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Abstract—Large entropy fluctuations in the equilibrium steady state of classical mechanics are studied in
extensive numerical experimentsin asimple strongly chaotic Hamiltonian model with two degrees of freedom
described by the modified Arnold cat map. The rise and fall of a large separated fluctuation is shown to be
described by the (regular and stable) “macroscopic” kinetics, both fast (ballistic) and slow (diffusive). We aban-
don a vague problem of the “appropriate” initial conditions by observing (in a long run) a spontaneous birth
and death of arbitrarily big fluctuations for any initial state of our dynamical model. Statistics of the infinite
chain of fluctuations similar to the Poincaré recurrencesis shown to be Poissonian. A simple empirical relation-
ship for the mean period between the fluctuations (the Poincaré “cycle’) is found and confirmed in numerical
experiments. We propose a new representation of the entropy via the variance of only afew trgjectories (* par-
ticles”) that greatly facilitates the computation and at the same time is sufficiently accurate for big fluctuations.
The relation of our results to long-standing debates over the statistical “irreversibility” and the “time arrow” is

briefly discussed. © 2001 MAIK “ Nauka/lInterperiodica” .

1. INTRODUCTION: MACROSCOPIC VERSUS
MICROSCOPIC FLUCTUATIONS

Fluctuations are an inseparable part of statistical
laws. This has been well known since Boltzmann. What
is apparently less known are the peculiar properties of
rare big fluctuations (BF) that are different from, and
even in a sense opposite to, the properties of small sta-
tionary fluctuations. In this paper, we consider the sim-
plest type of chaotic dynamical systems, namely, a
Hamiltonian system with afinite number of the degrees
of freedom that admits the (stable) statistical equilib-
rium (SE). This class of dynamical modelsis still pop-
ular (since Boltzmann!) in debates over the dynamical
foundations of statistical mechanics (see, e.g., “Round
Table on Irreversibility” in[1, 2]).

A sufficiently simple picture of BFsin such systems
is well understood by now, athough not yet well
known. To Boltzmann, this picture was the basis of his
fluctuation hypothesis for our Universe. It is also well
understood that this hypothesis is totally incompatible
with the present structure of the Universe because it
would immediately imply the notorious “heat death”
(see, e.g., [3]). For thisreason, one may even term such
systems the heat death models. Nevertheless, they can
be and actually arewidely used in describing and study-
ing local statistical processes in thermodynamically
closed systems. The latter term means the absence of
any heat exchange with the environment. We note, how-
ever, that under conditions of the exponential instability

TThis article was submitted by the authors in English.

of motion, which are typical of chaotic systems, the
only dynamically closed system would be the “entire
Universe” In particular, this excludes the hypothetical
“velocity reversal” that also is popular in debates over
“irreversibility” since Loschmidt (for adiscussion, see,
e.g., [4]).

In any case, dynamical models with the SE do not
tell us the whole story of either the Universe or even a
typical macroscopic process therein. The principal
solution of this problem, unknown to Boltzmann, is
quite clear now: the “equilibrium-free” models are
required. Various classes of such modelsareintensively
studied today. Moreover, the celebrated cosmic micro-
wave background tells us that our Universe was born
aready in the state of a heat death, which, however,
became unstable due to the well-known Jeans gravita
tional instability [5]. This resulted in developing arich
variety of collective processes, or synergetics, the term
recently introduced or, better to say, put in use by
Haken [6]. The most important peculiarity of such a
collective instability is that the total overal relaxation
(to somewhere?) with the ever increasing total entropy
isaccompanied by an also increasing phase space inho-
mogeneity of the system, particularly with respect to
temperature. In other words, the entire system and its
local parts become more and more nonequilibrium to
the extent of the birth of a secondary dynamics that can
be, and sometimes is, as perfect as, e.g., the celestia
mechanics (see, eq., [4, 7, 8] for agenera discussion).

We stress that al these inhomogeneous nonequilib-
rium structures are not BF like in the SE but are aresult

1063-7761/01/9301-0188%$21.00 © 2001 MAIK “Nauka/Interperiodica’



BIG ENTROPY FLUCTUATIONS IN STATISTICAL EQUILIBRIUM

of a regular collective instability; therefore, they are
immediately formed under a certain condition. In addi-
tion, they are typically dissipative structures according
to Prigogine [9] due to the energy and entropy
exchange with theinfinite environment. Thelatter isthe
most important feature of such processes, and at the
same time the main difficulty in studying the dynamics
of those models both theoretically and in numerical
experiments, which are so much simpler for SE sys-
tems.

