Journal of Statistical Physics, Vol. 71, Nos. 1/2, 1993

Theory of Fast Arnold Diffusion in
Many-Frequency Systems
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A previous conjecture by the authors about a new regime of Arnold diffusion
with a power-law dependence of the diffusion rate on perturbation strength is
confirmed by detailed theoretical evaluation. A new effect of slow (logarithmic)
dependence of the power-law exponent on the perturbation parameter is
conjectured. The theory developed seems to allow for a new interpretation of the
recent extensive numerical experiments on Arnold diffusion in a particular
many-dimensional model of Kaneko and Konishi even in the presence of some
global chaos.
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1. INTRODUCTION: ARNOLD DIFFUSION

One of the most beautiful phenomena in Hamiltonian dynamics is the
so-called Arnold diffusion (AD), a peculiar universal instability of
many-dimensional nonlinear oscillations.*? This global instability had
been predicted by Arnold,® while its chaotic nature was discovered in refs.
4, 5, and 1 and further studied in detail in refs. 6-9 and 2.

First, we briefly recall the AD mechanism, which is related to the
interaction of nonlinear resonances. Consider the Hamiltonian

H(L 9, t)=Ho()+e Y. V,uulI) explim -0+ itn - Q) (1.1)

where [, 6 are N-dimensional vectors of the action-angle variables; 2 is the
M-dimensional vector of driving frequencies; m, n are integer vectors of N
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and M dimensions, respectively; and ¢ stands for a small perturbation
parameter. The dot in expressions like m -6 denotes the scalar product.
A primary resonance

W =m-ol)+n-2=0 (1.2)
is called nonlinear if the unperturbed frequencies
OH (1)
l=—— .
o(l) === (13)

depend on actions I, or to be more precise, if the determinant

82H,
o

£0 (1.4)

is nonzero.

For nonlinearity to stabilize the resonance perturbation, the quadratic
form of the matrix 0°H,/0I” must be sign definite or, geometrically, the
surface H,(I) = const must be convex.""*) The latter condition is a weaker
one, as it may include higher polynomial forms. Both conditions are
sufficient only,"*'> but in physical applications it is an unimportant
restriction (see below).

The above conditions ensure also the absence of the strong instability
{~¢), due to a quasilinear resonance, when several independent conditions
(1.2) are simultaneously satisfied. This is called multiple nonlinear
resonance. However, the weak instability caused by nonresonant (w,,, #0
for given initial conditions) terms in the perturbation series (1.1) is
possible, and it is just AD we are going to discuss in detail. Moreover, this
weak instability is a typical phenomenon of nonlinear oscillations, as it
occurs under almost any, particularly arbitrarily small, perturbation of a
completely integrable system. The only restriction is the action space
dimensionality d,, which must be larger than that of the invariant torus
(d,>d,=1). The latter is an absolute barrier for the motion trajectory,
which can only bypass the torus but never go through it. For a driving
perturbation [M >0 in Eq.(1.1)] the minimal number of freedoms is
thus N, =2, but in conservative case (M =0), N_;, =3 as the trajectory
is bound to follow an energy surface.

Even these minimal restrictions are not absolute, being related to the
strong nonlinearity only of (1.4) when the effect of resonant perturbation is
small (4I/1~ \/E < 1). In case of linear Hy(I) (harmonic oscillator) N, 1s
less by one,'® but we are not going to discuss this special case here.

At least three perturbation terms in series (1.1) are necessary for AD.
We shall call each of these terms resonance (for the appropriate initial
conditions of the motion). A single resonance retains the complete
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integrability of the unperturbed system. The interaction of two resonances
already results in the formation of narrow chaotic layers around the
unperturbed separatrices of both resonances. Yet the chaotic motion
remains confined within a small domain of the size of a layer’s width, as the
direction of motion in the layer typically does not coincide with that of the
layer itself. Only the combined effect of at least two driving resonances with
incommensurable frequencies provides the diffusion along the layer of the
first, guiding, resonance if N= N .

