, pz+itft) == 7, = eiot L[ drelorf
dt © G t =€ Zo+fj.o 7e'97f(7)
%4, — ﬁf(t)(z* +2) classical evolution T
T displacement

phase



®* Condition: phase space
P
After a given time T the coherent wavepacket is (Xo,Pe)
restored to the freely evolved state ’ ‘\(XT, pT)

T, |
Io dre'tf(z) = 0 \ /'




rotating frame

* Rotating frame 7; = % + ip; = €'“'z, Py
4z _ jpiet_1 ¢ X
X

dp _ dp. dx~ ,
a  dt dtp_z
® Phase

. T .
#(T) = Im—L- j dref(@)2;

i T . N 1 T T1 oo )

_ 0T x 1 io(t1—-12

- Im—L- UO dre f(Tl):|ZO +1Im jo dnjo drse f(71)f(z2)
¢

J ~~

Y
=0 - The phase does not depend on
return condition the initial state, (x,,p,)



®* Example

phase space rotating frame

unperturbed - - - -

forced ——

F(t) oc sin(2mt)

A

P

®* The phase does not depend on the initial state, (x,,p,)
(temperature independent)




Geometric Phase Gate: Single lon

®* Hamiltonian

H = Lhw(p? + %) — [1)(Lf(t)K

-2

1)

®* Time evolution operator

1) U(T) = eidlia

N

7

X @0+ L) ® o)

= (@|0) + B (1)) @ zr)

single ion phase gate I

tion fact t
© NIST D. Leibfried et al. motion factors ou

HPI Zoller



NIST Gate: Leibfried et al Nature 2003

2 ions in a running standing wave tuned to o,

—p > w?"

H=w.a'a — F(t)(ol + o) (a, + al)

If F(t) is periodic with a period multiple of w,, after some time the
motional state is restored, but now the total phase is

¢ = Ao U(T) = exp(igoic)
To address one mode, the gate must be slow ®

T > 21 /w,



NIST Gate: Leibfried et al. Nature 2003

Normalized fluorescence

0.8

0.4

TS

Displacement pulse

/2

<« >

A
--..i

Y

T

/2

30




Best gate?

* What is the best possible gate?
requirements: ...

constraints: ...

® ... an optimal control problem



© ODOOOD0D O

N lons

* We will consider N trapped ions (linear traps, microtraps...), subject to state-
dependent forces:

N“‘%

N . 2 1
o = sLp? + Vo) —Fo(t)ola] +
i_Z:1 [Qmpz 6#( %) Z( ) Z ’l} % 47T80 ‘331 L xj‘
®* normal modes
H = Z [2:”)”2 + 2”’”{;! Qﬂ] EA: (1 )fT M Qy integrable
i
® unitary evolution operator e constraints on forces
U(T) = exp (32 J@jffiﬂi) L dr e“*" Fy(t) =0, Vi.k p
u (Xg’ I;LO)J’J:L}(XT, p7)
/ \
general Ising interaction . —
I
\\ y




Quantum Control Problem

® Target: the Ising interaction, is a function of the forces

1 T T
J‘U = A /ﬂ (fT]de F;(Tl)Fj(Tg)g;;j(T] — Tz).

2mh
given / \

The kernel G depends only on the trapping potential.

determine

® Constraints: displacements, z,, depend both on the forces and on the
internal states. To cancel them, we must impose

r .
]”ri'rff“‘”‘”rﬂ(r)=[]f Vi, k

* Additional constraints: the total time, T; smoothness & intensity of the
forces, no local addressing of ions T

fastest gate?



® VOO0 O

More results

®* Theorem: For N ions and a given Ising interaction J_{ij} , it is always
possible to find a set of forces that realize the gate
simulate spin models

exp (—@'T 2 Jij 0?;02) : oxp (TS dyolol + o)
i

1

although now the solution has to be found numerically.

* Applications: Generation of cluster states, of GHZ states,
stroboscopic simulation of Hamiltonians, adiabatic quantum

computing,...
The time, T, is arbitrary!

cluster state f +) = 12 (10)2 +[1)2)
B = exp(i [, 2hgdt Y, 08 @ 6dt) (®acc [+)a)

GHZ state
|PYeuz  ~ e ) = e H(ZizoD)" ~100...) +]11...)