In the latter case, a BF consists of two symmetric
parts: the rise of afluctuation followed by itsreturn, or
relaxation, back to the SE (see Figs. 1 and 2). Both parts
are described by the same kinetic (e.g., diffusion) equa-
tion, the only difference being in the sign of time. This
relates the time-symmetric dynamical equations to the
time-antisymmetric kinetic (but not statistical!) equa-
tions. The principal difference between the two types of
equations, sometimes overlooked, is that the kinetic
equations are generally understood as describing the
relaxation only, i.e., the increase of the entropy in a
closed system, whereas in fact they do so (at least, in
the SE) for the rise of BF as well, i.e., for the entropy
decrease. All this was qualitatively known already to
Boltzmann[10]. Thefirst simple example of a symmet-
ric BF was considered by Schrodinger [11]. A rigorous
mathematical theorem for the diffusive (dow) kinetics
was proved by Kolmogorov in 1937 in the paper entitled
“Zur Umkehrbarkeit der statistischen Naturgesetze”
(Concerning Reversibility of Statistical Laws in Nature)
[12] (see also [13]). Regrettably, the principal Kolmog-
orov theorem still remains unknown to both the partic-
ipants of heated debates over “irreversibility” and the
physicists actually studying such BFs (see, e.g., [14]).

At present, there exists a well-developed ergodic
theory of dynamical systems (see, e.g., [15]). In partic-
ular, it proves that the relaxation (correlation decay, or
mixing) eventually proceeds in both directions of time
for almost any initial conditionsin achaotic dynamical
system. However, the relaxation must not always be
monotonic, which simply means a BF on the way,
depending on the initial conditions. To eliminate this
apparently confusing (to many) “freedom,” we take a
different approach to the problem: instead of discussing
the “true’ initia conditions and/or a “necessary”
restriction of them, we start our numerical experiments
at arbitrary initial conditions (most likely correspond-
ing to the SE) and observe what the dynamics and sta-
tistics of BF are like. This approach is obviously based
on the fundamental hypothesis that al the statistical
laws are contained in, and can be principally derived
from, the underlying fundamenta (Hamiltonian)
dynamics. To the best of our knowledge, thereis as yet
no contradiction to this principal hypothesis. We note,
however, that this approach can be directly applied to
fluctuations in finite systems with a statistical equilib-
rium only (see [4] and [16] for a discussion). In these
and only these systems, infinitely many BFs grow up
spontaneously, independently of the initial conditions
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Fig. 1. Mixed kinetics for two BFs of different sizes.
Filled/open circles show the time dependence of the mean
variance [¥(t — tj)Oaround the BF maximum at t = t;; the

upper horizontal straight line is the equilibrium and the
lower line indicates the empirical value of the dynamical
scale vy = 0.015, Eq. (3.4), with the parameter Fy= 1/3. The
two oblique straight lines represent the expected fast kinet-
ics, Eq. (3.3), and the two solid curves do so for the initial
diffusive kinetics, Eg. (3.5). The respective run parameters

and resultsaregiven by C = 15,N=1, v, = 3.9 x 10711/6.25 x
1070 (vyy = Vi), V(0) = 1.96 x 10431 x 1073, n =
1971/4459, w = 500. The average period between succes-
sive fluctuationsis [Pk 1.4 x 107/3.5 x 10° iterations.
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Fig. 2. Thesame asin Fig. 1 for atypical diffusive kinetics
(anti-diffusion/diffusion): the solid curve showsthe average
over al n= 20259 fluctuations in arun and the wiggle line
isthe samefor thefirst 28 fluctuations. Two oblique straight
lines represent the expected initid diffusivekinetics, Eq. (3.5),
with 14 = 0 and the empirical value vgemp) = 0.045, while
the theory (3.15) gives vq = 0.02. Other run parame-
ters/resultsare given by C =50, N =5, v, = 0.0256, w = 10%,
[Pk 7.7 x 10%/8.7 x 10°, and B = 306/348; [Pw = 77/87.

of the motion. This is similar to the well-known
Poincaré recurrences (see Section 4).

In spite of essential restrictions, simple SE models
allow us to better understand the mechanism and the
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role of BFs in statistical physics. In addition to the
removal of the vague problem of initial conditions,
these models are very helpful in clarifying the relation
between macroscopic and microscopic descriptions of
chaotic systems. In particular, a spontaneous rise of a
BF out of the SE isamacroscopic event aswell asisits
subsequent relaxation back to the SE, even in a system
with afew degrees of freedom. Similarly to other mac-
roscopic processes, BFs are not only perfectly regular
by themselves but also surprisingly stable against any
perturbations, either regular or chaotic. Moreover, the
perturbations must not be small. At a first glance, this
looks very strange in a chagtic, highly unstable dynam-
ics. The resolution of this apparent paradox is that the
dynamical instability of motion affects the BF instant
of time only. The BF evolution is determined by the
kinetics independently of its mechanism, from a purely
dynamical one, asin model (2.2) used in this paper, to
acompletely noisy (stochastic) one. Asamatter of fact,
the fundamental Kolmaogorov theorem [12] is precisely
related to the latter case but remains valid in a much
more general situation. The surprising stability of BFs
is similar to the less known concept of robustness for
the Anosov (strongly chaotic) systems [17] whose tra-
jectories are only dlightly deformed under a small per-
turbation (see [4] for adiscussion).

