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Linear Chaos

B.V. Chirikov
Institute of Nuclear Physics, 630 090 Novosibirsk, Russia

Abstract. The controversial phenomenon of quantum (wave) chaos is reviewed
using a simple analogy with classical linear waves in cavities. Estimates for the
main statistical properties of wave dynamics are evaluated and discussed. The
transient nature of wave chaos is emphasized and explained in detail.

The main purpose of my talk is to present a fairly new conception of the
so-called quantum chaos. Formally, it is a part of quantum dynamics, rather
surprising but not at all exotic. On the contrary, the quantum chaos turns out to
be a typical phenomenon which was overlooked until recently. The under-
standing is now gradually coming from the classical mechanics where the
phenomenon of dynamical chaos was well ascertained and studied in great detail
(see, e. g., Ref. [1]). For this rcason I am going first to remind you of the classical
dynamical chaos (Section 2).

In what follows I restrict myself to the conservative (encrgy-preserving)
Hamiltonian (nondissipative) dynamics as a more fundamental one. To il-
lustrate the general theory I will use simple models of classical and quantum
billiards as well as waveguides and cavities.

1. Simple Models

Consider free motion of a particle in the domain of 4 dimensions surrounded
by a (d-1)-dimensional perfectly reflecting wall. For d = 2 the model is called
billiard, and it was extensively studied by many authors (see, e. g., Refs [2, 3]).
For special shapes of the wall the motion is completely integrable, or regular,
which means that there is the full set of d motion integrals in involution (see, e.
g., Ref. [4]). The simplest example is a rectangular parallelepiped with sides ai.
Then motion integrals are momenta |pi| or the actions

mi=GBEL (1)
The corresponding Hamiltonian H(6;, niy in action-angle variables is given by
2
2 _ 2 ni o2
H*=xn ? = +m*, (2)

1
where m is particle’s mass, and we put the speed of light ¢ =1.
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The completely integrable motion is quasi-periodic, i. c. it has discrete
Fourier spectrum with d basic frequences wj =n’nj/ Hai2 (for model (2)). This is

a nonlinear oscillation since dwy/ dni=n*/ H aiz;tO. Being regular (by definition!)
the motion is unstable in phases 6; just because of nonlinearity: 66;~tdn;. Yet,
this unavoidable instability is weak, only lincar in time.

Now, introduce a small perturbation, that is deform the wall in such a way
to completely destroy integrability and to convert the motion into chaotic one.
This always can be done [2, 3], and we shall characterize the perturbation
strength by a small angle ¢ <<1 between two surfaces of the wall, unperturbed
and corrugated.

In quantum mechanics the same modcl is described by the lincar
Schrodinger equation. For boundary condition W= 0 (infinitely high potential
wall) the actions nj arc now integers.

Instead of quantum W waves we may consider any classical lincar waves
(sound, electromagnetic, etc.) inside a cavity with appropriate boundary condi-
tions. Then the classical problem (e. g., Eq. (2)) corresponds, as is well known,
to the limit of geometrical optics with the rays as dynamical trajectorics. The
Hamiltonian is now the local dispersion relation (sce, . g., Ref. [5]):

H =w (ki, x1)= w (ni, 6;) (3)

where x; are Cartesian coordinates, wave numbers kj=pj, and we put =1,
Particularly, for electromagnetic waves in a medium with refraction index n(x))
the Hamiltonian

k
w ki, x1) = h (4)
Finally, we consider a straight waveguide in vacuum with the perturbation
independent of longitudinal coordinate x3. Then k3 = const, and the dispcrsion

relation is the same as Hamiltonian (2)

w? =k} + Kk} + m?. )

It describes “heavy” photons with “mass” m = |k3].

2. Nonlinear Ray Chaos

As i1s well known the classical dynamical chaos is only possible in nonlinear
systems, that is those whose equations of motion are nonlincar [1]. Such are,
for example, the simple models described above, but not a lincar (harmonic)
oscillator. On the other hand, the main condition for chaos is linear (local)
instability of motion discribed by the linearized equations of motion [1].
Moreover, the instability must be strong (exponential) and not a lincar onc
characteristic for a regular motion (Scction 1).

