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In this paper,we analyticallyprove along suspectedlink betweenintegrablehamiltoniansystemsandaveragelinear
growthwith time of separationdistancebetweeninitially close phasespacestates.Specifically, it is shownthatalmost all
solutionsto thelinearizedvariationalequationsderivedfrom bounded,integrablehamiltoniansystemsexhibit anaverage
lineargrowthwith time, becomingunboundedat t -+ ~. The orbitsof bounded,integrablehamiltoniansystemsarethus
alwayslocally marginallyunstable,foreverlying on thatsharpborderwhichdivides completelystablefrom completelyun-
stablemotion.

For classicalhamiltoniansystems,thetime-averaged that we arehereonly addinga mathematicalfootnote
rateat which initially closestatesseparatein phase to the literatureof an alreadywell-establishedfact.How-
spaceis a hallmarkfrequentlyused[1—7] to establish ever,if we slightly restateour results,they become
thegeneric stability type of thesystems.Unstablesys- somewhatstartling,evenunbelievableonemight say.
tems [8] for example,whosemotion displaysextremely Certainly we ourselveswereincredulousat first, as
stochasticbehavior[9] ,areactuallydefined[10] in were severalof our colleaguesin puremathematics~.

termsof everywhereexponentiallyseparatingstates.On We now turn to a developmentof this alternativestate-
theotherhand,for KAM stablesystems[8] (integrable ment of our results.
or near-integrable)which exhibitonly avery limited and! Perhapsthesimplestwayto studythe local stability
orweaktypeofstochasticity,numericalexperiments[7, propertiesof time evolving statesfor a hamiltonian
111 havesofrequentlyrevealedanaveragelinearsepara- systemis to considerthebehaviorof solutionsto the
tion of initially closestatesthat linear separationis associatedlinearizedvariationalequations
now regardedasan extremelystrong indicatorof inte-
grability or,at worse,near-integrabilityeventhough d -~= ~ ( a2H ~ + a2H cia
no formal proofof anysuchconnectionhasbeengiven. d~ / \ap~aq. q

1 ap ~ P1
In this paper,we analyticallyestablishone-halfof this
previouslymissingproof; namely,we showthatbound- ~_ ~ = �~I ~L + ~
ed,integrablehamiltoniansystemsdo indeedyield an dt ‘ — / \~q1aq. q1 aq.ap1 P11 (lb)
averagelocal separationof stateswhich growslinearly
with time. Statedthis way, however,it might appear

~‘ Of the severalmathematicianswith whom we discussedour

* Work supportedin partby NSFGrantDMR-7827584. results,only V.1.Arnol’d anticipatedourconclusions.
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where(q1,p1)denotethepositionsandmomentaof the By definition [8] , for a bounded,integrableham-
systemhavingthehamiltonianH, andwhere(

6p~~~5p~) iltonianH= H(q~,p
1) thereexistsan analyticcanonical

denotethe infinitesimalvariationsofthecoordinates transformationto newvariables(.Jk’
0k)’

andmomenta.Eqs.(la,b)arelinear,coupled,time-de- = (J 0 ) = .(~J 0 ~ ~2 b
pendentdifferentialequations;theexplicit timedepen- q, q, k’ k ‘ P

1 Pl k’ ki’ , a,
denceappearsin thecoefficients,suchasa

2H/aq~ap/,on bringingH to the8k-independentformH = H(Jk)
theright handsideof eqs.(1a,b)becausethesecoeffi- alone.In termsof the(~k’0k) variables,thesolutions
cientsareto beevaluatedonaspecifiedreferenceorbit to the equationsof motiontakethe especiallysimple
of the system.But now linear differentialequations form
with periodiccoefficients— suchasMathieu’sor Hills ,~. = (3
equation— havebeenextensivelystudied[12] (seealso k k 0 ~ a
the first paperof ref. [3]) by mathematicians;andal- = ~ ., “-i + ~
thougheqs.(la,b),in general,havequasi-periodicco- k Lwkk 10~~“ 10’ ~ 1’ kO 3b)
efficients, the integrablesystemsunderconsideration where~1koand0ko areinitial conditionsandwhere
dononethelesspossesaneverywheredensesetofphase Wk = aH/aJk.We maynow immediatelywrite down
spacesurfacesentirelycomposedof periodicorbits, thesolutionto eqs.(la, b) by differentiatingeqs.(2a,b)
Thuswhenanyoneof theseperiodicorbitsisusedasa andby insertingeqs.(3a,b) to find
referenceorbit in eqs.(Ia, b), this well-known mathe-
maticaltheoryassertsthat thereferenceorbitis locally — r841~ 1

— I — 6J
10 + —(t6w1 + 6010)1 (4a)stablewhenthesolutionsofeqs.(I a,b)executebound- I La.-’1 ao1ed oscillations,is locally unstablewhenthey growex-

ponentiallywith time,andis locally marginallyun- = ~ ~10 + + 60~) , (4b)
stablefor theexceptional,borderlinecaseinwhichthe I
solutionsgrow linearly with time.