In this paper, we consider a particular type of BFs
characterized by alarge concentration of “particles’ in
asmall phase space domain of the dynamical system. In
other words, “our” fluctuations are localized in phase
space and separated in time. A more accurate definition
of these fluctuations is given in Section 3 (see
Eqg. (3.6)). The same fluctuations in a stochastic model
(with noise) were studied in detail in [14]. Obviously,
there exist many other fluctuations with their own pecu-
liarities (see, e.g., [18]). The primary object of our
studies is the macroscopic kinetics of big fluctuations
in the background of small stationary microscopic
fluctuations. A brief outline of our results was pre-
sented in [16].

2. A HAMILTONIAN MODEL:
MOST SIMPLE BUT STRONGLY CHAOTIC

The systemswith an SE can be described in terms of
modelsthat are very simple as regards both the theoret-
ical analysis and numerical experiments (of which the
latter are even more important for us). In the present
paper, we use one of the most smple and popular models
specified by the so-called Arnold cat map (see [19, 20]):

p+x modl1,
X+p modl,

el
1

2.1)

X
I

which is alinear canonical map on a unit torus. It has
no parameters and is chaotic and even ergodic. Therate
of the local exponential instability, the Lyapunov expo-

nent A =In(3/2 + ./5/2) = 0.96, impliesafast (ballistic)
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kinetics with the relaxation timet, ~ 1/A = 1. Through-
out the paper, t denotes the time in the map iterations.
A minor modification of this map,

p=p+tx—1/2 modC,
X =x+p-C/2 mod1l,

where C is a circumference of the phase space torus,
allows studying both the fast (exponential) ballistic
kinetics (for C = 1) and the slow (diffusive) relaxation
inp (for C> 1) with the characteristic timet, ~ C%/4D,, >
1, where D, = /12 isthediffusion ratein p. In contrast
to the dow diffusion in p, the relaxation time in x does
not depend on C (t, ~ 1) and the subsequent values of x
are therefore practically uncorrelated. Map (2.2) has
the (unstable) fixed pointat x =X, = 1/2and p = p, =
Cl2.

A convenient characteristic of the BF sizeistherms
volume (area) in the 2D phase space (X, p)

o(t) = g,(t)ou(t) (23

occupied by agroup of N trgectories (particles). In the
ergodic motion at equilibrium, o = g, = C/12. Because
of asevere restriction to small N < 10 in the numerical
experiments (see below), we have to use simple (aver-
age) characterigtics like (2.3) only. On the other hand,
these are precisely the macroscopic variables in which
we areinterested.

In what follows, we also restrict ourselves to a par-
ticular case of BFswith the fixed prescribed positionin
the phase space,

(2.2)

1 C
Xi = Xo = > P = Po = ) (2.4)
The variance of the phase space size v = 62 = 0.0, is
then determined by

o2 = (P 0-py, Oy = KT-xg, (2.5)

where the brackets Ll.. [enote averaging over N trajec-
tories. In the ergodic motion at equilibrium, v = vg =
C2/122. In what follows, we use the dimensionless mea-
sure v = v/vg — v and omit the tilde. In the diffu-
sive approximation of the kinetic equation, the variable
v(t) is especialy convenient because it varies propor-
tiondly to time. Moreover, v —» Vp in this case
because of aquick relaxation v, —= 1inx.

Among all the advantages of v, the relation of this
variable to the fundamental concept of the entropy is
highly desirable. The standard definition of the entropy,
which can be traced back to Boltzmann, reads

S=-0Onf(x, p)+ S, (2.6)

where f(x, p) is a coarse-grained distribution function,
or the phase-space density, and S, an arbitrary constant
to befixed later. We note that the distribution cal cul ated
from any finite number of tragjectories is aways a

No.1 2001



BIG ENTROPY FLUCTUATIONS IN STATISTICAL EQUILIBRIUM

coarse-grained one. However, the direct application of
Eq. (2.6) requires too many trajectories, especialy for
a small-size BF. Nevertheless, precisely in the latter
case, which is the main problem under consideration,
we have found a simple approximate relation

S(t)zglnv(t)

that gives at least arough estimate for the entropy evo-
lution [16]. Moreover, if the distribution is Gaussian,

(2.7

exp(—(p— po)°/2v)
2TV ’

estimate (2.7) becomes exact because it is directly
derived from the definition of the entropy in Eq. (2.6).
The two relations for the entropy are compared in the
end of Section 3 for atypica BF.

A great advantage of (2.7) isthat the computation of
S does not require very many tragjectories as does the
distribution function. In fact, even asingle trgjectory is
sufficient, asisdemonstrated by Fig. 1in[16] and Fig. 1
in this paper!

A finite number of trajectories used for calculating
the variance v is similar to a coarse-grained distribu-
tion, asrequiredinrelation (2.6), but withafreebinsize
that can be arbitrarily small.

We can now turn to the numerical experiments.

f(x, p) — f(p) = (2.8)

3. MACROSCOPIC KINETICS: COMPLETE,
REGULAR, AND STABLE

In this section, we consider the regular BF kinetics.
The data were obtained by simultaneously running N
trajectories for avery long time in order to collect suf-
ficiently many BFs for areliable separation of the reg-
ular part of BFs, or the kinetic subdynamics according
to Balescu (see [21] and references therein), from the
stationary fluctuations. The separation was done by the
plain averaging of theindividua v; values(i =1, ..., n)
over al then BFs collected in arun.