In the first approximation (1.2) the driving perturbation terms are
nonresonant (w,,, # 0). Yet the final effect is due to the secondary resonan-
ces between the driving perturbation and the slow phase oscillation on the
guiding resonance. This is a particular case of the general rule that all the
long-term effects in nonlinear oscillations are due to some resonances. For
the problem in question the principal parameter is the ratio

P (L5)
CUg
where w, ~ (g|V,|)""? is the frequency of small phase oscillations at the
center of the guiding resonance, and where ¥, is the Fourier amplitude of
the corresponding perturbation term. For a weak perturbation (&— 0),
the parameter 4> 1 is big, and thus the driving perturbation is a high-
frequency one. In effect this is equivalent to a low-frequency (adiabatic)
perturbation. Hence the term inversed adiabaticity we use."'V
For an analytic perturbation the effect in both cases is exponentially
small in the adiabaticity parameter . of (1.5), namely 113

£~e‘""~w2 (1.6)

0
where D is the diffusion rate, Do~ &’V Z/w, ~ (¢V,)*?, and w, stands for a
dimensionless width of the chaotic layer. Notice that the effect (1.6) is of a
nonperturbative nature, as 1~ g~ 2

In particular models the accuracy of this three-resonance approxima-
tion was found to be within a factor of two, provided the perturbation was
not too weak, that is, the adiabaticity parameter 1 is not very big.

As 1 — oo, the higher-order resonances with |m]|, [n| — cc come into
play. Even though their amplitudes V,,~exp[ —o(im|+|n|)] drop
exponentially, the detunings |w,,,| also rapidly decrease. The group of
operative resonances which control the diffusion can be singled out by
minimizing the expression(!-*12

D ,
~In o= E~k+ik) 2 Ay (1.7)

0
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with respect to k, where k= |m|+ |n|; 4= w,/w,, With @, as a charac-
teristic oscillation frequency, and the following Diophantine estimate is
used:

)
D ~ EL—E—I (1.8)

The most important parameter here,
L=N+M-—r (1.9)

is the number of linearly independent (incommensurable) unperturbed
frequencies on an r-fold resonance, that is, when r independent resonance
conditions (1.2) are simultaneously fulfilied.

Estimate (1.7) seems to agree with numerical data.”-!'3) On the other
hand, Nekhoroshev rigorously proved the upper bound of type (1.7) but
with a different exponent*® (M =0):

IN—1)N

L= .
o = S+ 2 (110)

Even for the minimal dimension N=3 this upper bound L, =6.5
considerably exceeds the estimate (1.9): L=2 (r=1). The difference
becomes increasingly large as N — oo. Even though this discrepancy is not
a direct contradiction, as Eq. (1.10) is the upper bound, it constitutes a
problem of what would be the origin of the deviation between the two
estimates.

Recently, this problem has been resolved by Lochak, who
rigorously proved a more efficient Nekhoroshev-type estimate with
exponent (1.9) (for M = 0 but any r). The point is that Lochak assumed
convexity of the unperturbed Hamiltonian H,(I) explained above, whereas
Nekhoroshev’s proof holds under a weaker condition of the so-called
steepness of H,. From the physical point of view this difference appears
to be insignificant. At least we are not aware of any example of a steep but
nonconvex H,.

Both the diffusion rate as well as the measure of the chaotic compo-
nent [~w,, see Eq.(1.6)] are exponentially small in the perturbation
¢ — 0: hence the term KAM integrability*") referring to the Kolmogorov—
Arnold—Moser theory, which proves the complete integrability for most
initial conditions as & —» 0. Such a partial integrability, or better to say
almost integrability, is as good as the approximate adiabatic invariance.
Notice, however, that the complementary set of the initial conditions
supporting AD is everywhere dense, as is the set of all resonances (1.2), any

(15)
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one of which can be a guiding resonance. Instructively, the chaotic
trajectory is not ergodic even though it approaches arbitrarily close to any
point of phase space (energy surface) because of a small measure of the
chaotic component.