Armedwith this well-known information,we nu- where6J10 and6Oio aretheinitial variationsofthe (J1,
merically integratedeqs.(la,b) for a referenceorbit Oi) variablesandwhere6w1 ~ ~~k(awlIaJk)6JkO) is
of the integrable,equal-massTodalattice [13]. Since thevariationof w~dueto thevariationof theJ10.
theTodalatticehasonly boundedorbitsandsince In eqs.(4a, b), 6J10 and6Oio are all constants,all coef-
anytwo sufficientlyclosestatesmustevolve on two ficients aq1/8J1,etc.,are at worst quasi-periodicfunc-
everywhereadjacent,nestedsurfacesin phasespace, tions,and6w1 isnot zero in general;thus,eqs.(4a,b)
we anticipatedthat theassociatedsolutionsto eqs. makeit explicitly transparentthat 6q1 and6p~exhibit
(1a,b) would oscillateindicatinglocal stability of the an averagelineargrowth with time,becomingunbound-
referenceorbit. We werethusquite shockedwhenthe ed ast —~oo• Fig. 1 showsa typicalplot of separationdis-
computer“overflowed” indicating that the solutions tanceversustime for two initially close,integrablesys-
to eqs.(Ia, b) hadbecomenumericallytoolargeto be temstates.Onehereclearly seesthequasi-periodicoscil-
containedin thecomputer.In short,we found that lationssuperimposedon theaveragelineargrowth.
the referenceorbit was locally marginallyunstableand In order to emphasizethat this linearaveragegrowth
that thevariationalsolutionswerelinearly (in time) is notan artifact dueto quasi-periodicreferenceorbits
headedfor infinity whenthecomputerceasedto func- andin orderto illustrate thephysicalsourceof the
tion. We thenimmediatelyshowedanalyticallythat averagelineargrowth with time of variationalequation
this typebehavioris not uniqueto theTodalattice, solutions,let us consideranybounded,periodicrefer-
Specifically,all orbits of everybounded,integrable enceorbit of the integrable,hamiltoniansimplependu-
hamiltoniansystemarelocally marginally unstable, lum. Thevariationalequationhasthe form
neglectingorbit setsof smallor zeromeasure;more- d

2(6q),’dt2 + F(t) (6q) = 0 , (5)
over,thesolutionsto theassociatedvariationalequa-
tionsbecomeunboundedast -÷oo, exhibitinganaver- whereF(r + T)= F(t) with
agelineargrowth with time.Let usnow turn to the F(t) = (w2 — j32) + ~2 cn2(w~’), (6)
proof.
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5~10 Fig. 2. Two closephasespaceorbits for thependulumyield-

- ing thevariationaleq.(5).Thesequentiallygrowingarrowsin-
1 ~io-6 dicatetherelativepositionsof thetwo, initially close, time

0
5b 100 150 2(~O 2~O evolving states.

TIME (COMPUTER UNITS)

in this figuredepicttheaveragelineargrowthwith time
Fig. 1. A graphof phasespaceseparationdistanceDversus . .

time for two initially closestatesof anintegrablesystem.As of theseparationdistancebetweentwo initially close
predictedby eqs.(4a, b), smallquasi-periodicoscillationsap- states.Hereeachtimeevolving statemovesperiodically
pear superimposedon thelong term, averagelineargrowth. alongitsrespectiveoval,buttherateof rotationis dif-