The size of the BF chosen for the subsequent analy-
sisisfixed by the condition that

v(t)<v, (3.1)

at sometimeinstant t = t;, the moment of aBF. Here, a
prescribed value vy, is the main input parameter of the
run. This condition actually determines the border of
the entire fluctuation domain (FD) as0 < v < v,,

The event of entering the FD is the macroscopic
“cause” of the BF whose obvious “effect” will be the
subsequent relaxation to the equilibrium. However, the
main point of our study isthat the second “ effect” of the
same “cause’” was preceding the rise of the BF in an
apparent contradiction with the “causality principle’
(for adiscussion, see[16] and Section 4 below). In any
event, the second effect requires the permanent mem-
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ory of trajectory segments within some time window w,
which is another important input parameter of the run.

The exact procedure of data processing during the
run is as follows. Starting from arbitrary (random) ini-
tial conditions, selection rule (3.1) is checked at each
iteration. Supposethat it is satisfied at some instancet;,
when the bundle of trgjectories enters the FD. In the
first approximation, we could consider it as the fluctua-
tion maximum (or the variance minimum) t; = t;,, where
the subscript i is the number of the current fluctuation
in arun. However, this simple procedure would cause
an asymmetry with respect to t = t,. A better choice
would be given by therulet; = (t;, + t,)/2, wheret,, is
the time instance of the exit from the FD. Instead, we
have accepted amore complicated procedure that better
restores the true BF symmetry, as we hope. Starting
from the moment t;,,, we search for the minimum of v(t)
inside a sufficiently largeinterval t,, <t <t, + w. If a
minimum isfound at somet = t,;,,, we check that it also
isthe minimum inside the next interval t;, <t <t.,, +
w. If thisisthe case, weidentify this minimum with the
BF top and set t; = t,,;,,; otherwise, we set t;,, equal to
the time of a better minimum and repest the last step.
Obvioudly, the parameter w must be small compared to
[PL]the mean period of the BF, but sufficiently long for
the trgjectory to leave FD (3.1). Typicaly, we chose
w = C?, thetotal diffusion time. After fixing the current
t; value, the computation within theinterval t; <t <t; +
w was completed, and only then the search for the next
BF is continued.

Asmentioned above, there are two quite simplelim-
iting cases of generaly very complicated kinetics,
namely, the fast (ballistic) and the slow (diffusive) lim-
its. An example of bothinonerunfor N=1(!) is pre-
sented in Fig. 1 for two fluctuations of different sizes.
In this case, general condition (3.1) was checked sepa-
rately for p and x,

Vo(t) <V, and v,(t) <v,, (3.2

with v, = vy, ~ 10 and v, = v vy, ~ 1079,

The fast part of the kinetics is approximately
described by

v (1) = v(0)exp(4AT), (3.3

wheret =t —t;, A isthe Lyapunov exponent (see Sec-
tion 2) and v(0) ~ 1072 is the minimal variance aver-
aged over al n fluctuations observed in the run. We note
that the latter value is considerably smaller than the
border value v, ~ 1071°. Thisis because of the penetra-
tion of trgectories into the FD. Interestingly, the ratio
v,/v(0) = 2000 is the same for both runsin Fig. 1.

A surprisingly sharp crossover to the diffusive kinet-
ics, clearly seen in Fig. 1, is related to the dynamical
scale of the diffusion corresponding to acertain size vy
of the increasing variance at which the exponential
growth stops. Roughly, it occurs at the time instance
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Fig. 3. The histogram of integrated distribution (3.9) for
datain Fig. 2. Each circle showsthe number of periods P, >

MAP, for m=0, 1, ... P =n, AP = 1.5 x 10% P /w =
1.0027; Pyyax/TPLE 12.63; [PLE 765084. The straight lineis
the expected distribution nexp(—P/P0).

T =Tg4 When [X — Xo| ~ |p — pol ~ /2, whence v,y ~
12/4 = 3 and v,4 ~ 3/C2 We can therefore characterize
the dynamical scale as

9F4
—f,

V(Tg) = Vg = FgVpaVyg =
(3.9

_In(vylv(0))

d - 4A 1

where F is an empirical factor and 14 is found from
Eq. (3.3). Thedatain Fig. 1 imply the dynamical scale
V4= 0.015 independently of v, which gives the empir-
ical factor Fy= 1/3.

Inthediffusion region (v > v), theinitial kineticsis
described by asimplerelation for the free diffusion (see
Section 2),

T*T

V(D) =—+v,, T<1<C
C

(3.5)

which is also shown in Fig. 1. It involves two correc-
tions, T4 and v, dueto the exponential ballistic kinetics.
Thefirst one (with opposite signsfor the two symmetric
parts of the fluctuation) takes the “lost” time after (or
prior to) the antidiffusion (diffusion) into account,
while the second correction describes a finite fluctua-
tion size at the crossover from (to) the diffusion. The
mean empirical valuety=7usedinFig. lisclosetothe
value 1y = 6.5 found from Eq. (3.4) with another empir-
ical quantity, v4 = 0.015.