Engineering cluster and GHZ states

Cluster state N=10 GHZ state N=20
— 50 . .
20{/1 [\control field - control field
g 0 ] g DWWMW
(a { b
20l (@) | | L)
0 0.5 1 0
P ! (c) fidelity 7T F '[{d) Tidelity
0.5} 05
0 =m0 e M i ey n
0 0.5 1 0

L))

These examples use a common force: F(t) = x; g(t)

Juanjo Garcia-Ripoll has calculated this up to N=30 ions



HPI Zoller



So far ... Quantum computing with trapped ions

® trapped ions

QC model:

4 qubits: longlived atomic states
o v’ single qubit gates: laser
ot v’ two qubit gates: via phonon bus

o m=) v read out: quantum jumps

requirements:
‘ v state preparation: phonon cooling
v [small decoherence]

= 100 um -



Trapped ion: the system

* system = internal + external degrees of freedom

)

")

dipole-forbidden ® \ /

transition \g/
9)

internal; external;
electronic levels motion

dipole-allowed
transition

* strong dissipation » small dissipation

v laser cooling / state preparation v Hamiltonian: quantum state

v’ qubit / state measurement engineering



System + Reservoir

: system :

' l

laser | :
=control 1 L'jon;: internal ion: external|
: = electronic = motion l

|

' l

' l

r--—- -y~ ~—=—7—79>7—7> 7"~ =—=— '_I

: reservoir,

I I

. I

I |spontaneous phonon |

: emission heating |

I I

I I

Development of the theory:
* system: Hamiltonian (control)
ES) ° reservoir; master equation + continuous measurement theory



Our approach ...

Quantum Optics

®* Open quantum system

environ-
ment

harmonic oscillators

v' master equation

® Continuous observation

counts

T

time
out
— —D
in

v’ Stochastic Schrodinger Equation

“Quantum Markov processes*

Quantum Information

®* Quantum operations

system p —

— &(p)
U

environ- |eo>_ _
ment

p — &p) = X, ExpE|

U K

leo)




Outline

Quantum Operations

— language of quantum information
System + environment models in quantum optics

— Quantum Stochastic Schrodinger Equation (QSSE)
Solution of the QSSE

— explicit solution: entangled state representation of system +
environment

— complete photon statistics (continuous measurement)
— master equation

Examples / application

— ions: spontaneous emission, laser cooling & quantum reservoir
engineering, qubit readout

Cascaded quantum systems (advanced topic)

— from QSSE to master equations etc.

— application: qubit transmission in a quantum network
[Extra topics]

— homodyne, quantum feedback



1. Quantum Operations

Ref.: Nielsen & Chuang, Quantum Information and Quantum Computation



Quantum operations

Evolution of a quantum system coupled to an environment:

open quantum system

system p —

U

environment |€o)

— &(p)

Operator sum representation:
p — E(p) = tren, [U(p ® [eo)eo)U"]

Properties: >, ExEx =1

p — E(p) = tren,[U(p ® pe)U’]

quantum operation

= S (elU(p ® lea)eol)U lex)
k

_ Z ExpE| with Ex = (ex|UJeo) operation elements
k



Quantum operations

Measurement of the environment: Py = |ex){ek|

state
system  p — Pi pr ~ trony(le)eU(p & leo)eo)U")

U “k” B T
environment |€o) —>< = ExpEy

L pk = ExpEg/ trg o (ExpEy)  (normalized)
probability

Pk = trgysenv((BXEIU(p ® [e0)E0UT)
- trsys(Ekab

Remark: if we do not read out the measurement
p— Ep) = D Pupx

= ) EwpE,
”



2. System + environment models in Quantum Optics

* formulation
m=) - operator / c-number stochastic Schrédinger equation

— [(operator) Langevin equation] \

HP| Zoller



System + environment model

Hamiltonian:

Hiot = Hsys + Hp + Hint

Hsys unspecified

" dowb' (@)b(w) with [b(w),b'(@)] =sw-o)  "aMoNC

Hg = | |
B 0o—9 oscillators

Hin = 177 dox(@)[ch' (@) - ¢'b()]
L system operator

Assumptions:
® rotating wave approximation

HPI Zoller



Simplest possible ...

