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Graph decomposition

Let G = (V ,E) be a graph. We aim at decomposing G into some parts
while :

I minimizing the number of edges in-between the parts,

I balancing the sizes of the parts.
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Two (main) criterions

The normalized cut Ncut (Shi and Malick, 1997) is inspired from the
minimum cut and corrects it to produce balanced cuts.

The modularity Q (Newman, 2003) mesures the quality of the
partitioning using a comparison with a random model. The quality is
simply the ratio of edges that are internal (inside a cluster).
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Mathematical notations

Let A be the adjacency matrix of G, D the diagonal matrix of the
degrees of the vertices.

Given a partitioning C = {C1, . . .Cp} :

Ci the set of vertices of i th part, i ∈ {1, . . . ,p},
δC the set of edges in-between the parts,

δCi the set of edges in-between the part Ci and others,

ki the size of Ci , given by

ki =
1

2|E | ∑
v∈Ci

deg(v).

Note that we have ∑
i∈{1,...,p}

ki = 1 and ∑
i∈{1,...,p}

|δCi |= 2|δC |.
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What is NCut

Computing the minimum cut is very easy (it minimizes |δC |), but
usually isolates small parts of the graph

The minimum NCut consists in minimizing :

i=p

∑
i=1

|δCi |
ki

.
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What is modularity

Random(E) is a random set of edges giving the same vertex degree
as G. We consider a clustering C (a partition of V ).

The intuitive
definition of Newman is :

I ρ is the probability that an edge of E taken at random is in a
cluster Ci of C ,

I ρ′ is the probability that an edge of Random(E) taken at random
is in a cluster Ci of C ,

The modularity Q(C) is ρ−ρ′
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Formulas for the two criterions

The normalized cut Ncut

Ncut(C ) =
i=p

∑
i=1

|δCi |
ki

.

The modularity Q

Q(C ) = 1− |δC |
|E |
−

i=p

∑
i=1

ki
2.
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Formula for a bipartition (p=2)

We have k1 + k2 = 1 and we derive the
following expressions in k1k2 :

Normalized cut

Ncut(C ) =
|δC |
k1k2

.

Modularity

Q(C ) = 2k1k2−
|δC |
|E |

.
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Insight for a bipartition

minimizing Ncut maximizing Q

→ the two criterias are extremely similar !
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Further analysis for the NCut using matrix form

ξ is the n indicator vector (ξu = 1 if node u is in C1 and −1, otherwise)

Ncut(C ) = 2|δC |
(

1
k1

+
1
k2

)

= ∑
i,j,ξi ξj<0

−Aijξiξj

(
1
k1

+
1
k2

)

It gives
Ncut(C ) = [(1+ξ)−b(1−ξ)]t(D−A)[(1+ξ)−b(1−ξ)]

b1t D1 ,

with b = k1
1−k1

.

By setting Y = (1 + ξ)−b(1−ξ), we have Y T D1 = 0 and
b1T D1 = Y T DY .

minξ Ncut(ξ)
st : ξ ∈ {−1,1}n ⇔

minY
Y T (D−A)Y

Y T DY
st : Y T D1 = 0

and Yu = {−b,1} ∀u ∈ V , depend-
ing on u ∈ C1 , or u ∈ C2.
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What it means. . .

I the expression above is the Rayleigh quotient.

I by a relaxation, we consider Y can take real values in [−b,1], the
solution for minimizing the Rayleigh quotient is given by solving
the generalized eigenvalue system
(D−A)Y = λDY subject to Y T D1 = 0.

I the solution is the eigenvector corresponding to the second
smallest eigenvalue.
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What about modularity ?

Denote X =t YY and suppose Y is a 1×n vector defined as follows
(note that since Xu,u = 1, we have y2

u = 1) :{
yu = 1 if u ∈ C1

yu =−1 if u ∈ C2

(A− 1
2|E |

DJD) ·X =−4|δC |+ 8|E |k1k2.

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 12 / 35



What about modularity ?