Thelargeratio

(3.6)
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of the mean fluctuation period [PLIto the characteristic
time of the diffusion relaxation (see Eq. (3.5)) is the
definition of a big fluctuation. It guarantees the time
separation of successive fluctuations.

We now turn to the main subject of our study, the
purely diffusive kinetics of BFs. For this, we first elim-
inate the x-statistics by excluding v, from selection
condition (3.1), which now reads

V() = V<V, = V. (3.7

Next, the variance v, must now exceed the new dynam-
ical border,

12
Vp>Vg=V= = (3.8
C
with some empirical factor f, = 1 (see Eq. (3.4) and the
discussion below).

A typica example of adiffusve BFisshowninFig. 2.
Both the regular macroscopic kinetics of the antidiffu-
sion/diffusion and the irregular fluctuations around are
clearly seen. We note that their size rapidly decreases
toward the BF maximum. It may even seem that the
motion becomes regular in that region, hence the term
“optimal fluctuational path” [14]. In fact, the motion
remains diffusive down to the dynamical scale v ~ v4in
Eq. (3.8).

Even though a separate BF is sufficiently regular,
the time instance of its spontaneous appearance t; and,
hence, theindividual period P are random in the chaotic
system. Due to the statistical independence of BFs
under condition (3.6), the expected distribution in P is
Poissonian (Fig. 3),

f(P) = —eXp(‘EE’DEPD).

The principal characteristic of the period statistics,
[PL]can be estimated as follows. From the ergodicity of
motion in the N-dimensional momentum space, we
have

(3.9)

(3.10)

Thisisan exact relation (in thelimit ast,,,, — ), with
T, being the total sojourn time of trajectories within the
FD (under the condition v (t) < v;,) during the entire run
time t,,, and [T [ithe same per fluctuation. Both ratios
are equal to the ratio of the N-dimensional momentum
volume % of the fluctuation at T = 0 to that in the equi-
librium. The ratio ® was also measured during the run.
It follows that
_ OJ
PO = o
The next, more difficult step isthe valuation of T, =
2T, from the diffusion equation, where T, is the exit
(or entrance due to symmetry) time from (or to) the FD.

(3.11)
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Fig. 4. The comparison of the directly measured ratio ®eny,
given by Eq. (3.10) with the theoretical approximation ®y,,
Eqg. (3.12) for N = 1-10: @1 = P,/ Py,; the average over
71runsis [@4[F 1.015 + 0.11 (the standard deviation); the
bars show statistical errors 1/./n for each run; the total
number of fluctuationsin all runsis 127346.

A simple crude estimate is Ty, ~ v;,/D,, = v;,C? (See Sec-
tion 2). However, the first numerical experiments have
already revealed that the actual exit time is much
shorter, roughly by the factor 1/N2. A plausible expla-
nation is that inside the FD, the distribution is concen-
trated in arelatively narrow layer at the surface of the
N-dimensional sphere determined by the selection con-
dition v(t) < v, in EQ. (3.7). The relative width of the
layer ~1/N then implies the observed factor ~1/N2. Fur-
ther, the ratio

d(vy, N) = vi%g(N), (3.12)
with the geometrical function

_ [Te7"*(1 - U6N)
Ny = em o
WN=T60

admits arelatively accurate approximation downtoN =1
(seeFig. 4).

(3.13)

Collecting all the above formulas, we arrive at our
final empirical relation

|:2vbAC2 2A(:2vé'N/2
(PO~ — = 3.14
N2 N B

with two fitting factors, A for the layer width and F for
all the other approximations made above. The two fac-
tors cannot be united in one because the former enters
anew expression for the dynamical scale that naturally
generalizes Eq. (3.8). Together with inequality (3.6) for
a big fluctuation, the new dynamical scale was used in
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Fig. 5. The comparison of the empirical data for 36 runs
selected from 61 runs computed for N = 2-10 by the two
rules, Eqg. (3.6) with B> 7 and Eq. (3.15) with A =6, to the-
oretical relation (3.14) with the main fitting factor F,, m=
1, ..., 36 (seetext). Theaveragevalueis[F=1.51(1+ 0.17)
(the standard deviation); the bars show statistical errors
Fr/ Jn for each run; the total number of fluctuationsin 36
runsis 34429.

selecting purely diffusive BFs described by Eq. (3.14).
The corresponding inequality reads (cf. Eq. (3.8))

A 12

Vb> Vd, VdN—Z: pr—Z’ (315)

which meansthat even asmall part (A/N? < 1) of the FD
must exceed the dynamical scale.