The rate of local instability is given by the Lyapunov exponent A of the
linearized equations of motion. In a billiard or cavity
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A~In % , (6)
where R~a/ ¢ is the local curvature radius of the wall corrugation with charac-
teristic lincar size a. The quantity

11~Ad~d-1n% (7)

is called metric entropy, or KS-entropy (after Kolmogorov and Sinai). It is the
most important characteristic of chaotic motion in the modern crgodic theory
(see, e. g., Ref. [6]). Roughly, the condition

~£l>1, (8)

h=A>0: ==

xR

is necessary for chaos to occur.

I will not go into details of this condition. Rigorous results can be found in
Refs [2, 3]. Extensive studies of ray chaos in cavities were pcrformed by
Abdullacv and Zaslavsky [7] (see also Refs [5, 8]). For my purposcs the rough
but transparent estimates are sufficient to cxposc the nature of dynamical chaos.

Let me just mention that for a big perturbation parameter e 1 the chaos
occurs even for a~a. Such is a very popular billiard model, the “stadium™: two
semicircles connected by two straight lines of arbitrary finite length [3]. Again,
to simplify the presentation I consider small perturbation e-0, hence a0 (8).
The perturbation in this case is like tiny ripples.

Now, what is the role of nonlincarity in chaos? The point is that instability
(8) is necessary but not sufficient condition for chaos. The other condition is
boundedness of the motion, at least in some unstable variables. For example,
unstable motion of a linear system (the so-called hyperbolic motion) is un-
bounded and perfectly regular. Nonlinearity makes the cnergy surfaces closed
and compact even for an unstable motion. In a billiard, for example, the motion
is trivially restricted by the wall.

So, what is really required for chaos is the boundedness of the motion
whatever the cause could be. As to the nonlinearity it depends on the description
chosen. As is well known there is an equivalent description in terms of the phase
space density, or distribution function, f(x1, p, t) which obeys linear Liouville
equation

d d

43110 =0, ©
where [ , ] are Poisson brackets. This form of dynamical equation is especially
convenient for comparison mith quantum mechanics. Of course, Eq. (9) does not
change the boundedness of the motion. The density f itself is even the motion
integral (9).

How the local instability is described in this presentation? Consider the
characteristic function of a small domain that is the initial density concentrated
there. In case of the complete chaos the local motion instability results in
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indefinite expansion of the domain over some (d —1)-dimensional manifold
and, what is more important, in also indefinite contraction on the complemen-
tary manifold, also of d —1 dimensions. Noticc the cnergy conservation and zero
Lyapunov exponent along a trajectory, which reduces the expansion/contrac-
tion dimensions by 2.

Now, if the motion is bounded (in any representation) the cxpanding
manifold has eventually to mix up and to form the so-called foliation with cver
increasing number of sheets whose width is exponentially decreasing. This
highly intricate structure of the finc-grained (cxact) phase density is necessary
to provide the time reversibility of density evolution in agreement with trajectory
reversibility. However, any coarse-graining (averaging) of the density results
in the loss of this reversibility in apparent contradiction with the reversible
dynamics.

Note, that the evolution of the coarse-grained density is the samc in both
dircctions of time because the only dynamical difference is interchange of the
two manifolds, expanding and contracting. Hence, there is no need for the
conception of “time arrow”. _

The time evolution of some coarse-grained density, say, f(ni, t) (usually
averaged over phases 6;) is described by the kinetic equation which, in principle,
can be completely derived from the equations of motion or from Liouville
equation (9) without any statistical hypothesis. Note, that coarsc-graining as
well as the use of the phase density are not hypotheses, but a particular method
of adequate description to reveal the essential features of the motion.