Example: spontaneous emission

® driven two-level system undergoing spontaneous emission

C—o-=lgxe] — |

A

Hsys - weg|e><e| _<%Qe_ithO'+ + hC>

e>‘\

laser . photon o
detector Hiw = —Hteg - E®P(0)o, +h.c.
— 9) .
— Ij dox(w)b’(w)o,. +h.c.
a)eg—19
® ... including the recoil from spontaneous emission
ion

Hine = _ﬁeg ’E(+)(7()G+ +h.c.

A

spontaneous
mission t :
emissIo recoil




System + environment model

Hamiltonian:

Hiot = Hsys + Hp + Hint

Hsys unspecified

Hg = ijJﬁg dowb’(w)b(w) with [b(w),b'(®")] =d(w-0") harmonic

0)0—9

Hin = 177 dox(@)[ch' (@) - ¢'b()]
L system operator

Assumptions:
® rotating wave approximation

* flat spectrum: «x(w) _1) JyI2n

flat over bandwidth

k(W) A

oscillators

A

_—

wo w

system frequency
\

w()—’(9

A4

J
wo + U
reservoir bandwidth B

HPI Zoller



Schrodinger Equation environ-
ment

* Schrodinger equation

LWy = —i[ Hg + Ha + Hy JIW0) lw) ® vac)
initial condition

® convenient to transform ...

¥, — e-Het|\p,) ir_1teraction picture b(w) — b(w)e !
with respect to bath

H —F "rotating frame*

Sys Sys . C — Ce—ia)ot
(transform optical
frequencies away)
1) = [Py + ([0 dofe@)b@)'e '(a"wo)t)c h.c. |1y
k(@) ~ Jyl2n b(t) = L7 do b (@)oo

flat over bandwidth “noise operators”



environ-
ment

Schrodinger Equation

LW = [-iH,, + y7b®c— 7cb(t) ||¥y)

\
b(t) = = | Z‘; do b (w)e"@-ool
“noise operators”
White noise limit 3 — oo
[b(1),b'(s)] = &(t—5) Toys > 119 >>><
(b(Hb*(s)) = o(t—s) /
white noise transformed away
vacuum limit 3 — oo after RWA

Remarks:

* [We can give precise meaning as a “Quantum Stochastic Schrodinger
Equation” within a stochastic Stratonovich calculus]

®* We can integrate this equation exactly

— counting statistics “ quantum

— master equation operations



3. Integrating the “Quantum Stochastic Schrodinger Equation®

) W) — |Py) = e Mol @y)

lvac) Schrodinger equation:

system + environment

HPI Zoller



What we want to calculate ...

®* We do not observe the environment: reduced density operator

ly) ——

|vac) —

Ut

pt = trg|P o) (|

master equation:
v’ decoherence

v’ preparation of the system (e.g.
laser cooling to ground state)

®* We measure the environment: continuous measurement

ly) —

[vac) ——

Ut

lwe(t)) €N

D— l | HOjnts

time

conditional wave function:
v’ counting statistics

v effect of observation on system
evolution (e.g. preparation of the
(single quantum) system)



Remark: simple man's
version of conversion

Integration in small timesteps from Stratonovich to Ito

* We integrate the Schrodinger equation in small time steps

At

<+>
0

time t

Wt =1tr)) = U(Al)... U(At1)U(Ato)[(0))

* Remark: choice of time step

Tos > At 2 1/9 >>><
N

allows us to use white noise
perturbation theory limit 9 — oo
in At

transformed away
after RWA



At
<+>
0\ g

time t

® First time step: first order in At

U(AD|®(0)) = {i—iHsySAtJrﬁcjstb‘f(t)dt—ﬁc*jﬁ)@dt
.. t[¥(0))
N

ly) ® [vac)