Both rigorous estimates are valid asymptotically, for sufficiently small
¢ only. For example, Lochak requires'”’

C;(2) 212
s<er~( 7 (1.11)

where ¢, is the decrease rate of the Fourier amplitudes for an analytic
perturbation, and L > 1 is assumed. This is a very small perturbation, and
the problem arises to estimate the diffusion rate in the intermediate region:
¢, <&< 1. This problem was first addressed in refs. 11 and 13, where a new
regime of diffusion, which can be called fast Arnold diffusion (FAD), was
conjectured from some preliminary results of numerical experiments. Below
we consider this interesting and surprising phenomenon in detail and
compare our theoretical predictions with recent extensive computer
simulations.¢'%)

2. A MORE ACCURATE ESTIMATE OF AD RATE
In a simple theory'>*7!?) the Nekhoroshev-type estimates are
obtained by minimizing expressions like Eq. (1.7} (cf. first of refs. 15). To
begin with, consider a simpler auxiliary problem with M =0 (conservative
system) and r=0 (nonresonant frequency vector ), hence L= N. There
are two possibilities for the specification of the vector m norm:

k=3 |m| (2.1a)

i=1

Im|* = i m? (2.1b)

i=1

where m; are (integer) components of the vector m. The first one is more
suitable to describe the exponential decay of perturbation amplitudes

V.~ Vee (2.2)

where o is some average decay rate. This corresponds to the first term of
the minimized sum in Eq. (1.7), which is 2¢k as D~ V?.
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To estimate detunings w,,, = |m - ®| in the second term the norm (2.1b)
is more convenient. At average

2N> 1/2 (2.3)

oyl (2

for an isotropic distribution of vectors m.

Writing detuning as |m - o| = |w|m, with m,, < 1 the modulus of the m
component along the vector w, consider the layer of width 2m,, and radius
|m| perpendicular to the vector w. Its volume in m space

my, (2\"*( 2me \"?* . |
R - 4
- <e> (N—l) |m| (2.4)

is approximately equal to the number of vectors m whose detunings obey
{m - o| < |w|m,. Notice that asymptotic (in N) relations like Eq. (2.4) and
similar ones below are actually fairly accurate down to N = 2. The minimal
detuning is found from the condition v, =1, and the whole exponent in
Eq. (1.7) to be minimized with respect to |m| takes the form [see also
Egs. (1.6), (2.2), and (2.3)]

1/2 1/2 — N/2
E(AO,N,|m|)=<8iV) a|m|+n2(f) AO(N 1) |1~
T 2ne

2

N \V2/N— 1\ 1
501/1;/NN(——> (——) zol(N-k—)l}/N (2.5)

N—-1 \/ﬁ 2

Here A,=]w’|/w,, ©° is the frequency vector on the guiding resonance,
and

20
~04 o, Ay=——Ayx2.8— 2.6
T/ e ' 20,4 0 g, (28)

o,=

The important new feature of the estimate (2.5) as compared to
previous ones'"*71%15 is the additional factor (N + 1/2) in the exponent E,
which qualitatively changes the dependence D(A,, N), as we shall sce
below.

Before we explain this new behavior, we need to account for M and
r. The first is straightforward because in all the above estimates the total
number of independent frequencies matters only, regardless of their nature,
internal () or driving (). Hence, L=N+ M (r=0 so far) shouid be
substituted for N, and |w°| - |0° + Q|. One minor difference arises for the
models described by maps. Then, for one driving frequency o =0, as the
map means a J-function time dependence, and the additional factor is
reduced by one: L+ 1/2 - L —1/2.
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A more difficult problem is r #0, that is, a resonant w. This is always
the case for AD, which proceeds just along resonances, so that r 1. Then
r frequencies can be excluded in the expression for detunings w,,, using r
resonance conditions (1.2). Hence, in estimates (2.4), and (2.5), L=
N+ M —r should be taken for N. However, the first term in Eq. (2.5)
becomes, generally, very complicated because after exclusion of r frequen-
cies the new components m; become some combinations of the old ones,
and the simple expresion (2.2) for the perturbation amplitudes no longer
holds. The difference is the greater, the larger are the multiplicity » and the
vector m? of the guiding resonance. On the other hand, the fastest (at
average) diffusion corresponds to minimal r =1 (simple resonances which
occupy the largest part of the phase space as compared to multiple
resonances with »>1) and to minimal |m®| ~ 1 with maximal V, and w,.
For this reason we neglect below these complications, and retain the above
estimates with L =N+ M —r instead of N.