In case of small perturbation the kinetic equation takes the form of the
Focker — Planck — Kolmogorov (FPK) equation that is a diffusion equation. In
our examples of ray dynamics the diffusion rate in spatial angles ¢; and in actions
njis

2V, - 2y
Dp~¢ P Dy~ (en) p (10)

where we dropped sup i (@i~ a, pj~ ¢), and where

ow v
v~af~a Fret e Q (11)

are the velocity of a “particle” and its unperturbed oscillation frequency, respec-

tively.
The diffusion leads to the statistical relaxation
f (ni, 0) = fs () =8 (Ho (ni)—E) =fe . (12)

Here fs is the steady-state, or statistical equilibrium density, E is the energy,
and Hp is unperturbed Hamiltonian of the completely integrable system. The
latter relation (12) means that fs is microcanonical distribution fe on an energy
surface. This is called ergodicity, which is the weakest statistical property of
motion. _

In simple dynamical systems like our models density fs #fc is typically
different from microcanonical one. The important statistical property is relaxa-
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tion itself, no matter what would be the final state fs. Loosely speaking, the
relaxation is equivalent to a continuous motion spectrum. The exponential
instability is a sufficient condition, because the discrete spectrum can provide
the linear instability at most (see abovc). Yet, the exponential instability is much
stronger a property as compared with the mixing and relaxation. On the other
hand, the latter seems to be quite enough to develop a relevant statistical theory.
The point is that relaxation, or corrclation decay, provides the property of
statistical independence, which is the ultimate basis of the probability theory.
These considerations, not yet completely understood, are most important in
analyzing the conception of wave chaos below (Section 3).

Coming back to our simple models let me mention an obvious estimate for
the relaxation time (¢ in case of motion ergodicity. From Egs (10, 11) we have

2
fe~ o~ -~ 2 WL (13)

This is the principal result in classical, or ray, dynamics to compare below
with quantum, or wave, mechanics.

3. Linear Wave Chaos:
Statistical Relaxation in Discrete Spectrum

The motion of a quantum particle in billiard is described by Schrodinger
equation. This and other quantum equations are lincar with respect to quantum
dynamical variable, the W-function, which represents the whole closed quantum
system. Moreover, all those equations have purely discrete spectrum for any
bounded motion. Hence, a common belief that dynamical chaos is impossible in
quantum mechanics. But this conclusion is in apparent contradiction with the
fundamental correspondence principle, which requires the complete transition
to the classical limit, chaos including.

The quantum evolution equations are wave equations, and they are formally
equivalent to any other (classical) wave equations like sound, elastic,
clectromagnetic etc. ones. Of course, the latter must be linear. For nonlinear
wave equations there is no problem with dynamical chaos (sce, c. g., Ref. [1]).
This is why the quantum chaos is also called the wave chaos [9]. For classical
waves it is especially clear that the ray dynamics contains nothing beyond the
wave equation, and the nonlinear ray chaos must be present somehow in linear
wave equations.

To the best of my knowledge, nobody considered so far how the ray chaos
is represented and/or modified in the classical wave cquations, for example, in
cavitics or waveguides.

Before discussing this central topic of my talk let us consider first the
following question: why the wave (particularly, quantum) spectrum is discrete?
The reference to lincarity of the equations would be superficial. Indeed, the
linear Liouville equation can have a continuous spectrum as well, which means
that thcre are no nonsingular cigenfunctions. The latter is explained just by the
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arising of indefinitely dense foliations described above, which is obviously an
aperiodic process.

It would be more correct to say that lincar equations may be qualitatively
different. But what is the nature of the difference, and how to recognize it in a
given equation seems still to remain an open question.

A constructive solution of this problem could be the attempt cither to deter-
mine the type of spectrum (discrete or continuous) or to find the ray approxima-
tion described by some ordinary differential equation.

