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NUMERICAL EXPERIMENTS ON THE STATISTICAL BEHAVIOUR OF DYNAMICAL
SYSTEMS WITH A FEW DEGREESOF FREEDOM *

B.V. CHIRIKOV, F.M. IZRAILEV andV.A. TAYURSKY
InstituteofNuclearPhysics,SiberianDepartmentof the USSRAcademyof Sciences

Novosibirsk90, USSR

Numericalexperimentsconcerningthearisingstatisticallaws in a systemof nonlinearinteractingwavesare
described.A chainof particlescoupledby nonlinearspringshasbeenusedasa model. Variousstatisticalproper-
ties ofthechainhavebeeninvestigatednumerically. A comparisonwith the theoryof the Korteweg—deVries
equationis given.

Oneof themost interestingproblemswhich has experimentswere carriedout by GowardandHine
occupiedtheminds of scientistsover a centuryis the [5]. Later on this problemhasbeenstudiedin detail
problemof the arisingstatisticallaws in a dynamical numericallywith a model nonlineartransformation
system.Now it is firmly establishedthat onedoes p, 1 -+ ~ [6—8]:
notneedfor this a large,muchless an infinite ~= {~+ ~ ; i~= {i~ + p} - (1.1)
numberdegreesof freedomashadbeenassumedtill
recently.On thecontrary,eventhe simplestdynam- Here p, ~i standfor canonicallyconjugatedvariables
ical systemsaregoverned,undercertainconditions, simulating the oscillator’smomentumandcoordinate,
by statisticallaws. To be more nearlycorrect,the respectively;the bracketssignify fractionalpart;X
motion of suchsystemspossessesergodicity,mixing is a parameter.Even this at a first glanceelementary
andpositive KS entropy(Krylov—Kolmogorov— transformationturnsout to be beyondthe power
Sinai dynamicalentropy [1—3]).The lattercharac- of today ergodictheory if f(i~’)hasa continuous
tensesexponentialrelaxationof a systemto some derivativef’(i~i). Stochasticityconditionsor, aswe
statisticalequiibruim(section3). We will call this shallsay, the borderof stochasticityfor (1.1) has
type of motion thestochasticone.Sinai provedrig- the form:
orously [4] the stochasticityof planemotionof a ~ >4 ‘1 2
diskbouncingfrom an everywhereconvex(morepre- ~
cisely,nonconcave)closedcurve.This autonomous Numericalandanalytical studiesof stochasticity
systemhas two degreesof freedomonly. Forthe non- in simpledynamicalsystemswere doneat aboutthe
autonomoussystemevenone degreeof freedom sametime by a numberof groupsin variouscoun-
is sufficient.The vibrationsof a one-dimensionalnon- tries.Forreviews of thoseworksandreferencessee,
linearoscillator sufferingperiodicperturbationcan for instance,refs. [7, 9—12].
be takenasanexample.Contemporaryergodicthe- Below we will describesomenumericalexperi-
ory fails to solve this ata first glancesimpleproblem. mentswith a more interestingmodel usedearlierby
So, for its investigationone hasto fall backupon Fermiet al. [13].
numericalexperimentguidedby semiqualitativethe-
ory [7]. To the bestof our knowledgethefirst such 2. Fermi—Pasta—Ulam(FPU) model

* Paperpresentedat the First EuropeanConference~ Thismodel wasappliedin ref. [131just to clar-
ComputationalPhysics,Geneva,10—14 April 1972. ify the questionof statisticalrelaxationin a non-lin-
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ear system.Themodel is achainof identicalparticles
coupledby identicalnonlinearsprings.The equations + + ~ 2 = ~. ~ 2 =

of motion are: ar az az3 ‘ 3j3

mxn=f(xn+i 2Xn +Xni) r=~fi(t—z). (2.4)

+ 13 [(x~÷
1— x~)

3— (x~— _~)~1, This is generalizedKorteweg—deVriesequation

n = 0 1 N — 1 (2 1) (KdV) thesolutionsof which are notablefor their re-markablestability(seesection4).

whereXn standsfor the deviation fromequilibrium
of thenth particle;m the particlemass;ftheelastic-
ity factor;andj3 is the nonlinearityparameter.We 3. Stochasticmotionof a dynamicalsystem
shall assumehenceforth:m =f= 1.