All the empirical parameters were optimized as fol-
lows. The values of two factors, B in Eq. (3.6) and f,in
(3.15), arenot crucia; larger values of thesefactors cor-
respond to a better selection of purely diffusive BF but
reduce the amount of the empirical data available. A
compromisewasfound at B=7 and f, = 1, which leaves
36 runs of 61 done and 34429 of the total 75053 BFs
computed with N = 2-10 for comparison to Eq. (3.14).
This was executed as follows. For each selected run
with the parameters N, C, and v, and the computed val-
ues POand @, the empirical factor F (which was
assumed to be a constant) was calculated from the first
equation in (3.14). The value of A was chosen by mini-
mizing the relative standard deviation to AF/F[= 0.17.
For a given set of data, the result was A = 6. The final
dependence F(N) isshown in Fig. 5, where the bars are

the statistical errors F/./n for each run.

Coming to the analysis of our main theoretica
result, the second equation in (3.14), we first remark
that it does not describe asingletrgjectory (N=1). This
is because we excluded v,, from selection condition
(3.7) (cf. Eq. (3.2)) and thus reduced the phase space
dimension to the minimal value, unity. In this case, a
single tragjectory repeatedly crosses the FD with the
period P ~ C?, the entire diffusion time around the
phase space torus, which isindependent of the FD size.
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Fig. 6. The macroscopic kinetics of the BF entropy: the
lower line is the “exact” entropy given by Eq. (2.6), to be
compared with approximation (2.7), the middle ling; the
upper line is the same approximation for the diffusion the-

ory, Eg. (3.5) with t4 = 0 and the empirical value vgemp) =

0.02. The run parameters/results are C = 50, N = 5, v, =
0.01, w=10% n = 4580, [P 3.3 x 105 B = 1314; (PIw =

329. The number of partition bins for calculating (2.6) is
Ny = 40L.

More formally, this also follows from Eq. (3.14),
because condition (3.6) cannot be satisfied for small v,

For two trajectories (N = 2), the period does not
depend on v, and for the datain Fig. 5, we have the
ratio P[IC? = 8.7. Because of fluctuations, the actual
values of thisratio arein theinterval 7.4-11.0, still not
too big for a BF. Apparently, this leads to a relatively
large scattering of points with N = 2, which also persists
forN=3.

The main dependence in Eq. (3.14), the exponential
of N, isreadily derived from a graphic picture of N sta-
tigtically independent particles gathering together

insideasmall domain with the probability ~1/P ~ v’

Such estimates are known for the Poincaré recurrences
since Boltzmann [10]. The estimate is especialy vivid
in the geometrical picture of the N-dimensional sphere

of the radius ,/v, considered above. Our empirical

relation (3.14) considerably improves the simple esti-
mate by including a weaker power-law dependence,
which isevident in Fig. 5.

In our studies described above, we fixed the position
of aBF in phase space, Eq. (2.4). If we lift thisrestric-
tion, the probability of a BF increases by the factor

vg”, which corresponds to decreasing N by one
(N— N — 1) because only N — 1 trgjectories then
remain independent. With the latter change, al the
above relations presumably remain valid.

Our main relation (3.14) describes the diffusive
kinetics for v, > v, EQ. (3.15), when a BF is not too
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big. In the opposite case v, < v, of avery big fluctua-
tion, as in Fig. 1, the dependence IP(v,)[1becomes
much ssimpler (see Egs. (3.11)—(3.13) and [16]):

DI'S,D: 2
®  vye(N)

Thisisexplained by afast exponential kinetics near the
BF top (Fig. 1), which implies the shortest exit time
T = 1, and hence, T, = 2. Indeed, for both BFs in
Fig. 1, we have the empirical value IP[® = 1.98.

In the conclusion of this section, we show in Fig. 6
the macroscopic kinetics of the BF entropy, both the
“exact” onein Eg. (2.6), calculated for the partition of
the entire interval (0 < p < C) into N, = 401 bins, and
the one given by our approximation (2.7). Both entro-
pies were calculated for the same 5 trgjectories in one
run. The necessary statistics for the exact entropy was
obtained at the expense of a large number n = 4580 of
fluctuations in the run. To compare the two entropies,
we must adjust the constant S, in Eq. (2.6). Asiseasily
verified, Gaussian distribution (2.8) leads exactly to
relation (2.7) if

[P(v,)0= =2vy"%  (3.16)

S, = —%In(Zne) ~_14189~—J32.  (317)
Approximation (2.7) isvalid for the most part of the BF
except a relatively small domain near the equilibrium,
where the distribution in p approaches the homoge-
neous one. The exact entropy (with constant (3.17)) in
the equilibrium is

_ 1 e
SSE = _élnD€D~_018

(3.18)
instead of zero in approximation (2.7). The difference
isrelatively small, the larger the fluctuation. Inthemain
part of the BF, our ssimple relation for the entropy in
Eq. (2.7) reproduces exact relation (2.6) to a surpris-
ingly good accuracy. This confirmsthat the distribution
in p is indeed very close to the Gaussian one in
Eqg. (2.8), as expected.

4. CONCLUSION: THERMODYNAMIC ARROW?

We have presented the results of extensive numeri-
cal experiments on big entropy fluctuations (BFs) in a
statistical equilibrium (SE) of classical dynamical sys-
tems and discussed their peculiarities.