Now let us discuss the consequences of the new factor (L+/) (/~1)
in the exponent E of (2.5). It decreases the diffusion rate as L grows, and
thus counteracts the increase in D due to the dependence A1/~ For any pair
L, < L, there is a certain value of A, = A} at which both diffusion rates
coincide. Namely

LiLy/(Ly— Ly)

Af = <—L—2—t—1) (2.7
L, +1

If A, <A}, the rate D(L,)> D(L,), and vice versa.

For a given model with certain L the driving resonances may include
any number of independent frequencies 7 < L. Then, for a given 4,, the
particular I(4,) should be found which provides the maximal diffusion
rate. In this way we would obtain a broken line which is the envelope of
the family of curves E(4,, L) of (2.5). Interestingly, the existence of such a
family of intersecting curves could be inferred already (but was missed)
from the validity of the three-resonance approximation>*%!L13) (gee
Section 1), which corresponds to Z =1, while L=2 for N= N, (r=1).

For L3> 1 a smooth approximation to the envelope is found from the
local condition

?EZE.<__~1 _ml>=o (28)

Whence (A, > 1, L>1)

La)~In A +1=1nky;  Ay=4i,€ (2.9)
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and
E(A;, LYxo0,eln i5; Ay=4,e% (2.10)

Hence [see Eq. (1.7)]
D(A,) = DyA7 " 2.11)

and the dependence of the AD rate on the adiabaticity parameter A,
becomes a power law provided L <L, or

}uzs eL (212)

that is, for a not too weak perturbation. This border is, of course, much
higher (in &) than that in the rigorous theory [cf. Eq. (1.11)].

Apart from some numerical factors, the main result of this paper,
Eq. (2.11), confirms our previous estimate.!!:!?)

Since now the dependence D(¢)/D, is a power law (2.11), the

quantity®®
2

VZ
D0~8—w—’i~ BAEE (2.13)

4

is equally important, where the subscript g refers, as usual, to the guiding
resonance.

We shall call this regime the fast Arnold diffusion (FAD). Within the
domain (2.12) the diffusion rate does not depend on L, but asymptotically,
as A — oo, the Nekhoroshev-like dependence

D(Ay, L)x Dyexp[ —o(L+1)A¥5] (2.14)

is recovered.
Interestingly, in the degenerate case when Hy(I) = w - I (Section 1), the
AD rate is also a power law, but for another reason.%'?

3. NUMERICAL EXPERIMENTS

The asymptotic estimate (2.14) was well confirmed numerically(”!!3
with ¢, = 2.8 for the particular model used (N=2; M =1; r=1). A restric-
ted set of preliminary data®!'*) seems to agree also with the theoretical
prediction (2.11) for the intermediate AD regime (N=2; M=2; r=1).

Recently the results of extensive numerical studies of AD were
reported!**) for the model with Hamiltonian

lpl”

H(x, p, 1)=l 2 K% cos(x,, 1 —x;) 0,(1) (3.1)
i=1
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and periodic boundary conditions (x;, y=X;; p;+ y= P:), Where p, x are
action—angle variables, §,(¢) stands for the é-function of period 1, and we
have slightly changed the notations in refs. 16-19: 2nx;, — x;, and 2np, - p,.
Notice that the number of freedoms in this model is N—1 due to the
additional motion integral Y p,=const, hence the principal parameter
L=N—-1(M=r=1).

The main numerical results, confirmed by our own computations, are
shown in Fig. 1, reproduced from ref. 17. Apart from a strong perturbation,
they look, indeed, like a power-law dependence with the exponent y = 6.6
almost independent of N (besides N =3, see below). The authors also fit
the data to a power law, but obtained smalier y values that, moreover,
depended on N, because they included the intermediate region of large K
where the diffusion mechanism might be different. Essentially they tried to
fit the asymptotic Nekhoroshev-like dependence (2.14), but failed because
the principal exponent (1/L) turned out to be independent of N. Also, they
studied a different, global, model where the perturbation couples all the
freedoms, unlike the local model (3.1) with the pair interaction only.
However, the results are essentially the same (cf. Figs. 1 and 2 in ref. 17).
Below we restrict ourselves to the model (3.1), and present a different
interpretation of these numerical results.'”