Denote X =t YY and suppose Y is a 1×n vector defined as follows
(note that since Xu,u = 1, we have y2

u = 1) :{
yu = 1 if u ∈ C1

yu =−1 if u ∈ C2

(A− 1
2|E |

DJD) ·X =−4|δC |+ 8|E |k1k2.

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 12 / 35



both spectral relaxations put together

Let J the square matrix filled with 1’s.

NCut Modularity
max(D−1/2AD−1/2− I) ·X max(A− 1

2|E |DJD) ·X
s.t. X · (D1/2JD1/2) = 0 s.t. Xv ,v = 1 ∀v ∈ V

X · I = |V |
X � 0 X � 0
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cutting with eigenvalues : numerical results for Q

karate Arxiv
CNM 0.38 0.772
PL 0.42 0.757
WT 0.42 0.767
Louvain 0.42 0.813

SpecMod 0.42 0.772
SpecMod with refinement 0.42 0.801
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tools when eigenvalues are not available

A matrix X is semidefinite positive if and only if there exists a matrix Y
such that

X =t YY .

Let Yv , v ∈ V , be the set of columns of Y . Each of them is a vector of
IRn.

We have the following properties
I ∀v ∈ V Xv ,v = 1⇔ |Yv |= 1,
I ∀L ∈ IRn X · (tLL) = 0⇔∀v ∈ V Yv ·L = 0,
I

∀W ∈ IRn,n X ·W = ∑
u,v∈V

YuYv Wu,v ,

I

X · I = ∑
v∈V
|Yv |2.
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using KKT conditions !

we associate to each vertex u a point Yu in IRd with d smaller than n.

problem : maximize ∑
{u,v}∈E

Wu,v Yu ·Yv .

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 16 / 35



using KKT conditions !

we associate to each vertex u a point Yu in IRd with d smaller than n.

problem : maximize ∑
{u,v}∈E

Wu,v Yu ·Yv .

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 16 / 35



the algorithm proposed

the algorithm used is incremental.

we update each vertex u as follows :

I compute the value Zu := ∑
v∈V−{u}

Wu,v Yv ,

I if Zu 6= 0 and we have to keep |Yu| constant, we perform the
operation Yu :=−Zu|Yu|/|Zu|,

I if Zu = 0, choose Yu at random.

→ we necessarily increase the value X ·W .
In practice, for d = 3, 3 min are required to update 97.106 nodes.
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compared methods

Ncut (using Lagrange relaxation) Modularity
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thinking further in terms of graphs

eigenvalues are simply great to split graphs !

however social networks present often strongly connected
components in terms of link density that should be detected to
understand communities

how to detect them ?

the answer comes from matroid theory : let us analyse the strength of
these graphs

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 19 / 35



thinking further in terms of graphs

eigenvalues are simply great to split graphs !

however social networks present often strongly connected
components in terms of link density that should be detected to
understand communities

how to detect them ?

the answer comes from matroid theory : let us analyse the strength of
these graphs

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 19 / 35



thinking further in terms of graphs

eigenvalues are simply great to split graphs !

however social networks present often strongly connected
components in terms of link density that should be detected to
understand communities

how to detect them ?

the answer comes from matroid theory : let us analyse the strength of
these graphs

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 19 / 35



thinking further in terms of graphs

eigenvalues are simply great to split graphs !

however social networks present often strongly connected
components in terms of link density that should be detected to
understand communities

how to detect them ?

the answer comes from matroid theory : let us analyse the strength of
these graphs

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 19 / 35



what is the strength of a graph ?

Given a graph G = (V ,E), we compute

σ(G) = min
C partition

|δC |
p−1

,

and the dual equivalent (the densest subgraph is terms of edges)

γ(G) = max
H⊆V , |H|6=1

|E(H)|
|H|−1

,
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Strength of graphs : intuition

→ minimize the ratio edges withdrawn
created components .
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Strength of graphs : intuition

→ each sub-community that is not a singleton is then redivided and
has provably a better strength.
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the Tutte Nash-Williams theorem (1961)

G contains k edge-disjoint spanning trees⇔ σ(G)≥ k .

and for the dual :
H ⊆ V that achieves γ(G) contains bγ(G)c spanning trees.