All numerical experiments were carried out on the
basis of avery smple model given by Arnold cat map
(2.1) on aunit toruswith only two minor, but important
and helpful, modifications:

(1) expanding the torusin the p direction, Eq. (2.2),
for a more impressive diffusive kinetics of BFs out of
the equilibrium (Fig. 2), and

(2) inserting a specia (unstable) fixed point for a
better demonstration of the exponential ballistic kinet-
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ics (Fig. 1). In addition, this point was used as a fixed
position of BFs, which relates our studies of BFs to
another interesting and important problem, the
Poincaré recurrences (see Eq. (2.2)).

The most important distinction of our approach is
that we have abandoned the vague question of theinitial
conditions, in particular, a “necessary” restriction of
those in statistical physics. Instead, we started our
numerical experiments at arbitrary initial conditions
(most likely corresponding to the SE), and did observe
the dynamics and statistics of BFs. In other words, we
studied the spontaneous BFs only.

It isalso important that such a spontaneous rise of a
BF out of the SE and its subsequent relaxation back to
the SE can be considered as a statistical macroscopic
event, even in a system with afew degrees of freedom
asthe onein Eqg. (2.2). The term “macroscopic” refers
to average quantitiesincluding variance, entropy, mean
period, distribution function, and the like.

We consider aparticular class of BFsthat wecall the
Boltzmann fluctuations. They are obviously symmetric
under thetimereversal (seeFigs. 1, 2, and 6), and there-
fore, at least in this case, there is no physical reason at
all for the concept of the notorious “time arrow.” Nev-
ertheless, arelated concept—the thermodynamic arrow
pointing in the direction of the average increase of
entropy—makes sense in spite of the time symmetry
[16]. The point is that the BF characteristic relaxation
timeis determined by the model parameter C only and
does not depend on the BF itself. On the contrary, the
expectation time for a given BF, or the mean period
between successive fluctuations, rapidly growswith the
BF size and with the number of trgjectories (or the
degrees of freedom), Eq. (3.14). A largeratio of thetwo
quantities, B = [PIIC? > 1, is our definition of a big
fluctuation, Eqg. (3.6). A similar result was recently
obtained in [22], but the authors missed the principal
difference between the time arrow and the thermody-
namic arrow.

A related notion of the causality arrow, which by
definition points from an independent macroscopic
cause to its effect, al so makes some physical sense (see
[16] and Section 3 for adiscussion). For the Boltzmann
BFs considered in the present paper, the directions of
both arrows coincide independently of the direction of
time. In our opinion, the last statement is the most
important, philosophical “moral” that the principaly
well-known Boltzmann fluctuations teach us.

Even though we discuss and interpret our empirical
resultsin terms of entropy (S), which isthe most funda-
mental concept in statistical physics, we actualy use
another entropy-like quantity, the variance v(t) for a
group of N trgjectories, Eq. (2.5). One reason is techni-
cal: the computation of v is much simpler than that of
St), which is either very time-consuming in numerical
experiments (for exact Sgiven by (2.6)) or approximate
in accordance with (2.7). In addition, for diffusive
kinetics, in which we are mainly interested, the vari-
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ance is a natural variable that makes the BF picture
most simple and comprehensible.

Originally, we planned to cover both sides of the BF
phenomenon, the regular macrascopic kinetics and the
accompanying microscopic fluctuations (noise)
around. However, our numerical experiments revealed
a much more complicated structure of the latter, as an
example in Fig. 2 demonstrates. The dependence v (t)
looks like a fractal curve on a variety of time scales,
ranging from the minimal one ~1 iteration up to ~C?,
which is comparable to that of the BF itself. Thisinter-
esting problem certainly requires and deserves further
studies.

Only thefluctuationsin classical mechanicsare con-
sidered in this paper. General quantum fluctuations are
quite different. However, according to the Correspon-
dence Principle, the dynamics and statistics of a quan-
tum system in the semiclassical region are close to the
classical ones at the appropriate time scales, the longest
of which corresponds to the diffusive kinetics and
ensures the transition to the classical limit (see [4, 23]
for details). Curioudly, the computer classical dynamics
that isthe simulation of aclassical dynamical system on
digital computer is of a qualitatively similar character.
This is because any quantity is discrete (“overquan-
tized”) in the computer representation. As a result, the
correspondence between the classical continuous
dynamics and its computer representation in numerical
experimentsis generally restricted to certain finite time
scales as in quantum mechanics (see the first two refer-
encesin [23)]).

The discreteness of the computer phase space leads
to another peculiar phenomenon: generally, the com-
puter dynamics is irreversible due to the rounding-off
operation unless a special agorithm is used in numeri-
cal experiments. However, this does not affect the sta-
tistical properties of the chaotic computer dynamics. In
particular, the statistical laws remain time-reversiblein
the computer representation in spite of the (nondissipa-
tive) irreversibility of the underlying dynamics. This
simple example demonstrates that contrary to a com-
mon belief, the statistical reversibility isamore general
property than the dynamical reversibility.