The strongest guilding resonances for AD are p,=w,;=w,, (for any
i=1,., N), whose frequency is w,=(2K)"2. Due to periodicity in p, and
symmetry with respect to p; == mod 2z, the average {w?»=mn/2 (for the
random initial conditions used in the computation), and {|w°+ Q]*> ~

aaal o aad o g

vl 1

bl 0 o a4

107t s 1_l PR FE la

10 K 10

Fig. 1. Diffusion rate D vs. perturbation parameter K in model (3.1) (after ref 17).

The straight line shows a power-law dependence with exponent y = 6.6 (our fit); the curve is
the theoretical dependence for FAD, (5.2)-(5.4), with 4 =75; /= —0.24,

822/71/1-2-17
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(m/2)°L 4+ (27)% From Egs. (2.11) and (2.13), y = 3/2 + eg,/2 ~ 6.6 (numeri-
cally) and ¢, ~ 3.8, which is comparable with the previous result mentioned
above (0, ~28; L=2) as well as with factor = for L=1, (1.6).

The full numerical dependence can be approximately described near
minimal K~ 0.1 as (straight line in Fig. 1)

D(K)~ oK’ (3.2)

with o~ 0.3, y = 6.6. The theoretical value for the factor « is found from
Eg. (2.11), where we should put {@?) =n/2 for |0’ + Q] in the expression
for 4, [see Egs. (2.6), (2.10)]. This is because the additional factor \/Z is
absorbed in the complicated dependence E(L) and does not change the
final asymptotic estimate (2.5). In the case of L> 1 the term Q =2n can
also be dropped from the expression for |w°|. Assuming Dy~ K*?/4n” [see
Eg. (2.13)] with an additional factor 4n® due to the different notations

explained above, we have
1 /4. /20,\*"
4R (—5/;2-) (33)

From the empirical a~0.3 and ¢,~3.8 we obtain /~0 instead of the
expected —0.5, which is not a big difference if L > 1.

Anomalous behavior for N=3 (L =2) also can be explained, at least
qualitatively, by the existence of the FAD border (2.12) with

TE e
Ky~ g3 aoay (3.4)

To reach agreement with the empirical K, ~0.3 (Fig. 1), we would need
[~ 1.6, which seems too big, while for /=0 the estimated border K, ~ 0.01
is too small. Apparently, the asymptotic relations we use are too poor
for such a small value of L =2. One way to improve the agreement is to
take the opposite limit |w°® + Q| ~ Q =27 instead of n/2 in Eq. (3.4), which
gives K,~0.2. Another difficulty is related to a very complicated (and
unusual) motion structure for the particular conditions of the numerical
experiments.'5'*) We proceed with a preliminary discussion of such a
structure and some of its consequences.

4. FAD AND GLOBAL CHAOS

Usually, AD is assumed to proceed through a set of narrow chaotic
channels along resonance surface (1.2), so that the relative measure of the
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chaotic component p <1 is very small. This is certainly true for a
sufficiently weak perturbation (K —0). However, in the numerical
experiments under discussion?®!%) this is apparently not the case. Accord-
ing to the data in ref. 18, u,~1 for K>0.1 and N > 5, that is, the phase
space is almost entirely chaotic, just opposite to the expected structure.
Our own numerical experiments with model (3.1) (to be published
elsewhere) confirm this important conclusion.

Does it make any sense in such a complicated structure of motion to
single out a very specific AD within narrow chaotic layers? We think it
does, and the reason is that the global chaos for sufficiently small K< 1
is apparently provided by the overlap of high-order resonances which
produce very inhomogeneous and rather slow diffusion for large N (see
ref. 20 and below). In these conditions the main diffusion flow can still
follow chaotic layers of the strongest primary resonances as was assumed
in the above estimates. This picture was qualitatively confirmed®® by
observation of a “clustered” motion, that is, the correlation between dif-
ferent freedoms of the model. Such “clusters” have a finite lifetime because
the motion trajectory both enters (forming a cluster) and leaves (destroying
a cluster) chaotic layers. In the special case of N =3 some primary resonan-
ces are clearly seen in Fig. la of ref. 18 (sec also the end of this section).
The described structure of the motion is further confirmed by our
measurements of the maximal Lyapunov exponent, which was found to
scale as A~cog=(2K)1/2 and hence to correspond to the main primary
resonances. These seem, indeed, to play a special role in spite of global
chaos.