Therefore A.1H ≥ γ(G)1H

and so Λ1 ≥ γ(G) .
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a word on the bibliography
Strength of graph is linked to graph partitionning and serves as the
underground algorithm to approximate the minimum cut of a graph in
almost linear time (Karger 2000).
Many algorithms use the maximum flow, which runs with best complexity
MF(n,m) = O(min(

√
m,n2/3)m log(n2/m + 2)) (Goldberg & Rao, 1998).

1984 Cunningham O(nm MF(n,n2)) Exact
1988 Gabow & O(

√
m
n (m + n logn) log m

n ) Integer
Westermann O(nm log m

n ) Integer
1991 Gusfield O(n3m) Exact
1991 Plotkin et ali O(m2σ(G) log(n)2/n/ε2) Within 1 + ε

1993 Trubin O(n MF(n,m)) Exact
2008 Galtier O(m log(n)3/ε2) Within 1 + ε

2011 Toko-Worou & Galtier O(mγ log(n)2/ε2) γ within 1 + ε
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A word on the linear approximation
The algorithm as basis takes a pushing flow scheme.

(0) Each edge e ∈ E receives a very small weight
w(e) = δ = O(n−3/ε),

(1) At each step, compute a minimum spanning tree T with
respect to w ,

(2) For each e ∈ T , update w(e) := w(e)∗ (1 + ε),

(3) If w(T ) < 1 go to (1),

(4) Output ∑e∈E w(e).

→ this is an-(1 + ε) approximation
(Plotkin, Shmoys, Tardos 1991, Young 1995).
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computational linearity of the approximation

The algorithm is almost linear with the number of links between
documents. Here compared with popular heuristics and datasets :
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Back to bilateral exchanges
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AFG

AGO

ALB
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BDI BEN

BFA

BGD

BGR

BHR

BHS

BLX

BLZ
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BRA

BRB

BRN

CAF
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CHL
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COK
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GIB
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GLP

GMB

GNB
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GRL

GTM
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IOT
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IRN

IRQ
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JAM

JOR

JPN
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KOR

KWT
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LBN

LBR

LBY
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ZAF

ZAR
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Back to bilateral exchanges

0.000 6.460 12.920 19.380 25.840 32.300 1977
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ALB
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COM

CPV

CRI
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DDR
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GLP

GMB

GNB
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GRC

GRD
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GTM
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GUY
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IOT
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IRQ

ISL

ISR
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JOR
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KEN
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KOR

KWT
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LBR

LBY
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Back to bilateral exchanges

0.000 24.620 49.240 73.860 98.480 123.100 1978

AFG

AGO

ALB
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ANT
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AUS
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BDI BEN
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Back to bilateral exchanges

0.000 29.620 59.240 88.860 118.480 148.100 1979

AFG

AGO

ALB

AND
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ARE

ARGATG

AUS
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BDI BEN

BFA

BGD

BGR
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Back to bilateral exchanges

0.000 28.188 56.375 84.563 112.750 140.938 1980
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Back to bilateral exchanges

0.000 31.759 63.518 95.277 127.036 158.795 1981
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AGO
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Back to bilateral exchanges

0.000 29.996 59.992 89.987 119.983 149.979 1982

AFG

AGO

ALB
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AUS
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BFA
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BGR
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GTM
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HND
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Back to bilateral exchanges

0.000 44.638 89.276 133.914 178.552 223.190 1983
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Back to bilateral exchanges

0.000 41.802 83.604 125.406 167.208 209.010 1984
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Back to bilateral exchanges

0.000 44.030 88.060 132.090 176.120 220.150 1985
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Back to bilateral exchanges

0.000 47.328 94.657 141.985 189.314 236.642 1986

AFG

AGO

AIA

ALB
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AUS
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Back to bilateral exchanges
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Back to bilateral exchanges
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Back to bilateral exchanges
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Back to bilateral exchanges