1st time step

At
<+>
0\ g

time t

® First time step: first order in At

UADIPO) = {1-iHgAt+ 7ef bidt- fret [
+(=i)?ycTc[ T dt [ dt bob'(t) +... JIO)

AN
ly) ® [vac)

t ty t t
[ dte [ dtab(t) b (tivac) = [ dta [ “dtabtz) b (tr)Iivac)
0 0 0 0
— jt dt, jtz dt; 6(t2 —t1)[vac)
0 0

= %Atlvac) first order in At



1st time step

At
<+>
0\ g

time t

® First time step: to first order in At

[P(AD) = U(AD]|¥(0))
- {1- t+ 7 .@ [¥(0))

We define:

e effective (non-hekmitian)/system Hamiltonian




1st time step

At
<+>
0\ ’

time t

® First time step: to first order in At

[P(AD) = U(AD[¥(0))

_ 7 4 interpretation: superposition of
{1 Hop Al + \/7 cAB(0) }lqj(o» vacuum and one-photon state

\

one photon

»

time

no photon

= L

time




Discussion:
annihilation / creation operator for a photon in the time slot At :

ABQ) = | " () ds at

time

Remarks and properties:

e commutation relations:

At t=1" overlapping intervals
[AB(D), AB' ()] = bpimg
0 t=+t' nonoverlapping intervals
e one-photon wave packet in time slot At
ABT (1)
JAt
e number operator of photon in time slot t:
ABT(t) AB(t)
JAt  JAt
e N(t) as set up commuting operators, [N(t),N(t")] = 0,
which can be measured "simultaneously"

lvac) = [1) (normalized)

N(t) =




1st time step:

At
<+—>

quantum
L operations
0\ g

time t

®* Summary of first time step: to first order in At

[P(AD) = [1-iHzAt+ [y cAB'(0) || ¥(0))
= [vac) ® (1 —iHg; At)[y(0)) + 1)t ® (JyAtcly(0)))
= |vac) ® Eo|ly(0)) +|1): ® E1|lw(0)) operation elements

where we read off the operatian elements
Eo = 1-iH_ATN(no photon) .

time
E, = ‘M/AtC
'time
) — lwileo) — |¥) = Ulw)leo)

U ')
leo) S— = leXelUleo)ly)
k




)

leo)

Discussion 1:

®* We do not read the detector: reduced density operator

vy — _ p(AD = trg WAL (AD)|
vac) —— Uy | = Eop(0)Eq + E1p(0)E]
= (1-iHAt)p(0)(1 - iHeﬁ:A'[)T +ycp(0)ctAt
no photon one photon

master equation:
p(AD) = p(0) = =i (Heqp(0) — p(O)HL, ) At + yep(0)c At
= —i[H,s p(0) JAL + %y(zc,o(oy:* —cfep(0) — p(0)cto)At

U — p — E(p) = tren,[U(p ® [eo)(eo|)U"]

— = 2 ExpEq




Discussion 2:

®* Weread the detector:

ly) —— U(At) — |pc(t))
— D- “click”

[vac) ——

quantum jump
e Click: resulting state r operator

Eily(0)) = |ye'“(At)) = JrAtcly(0)) (quantum jump)

with probability
peick = tro  (E1p(0)E1) = yAt [lcy(0) 2

Rem.: density matrix p1(0) = E1p(0)E1/tr(...)

ly) — |Y«) = (Ex]w))lex)]|... ||
o) — D] pe = IEv|?




Discussion 2:

®* Weread the detector:

ly) —— U(At) — |yc(1))
[vac) — B D- “no click”
e No click: resulting state decaying norm

Eoly(0)) = [y™cik(A) = (1—iHegAt)w(0)) =~ e "™ |y(0))
with probability

proclick — tr_ (Eop(0)Eq) = le ety 0) | 2

ly) — |Y«) = (Ex]w))lex)]|... ||
o) — D] pe = IEv|?




2nd time step etc.