The presence of global chaos apparently explains the surprising inde-
pendence of the average diffusion rate on initial conditions.®!”) Then, a
more realistic estimate for D(K) requires some averaging over the phase
space. Since the details of the motion structure are unknown as yet, we
made use of a very crude approximation, multiplying the diffusion rate
(2.11) within a layer by its width w, [see Eq. (1.6)] as a relative measure
i, of the chaotic component supporting AD:

D 1/2
Whence [see Eq. (2.11)]
D > {Dyx Dyi;e? (4.2)

Thus, the main effect of averaging is the renormalization of the parameter
g, —30,/2. For a given numerical exponent y=6.6 the new value is
g,=25. From the numerical value a=x~0.3 we have the parameter



254 Chirikov and Vecheslavov

/= —0.23, which is much closer to the expected /=~ —0.5. With
l0® + Q| ~ Q2 the border value of K,~0.3 is also well in agreement with
numerical data (cf. Section 3).

The global chaos apparently entails a peculiar transient behavior. The
diffusion rate (2.11) or (2.14) is reached only on a rather long time scale,
tp~1/20D,"® while for a shorter time the formally computed D~¢"*
decreases, roughly but not exactly as a power law. Figure 2 shows that the
exponent f increases as K decreases, approaching f=1 for K— 0. The
latter means, actually, the absence of diffusion, that is, some stationary
oscillations. This effect is well known and commonly used as a check for
the diffusive character of the motion.”” However, the difference (1 — §) may
indicate some slow diffusion due to the global chaos. Indeed, in numerical
experiments we observed transitions between primary resonances.
Remarkably, this diffusion is not only slow, but its rate drops in time,
which could explain why eventually AD, also fairly slow, dominates in
spite of the presence of global chaos.

Another interesting transient regime of diffusion occurs on a very short
time scale, ~K~"2, which is the oscillation period on a guiding resonance.
This regime is seen in the data of ref. 16 (but was not discussed there), and
it is especially clear in the scaled variables of Fig. 2, which represents the
results of our computations. A peculiar feature of this regime is the maxi-
mal diffusion rate D = K?/4n* apparently due to uncorrelated initial phases
x; used in the computation.'® The correlation is building up due to the

0
log D*
0.50
_1 —
003 020
T T
0 1 2
log (tK 1/2)

Fig. 2. Transient diffusion in model (3.1): normalized diffusion rate D* =4n?D/K? vs. K'*1;
N =128; random initial conditions; numbers on the curves are K values; logarithms are
decimal.
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resonant oscillation with frequency w, = (2K)"?, which also affects the later
behavior (Fig. 2). This is another manifestation of transient clusters® as
well as of special role of strong primary resonances.

5. A NEW CONJECTURE

An important parameter controlling the AD rate, both the inter-
mediate fast one, (2.11), as well as the asymptotic one, (2.14), is o, the rate
of perturbation Fourier amplitude decay. At first glance it is determined by
the perturbation function V(I, 6, ¢) [see Eq. (1.1)}: 0 =0,. Yet, for a broad
class of dynamical systems with a finite number of perturbation Fourier
harmonics this is not the case, and formally o,= c0. Clearly, the whole
spectrum of the perturbation arises in higher orders of the perturbation
theory and has the form of a polynomial series of the original perturbation.
Hence, V,,~K*, where k is defined in Eq.(2.1a). Comparing with
Eq. (2.2), we can assume that

A
o=In % (5.1)
where A is roughly some constant independent of K and N. Generally, the
latter is certainly not true, but as we shall see, it seems to be a reasonable
approximation, at least in a restricted domain of K values.
Consider first the FAD as described by Eq. (4.2). For the model under
consideration, (3.1), assumption (5.1) leads to the expression