The latter is apparently impossible for the Liouville equation. In case of a
wave equation the rays, or characteristics, are embedded in the “phase space”
of double dimensions as compared to the wave space. In the limit of geometrical
optics or of classical mechanics all variables of the former are independent
whereas for the wave equation each pair of variables is interconnected by a
Fourier transform, and, hence, is restricted by the uncertainty relation.

To describe this situation in a different way one can say that the ray phase
spacc (ki, xi) is discrete, the size of a cell being of the order of unity (Aki- Axi~1).
This is true for any finite kK-> and qualitatively different from the very ray limit
with its continuous phase space. Hence, the transition to the limit is singular and
the implementation of the correspondence principle is far from trivial.

Our solution of this problem [10] (see also review [11]) is based upon
introducing characteristic time scales of the wave dynamics on which the latter
is close to the ray dynamics, the scales increasing indefinitely towards the ray
limit k- o0, Let me show how this approach works in our simple models.

The most important relaxation time scale tg is determined by the mean
density p of frequency (energy) eigenvalues

tr~p=A"", (14)

where A is the average cigenvalue spacing. This is a direct implication of the
uncertainty relation At-Aw~1. Indeed, while t~Af < p the discreteness of
spectrum is not resolved as Aw~t "1 = A. Hence, the perturbation can and
actually does act as one with a continuous spectrum. Particularly, this produces
diffusion and relaxation in the discrete spectrum!

Then, an important parameter of wave dynamics is the ratio (sce Eq. (13))

t

A=-R (15)

c
which I call the ergodicity parameter. If A = 1 the ergodic microcanonical steady
state fe is reached (12) like in the ray limit. For A < 1 we would expect a different
steady state which will be discussed below.

Now, let us estimate parameter A for our models. To this end, we observe
that the total number of eigenvalues up to nij~n is roughly N(w) ~nY, Hence,
density o and relaxation time scale (g are
do| ™

d—-1
n o (16)

_dN
'R P=gu ~




In combination with Eq. (13), we obtain

A~end7 = (en)2nd 73, (17)

Note, that A does not depend on dispersion relation w(nj) that is on a particular
mechanics of waves.

But the condition 4 = 1 is still not sufficient for the wave ergodicity. The
point is that the change in action n per collision with the wall is Anq~en. Since
in wave mechanics all #; are integer the transitions between unperturbed states
ni, hence, any diffusion is only possible if

Ang~en = 1. (18)

This condition allows another simple interpretation if we compare the scat-
tering angle € of a ray with the minimal diffraction angle u~¥ a~1/ n, where
A~a/n is the wave length. Then, condition (18) mecans that diffraction can be
neglected: u<e. This is, of course, the well-known condition for geometrical
optics to hold. Yet, this is also not sufficicnt, generally, because there is another
condition (17). The relation between them depends on spatial dimensions. If
d =3, usual condition (18) is crucial for ergodicity. However, for d =2 the er-
godicity depends on A only while the diffraction parameter en = n*? must be
very big for n>> 1,

In any event the wave dynamics becomes ergodic for sufficiently large n if
ray dynamics is chaotic. This implies that wave eigenfunctions are also ergodic
in agreement with Shnirclman theorem announced in 1974 and proved in 1990
[12]. From Egs (17) and (18) the ergodicity border in n or in w is

-2
. =2
e(e) ~ i“l f Z>3 |

(19)
The transition to the ray limit depends on two parameters, wave number
n->o and timc intcrval -, The complexity of transition is in that the rcsult
dcpends on the order of two limits. If; first, we take formally the limit 72-> 0, then
for any finite > the wave dynamics becomes the ray dynamics. However, if
we fix n, no matter how large, the wave bchaviour remains close to the ray
diffusion while ¢ < tz(n) only. Hence, the ray limit is singular, indeed.