The set of equationswasintegratednumerically The first experimentswith a nonlinearchain [131
for two kinds of boundaryconditions: (1) zero revealedno statisticalrelaxation(N = 32). Instead
boundaryconditions(ZBC): x

0 = = 0; of theexpectedirreversible equipartitionof energy
(2) periodicboundaryconditions(PBC): x0 =XN. amongall the modes,quasiperiodicaloscillationsof
Obtaineddatawere processed,mainly, in terms the first few modeswereobserved.In this connection

of the normal modesof a linearchain(j3 = 0). Initial theauthorsof ref. [13] haveput forward a hypoth-
conditionsusuallyhad the form of a superpositionof esis on the existenceof some stablenonlinearmodes
severalmodes. of oscillation.About the sametimeKolmogorov

Fornumericalexperimentsto be efficient the provedhis famoustheoremon theretainingstabii-
choice of a model is perhapsthemost importantfac- ty of nonlinearoscillationsundersmall perturbation
tor. On one hand,it has to be rathersimple since the [16]. On theotherhand,the nonlinearsystemwith
possibilitiesof todayscomputersare still very restric- many degreesof freedommustatlast relax,under
ted; on the otherhand,the model shouldbe interest- someconditions,to the statisticalequilibrium asis
ing enough(nontrivial) for physics.In this respect requiredby statisticalmechanics.
the FPU modelprovedto be very successfulsinceit To resolvethis paradoxthe hypothesiswasput
allows oneto tracethe transitionfrom moreor less forwardin ref. [171that thereis a borderof
known discretenonlinearsystemsto thenonlinear stochasticityfor the nonlinearchainwhich divides
waveswhich study is just at the outset, thesystem’sphasespace,roughly speaking,in two

In particular,for sufficiently largeN theset (2.1) parts:stochasticandstableones.Usingthe criteri-
correspondsapproximatelyto the nonlinearwave on of stochasticityby overlappingnonlinearreso-
equation[141: nances[18, 7] an analyticalestimatewasobtained

in [17] for the borderof stochasticityof a chain
~X =~[~ (~)2] + 72. (2.2) (k ~N):

wherez = na is the coordinatealongthechain(with ~s 2m
1”2/k, (3.1)

stepa); 72 = a2/12= L2/12N2.The accuracyof this wherem standsfor the numberof excitedmodes,
approximationis characterizedby two smallparam- and k is their meanserial number.The surprising
eters: resultsof the work in ref. [13] do notcontradict

with the criterion(3.1) sincelower modes(k 1)
~E) ; e~313u2 3j3w, (2.3) were usuallyexcitedin ref. [13].

The statisticalpropertiesof a nonlinearchainwere
whereu = ax/az;w = E/L standsfor thedensityof studiedin detail in refs. [19, 20] by meansof numer-
the oscillationenergy;k is the serialnumberof the ical experiments.Below,a brief summaryof themain
mode. resultsis given.

A purely progressivewave is describedapproximate- The position of the stochasticityborderwas deter-
ly (to accuracy c) by thefirst order equation[15]: minedby meansof local instability of motion.The
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Fig. 1. An exampleof the local instability of motion in the stochasticregion: f3 = 0.5 (1); 1.75 (2); 2.0 (3); 2.25 (4); 2.5 (5);

= ~ ±0.1; ~k is a distance betweentwo closetrajectories.

lattermeansthat initially closetrajectoriesdiverge,on In thestochasticityregion(e~ e~)the following
the average,exponentiallywith time (seefig. 1): statisticalpropertiesof thechainwere observed.

= t~0exp(—hi’), where£~is somedistancebetween (i) Energyequipartitionamongtheoscillation
trajectories.The averagedvalueof h is just theKS modes(fig. 3).The declineof the spectrumfor lower
entropy.Accordingto modernergodictheory [9] this modes(curve3)canbe explainedby the factthat
exponentialinstability leadsto mixing andothersta-
tisticalpropertiesof motion.

The simpliest theoryfor thenonlinearchain
[21,7] gives(forE const):

0.015
h ~ (&2/ir)ln(i’

3/13
5) (1/N)ln(13/f35), (3.2)

where13~relatesto the borderof stochasticity,and
S~is the lowest frequencyof thechain. Theexperi-
mentaldependenceh(/3) is shownin fig. 2.

Comparisonof experimentaldatawith the anal-
ytical estimate(3.1) for ZBC is presentedin table 1.
Herek0 standsfor the serialnumbersof the initially
excitedmodes.In the analyticaltreatmentthedecay
of the initial stateinto solitons(section4) hasbeen
takeninto account;thishas led to an increaseof the

1’2 01105meanserialnumberof themodes:k0 -+ k ~ e / N.