K7 (de™? g\
<D>fz——<————-—> (5.2)
42 \3er®? A,

where the exponent g now slowly depends on the perturbation:

3

e A A
q=— In 7> 1.571nK (5.3)

From the empirical o, =2.50 (for K=0.1) the new parameter 4 = 65,
but a better fitting to numerical data is achieved for 4 =75. The latter
value would give o,=2.56 and the power-law exponent y = 6.7, which is
also compatible with numerical data (Fig. 1). In both cases the empirical
value is /x~ —0.24. Using 1, = (n/2)/(2K)"?, as explained in Section 3, we
arrive at the final very simple relation:

KG+a)2 q
Dyt () (54)
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This theoretical dependence is also shown in Fig. 1 by the solid curve. The
agreement with numerical data is surprisingly good in the whole range of
K values (the average discrepancy is 13% only). In particular, the new
relation (5.4) well describes the deviation from the approximate power-law
dependence (straight line in Fig. 1) which was our starting point.

The new quantity 4 is, of course, a sort of fitting parameter. Yet this
is not a purely empirical fitting, but rather a physically meaningful one
even though we have as yet no idea about how one could estimate this
parameter theoretically. In contrast, the second empirical parameter
/= —0.24 turns out to be close to the expected value [~ —0.5.

Without averaging (4.2), the original estimate (2.11) can also be fitted
to the numerical data but with quite different /~ —0.03 and A4 ~ 950 (the
average accuracy is about 25%).

We think that these results can be considered as a preliminary confir-
mation of the new conjecture on the variation of the parameter o(K).
Moreover, this effect appears to be typical if the initial perturbation is
represented by a truncated Fourier series, so that its parameter ¢, = 0.
For a finite o, the effect in question is restricted to a sufficiently large
perturbation when ¢(K) < g, or

K> Ae " (5.5)

For further studies of this effect, numerical experiments with a much
weaker perturbation are most important, which, however, would require
increasingly heavy computation. The optimal region is near the border
(2.12), where the diffusion rate is maximal (for a given K) while N is
minimal, both factors decreasing the computation time.

6. CONCLUDING REMARKS

The present theory confirms the previous conjecture'*’'® that in the
intermediate domain (1< 2, <e”) of moderately weak perturbation in a
many-frequency system (L3> 1) the AD rate decays approximately as a
power law in the adiabaticity parameter A;, (2.11). In this sense the diffu-
sion is “fast” as compared to the asymptotic {4 — cv) exponential decay
(2.14). Generally, only the total number of unperturbed frequencies both
internal and driving (N + M) matters, provided the number of freedoms is
N=N_,;.. A surprising feature of FAD is independence of L, (1.9), which
was a puzzling observation in recent numerical experiments.%!”) In the
theory presented above there is no L dependence at all, as the diffusion rate
is determined by some L < L, (2.9). Numerically, a slight dependence exists
which is about, on average, 20% between N=4 and 128, but only 2%
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between N=6 and 128. Apparently this is related to a smooth transition
between the two AD regimes instead of a sharp border (2.12) in our
simplified theory.

Another interesting result is that a very specific AD persists and,
moreover, dominates, as ¢ — co, in the presence of some global chaos.
Apparently this is explained by the very complicated structure of the
latter,"'®!" where the diffusion rate drops in time. However, the complete
picture of such a structure is far from clear. In particular, the appropriate
procedure of phase-space averaging for the diffusion rate (4.2) is not
known. The whole AD structure is very complicated, indeed.”>

Detailed analysis of numerical data’’®'”) has led us to a new conjec-
ture: the parameter o, (2.2), controlling the high-order Fourier components
of the perturbation and, hence, the diffusion rate, is not a constant as was
assumed before, but slowly depends on the perturbation, (5.1). Numerical
data seem to confirm this new effect, but additional numerical experiments
for a weaker perturbation are certainly desirable.

Restricted by inequality (5.5), this is not a generic phenomenon, as
typically 6,+#0. Yet, in the intermediate region of FAD, it may be very
important.

The theory presented above is rather simple—perhaps, over-
simplified—but we hope that it catches the decisive features of this
beautiful phenomenon of resonance interaction, Arnold diffusion.
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