Above the ergodicity border (19), as n—>o, almost every cigenfunction, in
Wigner’s representation, approaches microcanonical distribution fe (12) [12].
Morcover, the fluctuations in chaotic eigenfunctions were shown to be Gaussian
[20] (see also Ref. [10]). Yet, they are not completely random. The most
important elements of their microstructure are so-called “scars”, that is some
enhancements above the average microcanonical density along unstable periodic
rays. The scars had been discovered in quantum billiard models by Heller [21]
and were subsequently confirmed by many others (see, ¢. g., Ref. [22]). The
question how to reconcile scars with Shnirelman’s theorem is not completely
clear so far. Apparently, all the scars arc of the minimal width comparable with
an clementary wave cell (Section 3). If so, the scars would not affect any
quasi-classical integral relation which is Shnirelman’s wave ergodicity.



4. Wave Chaos: Diffusion Localization

A more interesting question is what happens if n<n¢ or w<w.? For d=3 the
answer is very simple: nothing happens as all the transitions arc suppressed, so
that the initial state of wave ficld doesn’t change at all. It is also called pertur-
bative localization, because the wave perturbation theory is applicable just under
condition en<1. In this case the cigenfunctions remain close to the unperturbed
ones.

For d =2 the problem is much more difficult. The first guess could be as
follows. The diffusion proceeds durinig time interval tg~p, so that the angular
size of the wave packet becomes (Ap)“~Dptp~A < 1.

However, there are at least two questions. First, would the diffusion stop for
¢ = tg? This plausible conjecturc was well confirmed numerically, indeed [10,
11]. Sccond, would the density p remain unchanged if Ap = 1? Apparently, it
will not as now only a part of the unperturbed states contributes to p. A plausible
estimate for new density and relaxation time scale is

p~pAp~ty. (20)
Then, from the diffusion law (Ago)2~D<p t;, we obtain

(Ap)s ~ ezn; (An)s ~Dnp ~ s, (21)

which is much smaller than the first gucss. In the second estimate (21) D,{~(en)2
is the diffusion rate per collision with wall. This estimate was also well confirmed
numerically in somewhat different but related models [10, 11].

The size /s is called also the localization length as it characterizes suppres-
sion, or localization, of the ray diffusion. Note, that condition (18) must be
satisfied, otherwise the perturbative localization occurs with minimal

Bpp~; (An)p ~1. (22)

For en = 1 a very peculiar stcady state is formed whose size is given by
estimate (21). As in the ray limit this steady state is a result of statistical
(diffusion) relaxation f(n, 0) - fs(n) but it differs from the limiting
microcanonical distribution fe(n) in two major ways.

First, the wave steady state depends on the initial state as the former is a
result of diffusion localization of the latter. Hence, the steady state is always
spread around the initial state. Second, the steady state is composed of a finite
number M of eigenfunctions owing to the discreteness of the wave phase space.
Roughly, M~Is (21), hence, statistical fluctuations are finite, ~M 2.
~(£n)_1. One can say also that wave phase density f(n, ) represents always a
finite ensecmble of ~M systems [11]. Fluctuations of the classical electromag-
netic ficld in wave-guides were discussed, e. g., in Ref. [16], without any rclation
to the wave chaos though.

This remains true for an ergodic steady state as well, for any A and d, when

M ~nd—1. This estimate is inferred from the only restriction w(ni) = const for
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the ergodic steady state and cigenfunctions. In turn, it implies a finite width Aw
of the energy shell occupicd by an ergodic state. Using the last estimate and Eq.
(16), we obtain

Aw ~ Q. (23)

Asn— the relative width Aw/ w0 because w(n)—>o in our units (fr= 1), and
the energy shell becomes an energy surface of the ray dynamics. Estimatc (23)
is also valid for nonergodic steady states.

Even on the relaxation time scale fy the wave bchaviour is qualitatively
different from the limiting ray dynamics in that the former is perfectly stable
whereas the latter is strongly unstable. It was proved in numerical (computer)
experiments via time reversal in both cases [13]. For thc ray dynamics the
diffusion is immediately restored due to a fast growth of computation errors
while for waves the “antidiffusion” proceeds down to the initial state which is
recovered with surprisingly high accuracy.