At
<+—>»
0 A - ’

time t

®* Second and more time steps:

R o B stroboscopic
[P (nAt)) [1 IHg At+ /y cAB'((n l)At)]PP((n DAD integration

= [1-iHgAt+ fy cABT((n—DAY) | x
. x[1-iHzAt+ [y cAB'(0) ||¥(0))

v Note: remember ... commute in different time slots

At t =1 overlapping intervals
[AB(D), AB' ()] = bping
0 t=+t nonoverlapping intervals



Final result for solution of SSE

®* Wave function of the system + environment: entangled state

[P(1) = |vac) ® e "'y (0))
+ (A Y 1,) @ e MerceMer't |y (0)) o

v

ty \ t]_

+...

+ (A" Y7 1yl Ly @e e e e ey (0))

th>... >t /\A/-\A /\/\
Ll L e ]
N ty ts th t
1. system time evolution |y (t|t1t,...t,)) for a 1

specfic count sequence

2. photon count statistics: probability densities
Pog(tsta, ... th) = lw(titita... th) |2

no click: |wo) = |wi) = €

click: |y) = J7 Clywar)

—iH gt

lvo)

v



Tracing over the environment we obtain the master equation

ly)

vac) — uiay | ;B&

4 p® = =i[Hye p(® ]+ $r(2ep®e’ —cep(t) — ptic'c)

master equation

v" Lindblad form

v’ coarse grained time derivative



For theorists ...

lto-Quantum Stochastic Schrodinger Equation

® taking the limit ... At — dt
AB(t) — dB(t) lto operator noise
ABT(t) — dB(t) increments

®* Quantum Stochastic Schrodinger Equation

A () = [—%Hsys dt+ [y cdB' (t) - ﬁc*dB(t)]mt»

® Properties of Ito increments:

— point to the future:
dB()|¥()) =0

— lto rules: [dB(H)]% = [dB'(H)]? = O,

dB()dB' (1) = df,
dB(t)dB(t) = O.



4. Examples:

Two-level atom undergoing spontaneous emission
Driven two-level atom: Optical Bloch Equations o

laser cooling and reservoir engineering of single trapped ion
— ground state cooling

— squeezed state generation by reservoir engineering



Example 1: two-level atom undergoing spontaneous decay

photodetector N o—¢)

At b
WL L L L L r
-

initial state |y c(0)) = Cg4|Q) + Cele)

[
»

ime
—  —0—g)

while no photon is = —~ — our knowledge increases
detected that the atom is not in the
e Heff1y, . (0)) colg)+cee Ty  excited state
lwe() = =

«/fO'—|l/~/c(t)> _
=9

a photon is detected |y c(t+At)) =

probability that a photon is detected in (t,t+At] P&t’tﬂq = Flcelze‘“At



Example 2: driven two-level atom Al €)
+ spontaneous emission

laser

Fig.: typical quantum trajectory: upper state population

/—Rabi oscillations

0

30 35 40 4!

[
_h

0 S 10 15 20

5 30
11t 7 t 1
t, taly 1y ts g

quantum jump:
electron returns to the }
ground state

(prepares the system)



Example 3: laser cooling of a trapped ion

A‘Ll
0 |n—2>
In=1)

@ﬁm

Hoe = (B2 + 1mv2R2) - Ale)el-(1Qe*¥o_ +h.c.)

motion
<>

.:

spontaneous
emission

e Master equation (1D):

9 p - o]+ 3(2]” N0 (e Yo (o.65) o.0.ppo.o.)

quantum jump operator: / hks
recoil from spontaneous emission hEL :
S—~—

momentum
transfer



* Lamb-Dicke limit: adiabatic elimination of internal dynamics

p — A+ <apaT _ %aTap _ p%aTa> cooling term
+ I P heating term
+A_<apa >aa'p p2aa>
® processes contributing at low intensity
le,n+1) le,n+1) le,n+1)
en) en) en (v
le,n-1) le,n-1) le,n-1)
I
772F nQ
b lg,n+1) lg,n+1)
v ]g.n) v ]g.n)
lg,n-1) lg,n-1) lg,n-1)
cooling 2ReS(—v) diffusion D heating 2Re S(+v)