Satisfactoryagreementis generallyobservedbe-
tweenthe analyticalestimatesof (3A)and(3.2)and
experiment.The threecasesmarkedwith asterisksin
table 1 are exceptions.Cases2 and 3 canbe explained
qualitativelydue to the inapplicability of criterion C ~ ,

(3.1) to highermodes.Yet, in case9 just the opposite p
effect is observed.The causeof the latteris unknown Fig. 2. Experimental dependenceof KS entropy h (in sec’)

sofar. on ~3for the data of fig. 1.



14 B.V. Chirikov etal., Statisticalbehaviourofdynamicalsystemswith fewdegreesoffreedom

Table 1

N K
0 E0

exp. theor. exp. theor.

1 32 1, 3, 5 - - 0.95 0.16 0.26 2.9 x iO_2 3.1 x 102
2 * 32 15, 17, 19 17 0.025 0.18 2.2 x 102 3.1 x i02
3 * 32 20 39 0.012 0.10 5 X i0~ 3.1 x i02

4 200 2 0.5 0.09 0.21 5 x i0~ 5 X i0~
5 200 5 3 0.06 0.12 4 x i0~ 5 X i0~
6 200 10 12 0.09 0.07 7 x i0~ S x i0~
7 300 1 0.18 0.22 0.20 6 x iO

3 3.3 x i0~
8 500 10 1.9 0.14 0.06 6 x l0~ 2 x i0~
9* 500 202 700 0.13 0.01 1O~ 2x103

this regionis found,after the energyequipartition,at energy distributionfor theoscillationmodesobeys
aboutthe borderof stochasticity(3.1) whereasthe similarly the Gibbslaw: dN/dEk ~ exp(—Ek/T).
valuee/e~= 30 in fig. 3 correspondsto the initial
spectrum(t = 0, curve 1). The declinedisappearsby
increasingc. 4. Stochasticityandsolitons

(ii) The dyingoutof the autocorrelations(fig. 4)
which is a directindicationof statisticalrelaxation. Performedexperimentswould seemto resolvethe

(iii) The velocity distribution for chainparticles FPUproblem.The existenceof the stochasticitybor-
(fig. 5) fits with good accuracythe one-dimensional derfor a nonlinearchain aswell as thestatisticalprop-
maxwelliandistribution: dN/du~ exp(— v2/2T), ertiesof the latterhavealso beenconfirmedindepen-
whereTis a “temperature”of the chain. This corre- dently by the numericalexperimentsof Japanese
spondencecan be tracedtill the kineticenergyof the scientists[22]. Yet morecarefulanalysisshowsthat
particleis almostfive timesthe temperature.The we arestill far from understandingthe problem.One
“heat capacity”of the chain turns out to be(per couldevensay thata newproblemarises.
degreeof freedom):G

1 = E0/(N — 1 )T = 0.96.The Indeed,asearly as 1965 Kruskal andZabuskyex-

10

1~ ‘I

5 3 ~! ~‘\\~

0 5 10 15 20 25 30k
Fig. 3. Averagedspectrumof theenergyof themodefor case2 (seetable 1): 1, initial excitation,t = 0; 2, c/C5 2(initially),
t 18300; ~ — e/e~ 30, t = 16050.
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-1 Fig. 5. Velocity distributionfor particlesof a nonlinearchain
forcase6(seetable 1): c/c

5 si 8;E0 14.76;
Fig. 4. Dying out of theautocorrelationsof the 10th mode EkjnIEo 0.52;t = 3000; the straightline is a maxwellian
for case6 (seetable 1): c/cs 12. distribution with the “temperature”T= 0.077.

plained[15] the FPUresult with the helpof the re- The questionariseswhetherthe reversewaveis
markablestability, which they discovered,of the the causeof stochasticityor its consequence.We
KdV equation.Theyshowedby numericalexper- think that the ultimatecauseof stochasticityis re-
imentsthat the initial excitationdecaysinto peculiar latedto the local instability which apparentlygives
entities: solitonswhich revealno interactionin spite rise to thereversewave.
of nonlinearity.Sothe problemarisesconcerningthe
correspondenceof theKdV equationto the proper-
tiesof a nonlinearchainwhich is alledgedlysimulated E~

by the former.
The main peculiarityof theKdV equationis that

it describesthe progressivewave only. Meanwhileall

takena numberof experimentswith periodicboudaryexperimentswith a nonlinearchainhave dealtonlywith standingwaves(ZBC). Thereforewe haveunder- 0.2

conditions(PBC). It is true that we havefailedto con- I I
0 5000 10000

struct the initial excitationasa purelyprogressive
wave,yet we managedto lower the shareof the re-

one couldexpectsomeincreasein e~.But in reality
evendecreasesa bit for PBC ascomparedwith 0.5versewave down to a few per cent. In the lattercase