0.000 65.631 131.262 196.894 262.525 328.156 1990

ABW

AFG

AGO

AIA

ALB

AND

ANT

ARE

ARG

ATF

ATG

AUS

AUT

BDI BEN

BFA

BGD

BGR

BHR

BHS

BLX

BLZ

BMU

BOL

BRA

BRB

BRN

BTN

CAF

CAN

CCK

CHE

CHL

CHN

CIV

CMR

COG

COK

COL

COM

CPV

CRI

CSK

CUB

CXR

CYM

CYP

DDR
DEU

DJI

DMA

DNK

DOM

DZA

ECU

EGY

ESH

ESP

ETF

FIN

FJI

FLK

FRA

FRO

GAB

GBR

GER

GHAGIB

GIN

GLP

GMB

GNB

GNQ

GRC

GRD

GRL

GTM

GUF

GUY

HKG

HND

HTI

HUN

IDN

IND

IOT

IRL

IRN

IRQ

ISL

ISR

ITA

JAM

JOR

JPN

KEN

KHM KIR

KNA

KOR

KWT

LAO

LBN

LBR

LBY

LCA

LKA

MAC

MAR

MCO

MDG

MDV

MEX

MLI

MLT

MMR

MNG

MOZ

MRT

MSR

MTQ

MUS

MWI

MYS

NCL

NER

NFK

NGA

NIC NIU

NLD

NOR

NPL

NRU

NZE

NZL

OMN

PAK

PAN

PCE

PCN

PER

PHL

PNG

POL

PRK

PRT

PRY

PYF

QAT

REU

ROM RWA

SAU

SDN

SEN

SGP

SHN

SLB

SLE

SLV

SOM

SPM

STP

SUR

SVU

SWE

SYC

SYR

TCA

TCD

TGO

THA

TKL

TMP TON

TTO

TUN

TUR

TUV

TWN

TZA

UGA

UNS

URY

USA

USP

VCT

VEN

VGB

VNMVUT

WLF

WSM

YDR

YEM

YUG

ZAF

ZAR

ZMB

ZWE

Jérôme Galtier and Mikaila Toko-Worou Spectral Decomposition and Community Detection 28 / 35



Back to bilateral exchanges
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Back to bilateral exchanges
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Back to bilateral exchanges
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Back to bilateral exchanges
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Back to bilateral exchanges
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Diagram of the web
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Conlusions

strength and modularity give nice analysis of graph communities

I first eigenvector of A is a relaxation of γ(G)

I second eigenvector of A is related (also with relaxations) to
separation (Cut , NCut and Q)

and we have discussed of easy algorithms to compute them. . .

Questions

I what about directivity ?

I how eigenvalues are further linked to (other) graph parameters ?
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Thanks for four attention ! ! !

(and may the strength be with us)
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Brute analysis of the complexity

Each edge cannot be updated more that log(δ)
log(1+ε) = O( log(n)

ε2 ),
Each step updates n−1 edges and runs in O(m log(n)),

→ the computation takes less than O( m2 log(n)2

nε2 ).

how can we gain the factor m/n ? ? ?
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order on forests

A forest F1 is more connecting than a forest F2 (F1 � F2) if the
endpoints of any path of F2 are connected in F1.
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augment and connecting order

Let e ∈ E . We say that e is independent of forest F if there is no path
in F between endpoints of e. Otherwise it is dependent.

Augmenting F by an independent edge e to F : F := F ∪{e}.

Remark : Suppose F1 � F2 and e is independent of F1, then e is
independent of F2.
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edge addition on ordered forests

idea : order the forests to add edges
F1 � F2 � ·· · � Fp

take e ∈ E .
augment the first Fi such that e is independent to Fi .

→ a tree will be built in O(n log(n) log(p)) in average.
→ this works also with weighted edges in increasing order.
this gives an O(m log(n)3/ε2) algorithm.
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