Ay = 2Re[S(Fv) + D]



sideband cooling

® ... as optical pumping to the ground state

r<$ -

g9,2)
g, 1)
9,0)

® master equation

N — t _latan_ plat
P = A+<apa pdap—ps5a a} (Ar > A) "dark state" of the jump

_ operator a:
* final state

. . al0) =0
Posc — 10)0] (I < v, sideband cooling)



Example 4: State measurement & quantum jumps in 3-

level systems
Ly
dipole-allowed fg{hpole -forbidden
transition transition

® single atom photon counting

®* three level atom

photon counting on the
strong line:
single trajectory

D
i}{ T\ _

photon counting on
strong transition




photon counting on strong transition

aﬁ =

, . ]m| | L | o || L
strong ¢
line b) 3000 . , , . . .
2500 [t w WWW bt
20001 i

oo AN i
LR S

v atomic density matrix conditional to
observing an emission window

Pelt) — I){rl ianie sate

v’ state measurement with 100% efficiency

3

Fluorescent intensity
{Counts per 0.1 s)

here: with a weak
driving field g - r

B la|? ... probability NO window
Y=oclg)+ 8l 152 . probability window



simple way of creating entanglement

Example 5: Preparation of 2 atoms in a Bell state via measurement

e System: two atoms with ground states |0), |1) and
excited state |r)

atom A atom B
atom A
laser A~~~ mAAANA T|’I“>
‘ low efficiency
photodetectors
1)
laser |O O>

- Weak (short) laser pulse, so that the excitation probability is small.
- If no detection, pump back and start again.

- If detection, an entangled state is created.

~10,1) + |1, 0)

for a first exp step:
Monroe et al, Nature 2004



Process:
) T|7“>
e preparation (by optical pumping)
W (t = 0)) = |vac)|0)1|0), — —
T =T
e excitation by a weak short laser pulse 0) 0)

[¥(t = 0%)) = [vac) (|0)2 + €|r)2)(|0)2 + €]r)2)
= |[vac) [10)1|0)2 + €(|r)1]0)2 + [0)1]r)2) + O(e*)]
e spontaneous emission

¥ (t > 0)) = [10)1]0)2 + ee "2 (Ir)10)2 +[0)1]r)2)] ® Jvac)
+ D ABi(ty)lvac) ® e 7 e 74?|1)1]0).

+ ABE(t1)|vac> (024 eﬁe‘7t1’2|0>1|1>2 + O(EZ) atom A
ANNNRNNNNA
e We observe the fluorescence through a beam splitter laser

AB, — %(AB* + AB))

e Observation of a click prepares Bell state
|1)1]0)2 +|0)1]1)2 laser

atom




5. Cascaded Quantum Systems

* formal theory
®* example
— optical interconnects



Motivation: Theory of Optical Interconnects

J.l. Cirac, P.Z. H.J. Kimble and H. Mabuchi PRL '97

* A cavity QED implementation

Optical cavities connected by a quantum channel

Node A Node B
[ )
e 6 ¢ 0 © Q ® 0 o
S . \a * >/
§ fiber L@%
Laser Laser
°memory: databus: N ° memory:
atoms photons atoms

* We call this protocol photonic channel



Cascaded Quantum Systems

® cascaded quantum system = first quantum system drives a second
quantum system: unidirectional coupling

unidirectional
coupling



Cascaded Quantum Systems

* example of a cascaded quantum system

A counts )
in 1 out Z'L photon counting time '/
T out 1 = in 2
> > >
Y unidirectional A
couplin
< / PN \ <
system 1: system 2:

"source" "driven system"



unidirectional
coupling

Hamiltonian

H = Hgys(1) + Hsys(2) + Hp + Hint
0)0+19
Hg — j do hob' (©)b(w)
600—9

with b(w) the annihilation operator
[b(w),b"(0)] = (0~ a")

position of
_ _ first system
interaction part

9 i r : position of
HiY () = ih [ doxi(o)b!(@)e e — cib(w)e ™™ ]/ oong system

+ih [ dax 2 (@) [b' (w)e@2c, — chb(@)e 2] (xp > X1)



unidirectional
coupling

time delay
interaction picture

Hin(t) = 172 Jy1 [0 (t)c1 — b(t)ey] + 17 Jyz [b(t)ca — b(t)cs]
witht™ = t—7 wherer - 0"

b(t) = bin(t) = J;_ﬂ j : dob (o)e™' @00t




unidirectional
coupling

Stratonovich SSE
%T(t) - {_%(Hsys(l) + Hsys(z)) +
+ Jrrb' ey —b(tei] + frz [b(t)ez —b(t)es] p¥(®)

time delay

Initial condition:
V) = |y) ® |vac)

Notation:

Jrici—> ¢y, fraCa-ocy =1



First time step

At

>

>

0\ time t

U(ADF(0)) = {i —i[H(1) + H(2)JAt + (C2 + C1) jst dt b (t)

. }|‘P(O)>

At t, ; ;
— dtlj dta(=6(ts — t2)clcs + 8(t — to + 7)Chco
0 0

time delay! —— — (1 — 7 — t2)chey — 8(tg — t2)cheo)|vac)

= (~Leler +0-ches - Lekeo vaat

reabsorption




A

. . in 1 out Z'L
First time step T

—>- >— >

Y A

—/ NN

tlme t

UADI(0)) = {1-iHenAt+ (2 + C1)AB'(0) }[¥(0))

L one photon
=]
:cime
no photon
SLLLLLLL,
® effective Hamiltonian time
Hett = H(1) + H(2) — 1= Clc —1 % CZCZ — iCZCl reabsorption

= {H(l) +H(2) + %(c{ Co — cgcl)} - i%c*c (with ¢ = ¢2 + €1)

hermitian decay

o we identify (¢, + ¢1) with the "jump operator”



Summary of results:

* lto-type stochastic Schrodinger equation:

d¥(1) = ¥(t+dt) —[¥D)
= {1 iHefdt + (1 + C2)dB' (1) }[¥(0))

f

il AT T il
Hett = Hgys + |§(C1C2 —CyC1) — I?CTC

®* master equation for source + system:

Version 1:

4 p = —i(Hettp — pHeg) + 2 (2cpc’ —cfep — pc'e)  Lindblad form
Version 2:

%P = —i[Hsys, p]

+ %<201p01 — pCiC1—CiC1p} + %{ZCzpCZ — pC3Ca — C5C2p}

— {[c},c1p] + [pc,C2l}.

unidirectional coupling of source to system



Example: Optical Interconnects

J.l. Cirac, P.Z. H.J. Kimble and H. Mabuchi PRL '97

* A cavity QED implementation

Optical cavities connected by a quantum channel

Node A Node B
® 6 ¢ 0 © Q ® & o
4 _ LN y
§ fiber L@%
Laser Laser
°memory: databus: N ° memory:
atoms photons atoms

* We call this protocol photonic channel



Node 1 Node 2

) )
at) g 0 Q) g

4
1) 10) 1) 10)
* Hamiltonian: eliminate the excited state adiabatically

Hamiltonian H = H{+ Hy

node i H; = —6ala; — igi(t) [|1)i(0]a — h.c.]
Raman detuning 6 = wr, — we

Rabi frequency  g;(t) = %



|deal transmission

* sending the qubit in state O
Node 1 Node 2

(7o) ——(7
1) 0) 1) 0
|

|
0)[0)  —10) ]0)

® sending the qubit in state 1

Node 1 Node 2
1) 10) 1) |0)
® superpositions |1>|O> — |O> ‘1>

(@ 0) + B8[1)] [0) — |0)[a |0) + 5 |1)]



Physical picture as guideline for solution

* |deal transmission = no reflection from the second cavity
* Physical picture as guideline for solution: "time reversing cavity decay"
— consider one cavity alone