ZBC.
A typical pictureof the motion in the stochastic

regionfor PBCis given in fig. 6. A distinctivefeature
of the stochasticitydevelopmentin this caseis an I I I I

abruptrisingof thereversewave.Hence,the motion 0 5000 10000 t
of the the nonlinearchaindiffers, in the end,qual- Fig. 6. An exampleof stochasticitydevelopmentin a closedchain(PBC) for the initial excitation of the type of an almost
itatively from that of KdV wherethe reversewave progressivewave: (a) variation of theenergyof the existed

is entirelyimpossible. mode; (b) time dependenceof the standingwave share;
N’~ 32; c/cs 1.
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Forfurther investigationon this problemToda’s [4] Ya.G. Sinai, Usp. Mat. Nauk 25, N2 (1970) 141.
nonlinearchainwith specialinteractionof neighbour [5] FK. Goward,Lectureson the theory and designof an

particlesis particularlysuitablesincethe analyticex- alternating-gradientproton synchrotron,CERN,Geneva
(1953);

pressionfor thepurelyprogressivewave is knownfor M.G.N. Hine, Lectureson the theoryanddesignof an

this case [23]. alternating-gradient proton synchrotron, CERN,Geneva

(1953).

[6] F.M. Izrailev andB.V. Chirikov, Stochasticityof the

5. Concluding remarks simpliestdynamicalmodelwith dividedphasespace,
preprintof the Instituteof Nuclear Physics,
Novosibirsk(1968).

As we haveseenabove,numericalexperiments [71B.V. Chirikov, Researchconcerningthetheory of non-

with the FPUmodel allow the studyof awide range linearresonanceandstochasticity,CERNTrans. 71 —40,

of interestingmechanicalproblems.The possibility Geneve(1971).

to tracethe transitionfrom discretedynamicalsys- [81G.V.GadiyakandF.M. Izrailev, Transitional zoneof non-

temsto continuouswaveprocessesseemsto usespe- linear resonance,preprintof theInstituteof Nuclear

cially important.In particular,onecanguessthat the Physics,Novosibirsk(1970).[9] D.V. Anosov andYa.G. Sinai, Usp, Mat. Nauk 22, N5
discoveredstatisticalpropertiesof the nonlinearchain (1967) 107.

takeplace,undercertainconditions,for nonlinear [101G.M. Zaslavsky,Statisticalirreversibilityin nonlinear

wavesaswell. On the otherhand,thereareexamples systems(Nauka,Moscow, 1970).

of integrablenonlinearwave equations(KdV and [11] G.M. ZaslavskyandB.V. Chirikov, Usp. Fjz. Nauk 105
(1971) 3.

others,seefor instanceref. [24]) for which the [12] J.Ford, The transitionfrom analyticdynamicsto sta-

stochasticityis notpossible.Exceptionalassuchcases tistical mechanics,Advancesin ChemicalPhysics(to
apparentlyare,it would be naturalto use themasthe be published).

startingapproximationfor studyingrealwave proces- [13] E.Fermi, J. Pastaand S. Ulam, Los AiamosReport

ses.But the resultsof numericalexperimentsgive no LA1940 (1955).
[14] N.J.Zabusky, Proceedingsof the Conference on the

indicationof anysuppressionof stochasticityby ap- MathematicalModelsin PhysicalScience(Prentice-
proachingsuchexceptionalsystems.For example,one Hall, EngiewoodCliffs, 1963)p. 99.

would think that the propertiesof the chainshould [15] M.D. Kruskal andN.J. Zabusky,Phys.Rev. Letters15

approachthoseof KdV, at leastfor progressivewaves. (1965)240.
Yet, thishasnotbeenobservedin our numericalex- [16] AN. Kolmogorov,Dokl. Akad. Nauk 98 (1954) 527.

[17] F.M. Izrailev andB.V. Chirikov, Dokl. Akad. Nauk
periments.Onecouldguessthat case9 in table 1 just 166 (1966)57.
showssuchan anomaly(c~increases),but thereare [18] By. Chirikov,AtomnayaEnergiya6 (1959)630.

exampleswith a still smallere indicatingno anoma- [19] F.M. Izrailev, Al. KhisamutdinovandB.V. Chirikov,

lies (for instance,cases5 and6; not to mentionthe Numericalexperimentswith a nonlinearchain,

cases2 and3). We think that clarifying this question preprint of the Institute of Nuclear Physics,
Novosibirsk(1968).
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