At a first glance, it seems to contradict to the correspondence principle. The
resolution is in that there exists another characteristic time scale tpz on which
the wave dynamics is also unstable, yet tp, <<tg. It was discovered and ex-
plained by Berman and Zaslavsky [14] (sec also Refs [10, 11]). The instability
manifests itself in rapid spreading of a narrow wave packet which follows for a
while the beam of rays according to the Ehrenfest thcorem. In case of exponen-
tial instability the corresponding time scale is very short. Roughly (sce Eq. (7)),

tpy = l—n—A{’- <ty . (24)
Nevertheless, tp;, = asn->o in accordance with the correspondence principle.
Yet, this transition, as well as that for tg discussed above, is singular, being also
a double limit in n and ¢.

A nice picture of the initially unstable wave cvolution can be found in Ref.
[15] where the formation of the foliation in phase space, described above in
Section 2, is clearly seen.

S. The Nature of Wave and Quantum Chaos

The principal distinction of the wave chaos is its transient character. In other
words, the wave dynamics remains close to the ray chaotic motion on a finite
time scale only [10]. Morcover, particular statistical properties of the wave
evolution correspand to rather different time scales. The strongest ones related
to the exponential instability persist on the shortest time scale (24) which is
almost independent on integer wave numbers n. Yet, it is important that such
significant statistical behaviour as diffusion and relaxation continues much
longer, on time scale (16), thus providing a relevant statistical description of
wave dynamics. This is very important in many applications as it allows for a
fairly simple statistical representation of the essential features of otherwise
highly complicated phenomena.
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From mathematical point of view the problem of wave chaos requircs a
fundamental generalization of the contemporary ergodic theory [6] which was
developed for the ray chaos, and which is essentially asymptotic in time
(|¢]>=). Note the considerable simplification of the theory due to that
asymptotic approach.

To emphasize the finite-time nature of the wave chaos we call it pseudochaos
as distinct from the true ray chaos. The ultimate origin of wave chaos limitations
is in the discrete phase space as explained above (Section 3).

The same is true, by the way, for the computer simulation of any dynamical
systems. Moreover, in the digital computer any quantity is “quantized” that is
represented by an integer number, whereas in the wave mechanics only the
product of each pair of canonically conjugated variables does so. As a result any
dynamical trajectory in computer eventually becomes periodic as compared with
almost periodic evolution of waves. Note, that it is the effect of round-off
“errors” which are not random at all. This should be taken into account in
computer simulations of ray dynamics. The shortest time scalc (24) is of the
order of length nm (the number of bits) of computer word (mantissa), and it is
negligible in most cases. Fortunately, the rclaxation time scale (16) grows like

some power of the maximal computer number (~2"") which is typically not a
scrious restriction (for details sce, e. g., Refs [10, 17]).

Coming back to wave dynamics I would like to stress that even though from
formal mathematical point of view all lincar wave equations have similar proper-
ties the physics of quantum waves is fundamentally differcnt. While most
classical linear waves arc simply a low-amplitude approximation (an important
exception is electromagnetic waves) the linear quantum mechanics is as yet the
most fundamental and universal theory Hence, the “true” classical chaos is but
a limiting pattern, very important in the theory but never realized, strictly
speaking, in nature.

On the other hand, the evolution of W wave is only a part, and a simpler one,
of the quantum dynamics as a physical theory. The other part, much more
difficult and vague, is the quantum measurcment with its misterious W collapse.
It is not excluded that the latter is the most spectacular example of the true
quantum chaos (for discussion see, e. g., Refs [11, 18, 19]).

Acknowledgements. It is a pleasurc to acknowledge a long-term fruitful col-
laboration in quantum chaos with my friends Giulio Casati, Joe Ford, Italo
Guarneri, Felix Izrailev and Dima Shepelyansky. My thanks are also due to
S.S. Abdullaev, G.P. Berman and G.M. Zaslavsky for stimulating discussions.
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