(yv . ) & decay

— run the movie backwards

( b ) A restore

inverse laser pulse



— two cavities

— design laser pulses to make the outgoing wavepacket symmetric

b 2

— we try a solution where the laser pulses are the time reverse of
each other

HPI Zoller



Description ... as a cascaded quantum systems

® cascaded quantum system

Node 1
(,Vf )

source Mwen system

unidirectional coupling

® atheory of cascaded quantum systems H. Carmichael and C.
Gardiner, PRL '94



. quantum trajectories

* Quantum trajectory picture: evolution conditional to detector clicks

detector

) 2

* We want no reflection: this is equivalent to requiring that the detector
never clicks (= dark state of the cascaded quantum system)



detector

(Node1 ) _) L ( Node 2 )

system wave function |W.())

between the quantum jumps the wave function ‘ ‘ H H‘ ‘
evolves with time

A

Hog(t) = Hi(t) + Ho(t) — ix ( alar + alas + 2 al al)
quantum jump

et + dt)) o efipo(t))  (with é= a1 + as)
probability for a jump o< (¢, (¢)]|éé|w . (¢))

condition that no jump occurs

(W, (t)|ETe|w.(t)) 20 — ¢l (t)) =0 VYt “ho reflection



Equations

®* Wave function for quantum trajectories: ansatz

v

Te()) = [00)]00)
+ aa()[10)]00) + az(®)]01)]00)

oo + o] (7 ) ( 7))

ONE excitation in system

atoms cavity modes (

®* we derive equations of motion ... and impose the dark state conditions

* we find exact analytical solutions for pulse shapes leading to "no
reflection” ...



Results

pulse shape

g1(t)|

—10
KT

10

o () [*

(1)

B()?

ooooo

Kt

Kt

pa

ideal transmission



similar theory developed for ...

6. Homodyne Detection

®* homodyne detection

A

current

C VT e

N

»

oscillator 3 time

® conditional system wave function

dlyx(1) = [(iH - $yclo)dt+ /7 cdX(®) [y x(®)

with dX(t) = 7 (x(1))cdt + dW(t) and dW(t) a Wiener increment
/ t N\

c+c*t
homodyne shot noise

current



HPI Zoller



Appendix

A few slides on ...

“How to write effective Hamiltonians for atom-light
interactions”

HPI Zoller



mini-tutorial
Elementary atomic QO Hamiltonians (without dissipation)

® atom interacting with classical laser light

~~ O DB
laser H = Hon -4 - Eq(X = 0,1)
atom
* laser: electric field dipole interaction

F=1
\T‘ / EqX = 0,t) = E(t)deet +c.c.
o ot
F=0

selection rules / light polarization

* two-level system + rotating wave approximation

non-resonant step 1: resonant couplings
In) ) (nonperturbative)
— states . | |
O~ we A o) —p + Eg — —piege€ (t)e " e)(g|—1igeeE* (1)e'!g)(e]
laser > two-level system | |
step 2: rest in perturbation theory
— 19 4




mini-tutorial

* “Two-level atom + rotating wave approximation“ as effective
Hamiltonian

A1 le) H = hweg|e><e|—€eggg (De !e)gl-Hgel* (He'!|g)e]
Q ~——"\
— |g> H1isirwa = —%hAGz + %thi(pG_ + %th_i(pG+

T 1

detuning Rabi frequency

Remarks:
- optical frequencies transformed away
- validity |finge€€ (t)|< |detunings off-resonant states|

®* Dynamics: Rabi oscillations vs. adiabatic sweep

e
b A=0 o |
y |g>—¥£—r|g>
_ =y N
o LAAAGANAANV a-20 2 IR
Rabi oscillations
9) > |e)




mini-tutorial

® perturbation theory for the non-resonant states:
example: AC Starkshift

»

4 a(w) 1

|
1
nonresonant :
laser |
— |9) :

r

|
AC Stark shift ed detuned*' blue detuned

Cl)eg ()]

H = [hog + hdog®]IgNg+...  howe®) =X h'f;sz'; + ;@fﬁ) = a(0)|?

® decoherence: spontaneous emission

A $u 4 A—%ir
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* including the center-of-mass motion
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®* example 1: trapped ion
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example 2: atom in optical trap / lattice
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Cavity QED: Jaynes-Cummings model
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