2 ferenton eachoval,yieldingthe linearaveragegrowth
T -~ 1’ [1 (J3

2/2w2’sin2a]1/2 da of arrow length.Quiteclearly in fig. 2, theevolving ar-
w — -‘ ‘ “ “ row will eventuallyreacha maximumlength following

which thearrowsize will oscillate;in short, theaverage
provided0 <f3~<2w2.Eq. (5) is an exampleof Hill’s lineargrowthwill saturateandthereafteroscillate.But
equationand,as such,might be expectedto yield solu- asthe spacingbetweenthe two orbitsshownin fig. 2
tionswhich oscillateindicating stability,solutions decreases,thetime intervalof averagelineargrowthin
which grow exponentiallyindicatinginstability,or arrowsizebecomesincreasinglylong, until, for the in-
solutionswhichgrow linearlywith timeindicatingmar- finitesimally closeorbits impliedby eq. (5), theaver-
ginal instability. In the generaltheoryof Hill’s equation, agelineargrowthcontinueswithout limit. Thus,despite
marginal instabilityis therare andexceptionalcaseand its paradoxicalfeatures,the averagelineargrowth and
is, therefore,largely ignoredin the theory. However, unboundedbehaviorof the solutionsto integrablesys-
when (ashere)thevariationaleq. (5) is derivedfrom temvariationalequationsisintuitively quite obvious.
aboundedhamiltonian,then eqs.(4a,b) insurethat As a final applicationof theresultspresentedhere,
thesolutionsto eq.(5) fall preciselyin this exceptional let usdiscussa simple,analyticalschemefor predicting
case.The surpriseof this resultcanbe somewhatre- stableandunstablebehaviorin hamiltoniansystems
movedby notingthat Hill’s equationis normally used whichhasbeenproposedby Toda [14] andused[15]
to determinethe stability characterof isolatedequi- andamplified [16] by others.It is perhapseasiestto
librium pointsor of isolatedperiodicorbitsto which discussthis matterusingtheintegrablehamiltonian
thepresenttheorydoesnotapplyaswe discusslater; — ! ~- 2 2 2 2~ 2 ! 3

whereasin eq.(5)we are examiningthe stability prop-
ertiesof a one parameterfamily of non-isolatedper- whichyieldsvariationalequationsthatwe chooseto
iodic referenceorbits. write in the matrix form

Turningnow to the physicalor intuitive explana-
tion of the lineargrowthof the solutionsto eq.(5), d2 /6q

1 i—(1 + 2q2) —2q1 16q1\

let usconsiderfig. 2 which showsa sketchof two ad- —i ~ ) = )( ). (9)
jacentphasespaceorbitssurroundingthestableequi- dt 6q2 —2q1 —(1 +2q2) 6q2
librium point of thependulum.The sequentialarrows
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The Toda schemenow computestheinstantaneous latedperiodicorbits or equilibrium points(suchas the
eigenvaluesof the matrix on the right handside of origin in fig. 2). All suchisolatedorbits correspondto
eq. (9) for a specifiedconfigurationspacepoint (q1, singularitiesin thetransformationeqs.(2a,b) and, for

q2). If the resultingeigenvaluesarenegative,then 6q1 them,eqs. (4a,b) arenot valid. For example,theun-
and6q2 locally oscillateandthereferenceorbit passing stableperiodicorbitsof integrablesystemsare “linked”
throughthepoint (q1,q2) is claimedto be locally by separatrixsurfacesacrosswhich eqs.(2a,b) must
stable;if the eigenvaluesare positive,then 6q1 and changetheir analyticalform; or fora stableequilib-
6q2 locally exponentiateand thereferenceorbit is rium point suchasthat of fig. 2, the transformation
claimedto helocally unstable.For the caseat handin eqs.(2a,b) aresingularbecausetheanglevariablebe-
eq.(9), the instantaneouseigenvaluesare comesundefinedat theequilibrium point. In short,

without enteringinto all themathematicaldetailsof
A = —1 ±2q1 — 2q2. (10) thesesingularities,our formalism saysnothingabout
Recallinghamiltonian(8), we mayshowthat these the stability propertiesof isolatedperiodic or equilib-
eigenvaluesarestrictly negativefor systemenergies rium orbits which form a set of measurezero in the
E< 1/24;thereare configurationspaceregionsof totality of all orbits. Our resultsshowthat marginal
positiveeigenvaluesfor 1/24<F < 1/12;aboveF local instability prevailsfor all theremainingcomple-
= 1/12thesystemmotion canbecomeunbounded.As mentaryset containingalmostall orbits. In a sense,it

a consequenceof thetheorydevelopedhere,we im- is our neglectof this commonlyconsideredandsignif-
mediatelynote thattheTodapredictionsaretotally icantzero-measuresetthat givesourconclusionsan
incorrectfor this integrablehamiltonian,sinceits elementof surprise.
boundedorbitsare locally neitherstablenor unstable;
theyare,in fact, all locally marginally unstable.How- References
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