REFERENCES

1. J. Lebowitz, |. Prigogine, and D. Ruelle, Physica A
(Amsterdam) 263, 516 (1999).

2. J. Lebowitz, PhysicaA (Amsterdam) 194, 1 (1993).

3. L. D. Landau and E. M. Lifshitz, Satistical Physics
(Nauka, Moscow, 1995; Pergamon, Oxford, 1980), Part 1.

4. B. V. Chirikov, in Law and Prediction in the Light of
Chaos Research, Ed. by P. Weingartner and G. Schurz
(Springer-Verlag, Berlin, 1996), p. 10; Open Systems
and Information Dynamics 4, 241 (1997); chao-
dyn/9705003 (1997); Wiss. Z. Humboldt-Univ. Berl.,
Ges.-Sprachwiss. Reihe 24, 215 (1975).

5. J. Jeans, Philos. Trans. R. Soc. London, Ser. A 199, 1
(1929).

No.1 2001



196

6.

7.

10.

11.

12.

13.

14.

15.

16.

CHIRIKQV, ZHIROV

H. Haken, Synergetics: an Introduction (Springer-Ver-
lag, Berlin, 1978; Mir, Moscow, 1980).

A. Turing, Philos. Trans. R. Soc. London, Ser. B 237, 37
(1952); G. Nicolisand I. Prigogine, Self-Organization in
Non-Equilibrium Systems (Wiley, New York, 1977; Mir,
Moscow, 1979).

A. Caottrell, in The Encyclopedia of Ignorance, Ed. by
R. Duncan and M. Weston-Smith (Pergamon, Oxford,
1977), p. 129.

P. Glansdorf and I. Prigogine, Thermodynamic Theory of
Sructure, Sability, and Fluctuations (Wiley, New York,
1971; Mir, Moscow, 1972).

L. Boltzmann, Vorlesungen tiber Gastheorie (J. A. Barth,
Leipzig, 1896-98; Gostekhizdat, Moscow, 1956); Lec-
tures on Gas Theory (Univ. of California Press, Berke-
ley, 1964).

E. Schrodinger, Uber die Umkehrung der Naturgesetze
(Sitzungsher. Preuss. Akad. Wiss., 1931), p. 144.

A. N. Kolmogoroff, Math. Ann. 112, 155 (1936); 113,
766 (1937).

A. M. Yaglom, Dokl. Akad. Nauk SSSR 56, 347 (1947);
Mat. Sh. 24, 457 (1949).

D. G. Luchinsky, P. McKlintock, and M. I. Dykman,
Rep. Prog. Phys. 61, 889 (1998).

I. P Kornfel’d, Ya. G. Sinai, and S. V. Fomin, The Theory
of Ergodicity (Nauka, Moscow, 1980).

B. V. Chirikov, Zh. Eksp. Teor. Fiz. 119, 205 (2001)
[JETP 92, 179 (2001)].

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

17
18

19.

20.

21.

22.

23.

. D.V.Anosov, Dokl. Akad. Nauk SSSR 145, 707 (1962).

. L. Schulman, Phys. Rev. Lett. 83, 5419 (1999);
G. Castti, B. V. Chirikov, and O. V. Zhirov, Phys. Rev.
Lett. 85, 896 (2000); D. Evans, D. Searles, and E. Mit-
tag, cond-mat/0008421 (2000); B. V. Chirikov and
0. V. Zhirov, cond-mat/0009125 (2000).

V. 1. Arnold and A. Avez, Ergodic Problems of Classical
Mechanics (Benjamin, New York, 1968; 1zhevsk, 1999).
A. J. Lichtenberg and M. A. Lieberman, Regular and
Sochastic Dynamics (Springer-Verlag, New York, 1992).
R. Balescu, Equilibrium and Nonequilibrium Statistical
Mechanics (Wiley, New York, 1975; Mir, Moscow,
1978).

R. Metzler, W. Kinzel, and |. Kanter, cond-mat/0007382
(2000).

B. V. Chirikov, F. M. lzrailev, and D. L. Shepelyansky,
Sov. Sci. Rev., Sect. C 2, 209 (1981); B. V. Chirikov, in
Lectures in Les Houches Summer School on Chaos and
Quantum Physics, 1989 (Elsevier, Amsterdam, 1991),
p. 443; G. Casati and B. V. Chirikov, in Quantum Chaos:
Between Order and Disorder, Ed. by G. Casati and
B. V. Chirikov (Cambridge Univ. Press, Cambridge,
1995), p. 3; Physica D (Amsterdam) 86, 220 (1995);
B. V. Chirikov, in Proceedings of the International Con-
ference on Nonlinear Dynamics, Chaotic and Complex
Systems, Zakopane, 1995, Ed. by E. Infeld, R. Zelazny,
and A. Galkowski (Cambridge Univ. Press, Cambridge,
1997), p. 149; B. V. Chirikov and F. Vivaldi, Physica D
(Amsterdam) 129, 223 (1999).

No.1 2001



