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with L.Ermann, E.Vergini (CNEA Buenos Aires) PRL 119, 054103 (2017) + ...

Kolmogorov (1941) - energy flow over space scales Ek ∝ 1/k5/3;
Zakharov-Filonenko (1967) capilary waves Ek ∝ 1/k7/4 → “In the theory of
weak turbulence nonlinearity of waves is assumed to be small; this enables
us, using the hypothesis of the random nature of the phase of individual
waves, to obtain the kinetic equation for the mean square of the wave
amplitudes”; extentions → Zakharov, L’vov, Falkovich(1992); Nazarenko(2011)
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Energy equipartition over degrees of freedom

Nauka Moscow (1976)

Dynamical thermalization in finite isolated systems?

Fermi-Pasta-Ulam (FPU) problem (1955)

Chirikov criterion for onset of chaos (1959)

Novosibirsk => FPU: Izrailev, Chirikov Dokl. Akad. Nauk SSSR 166: 57 (1966)

Integrability of nonlinear Schrödinger equation
Zakharov, Shabat, Zh. Eksp. Teor. Fiz. 61: 118 (1971) + Toda lattice (1967)
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Dynamical thermalization in finite systems

Planck’s law (1900); Fermi-Pasta-Ulam problem (1955);
Bose-Einstein condensate (BEC) in Sinai-oscillator trap (2016) (left to right)
Ketterle group PRL (1995) => BEC in Sinai oscillator (not understood; 3d)
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Chaos in Sinai oscillator

-2 -1 0 1 2
-2

-1

0

1

2

p
x

-6 -4 -2 0 2 4 6
-6

-4

-2

0

2

4

6

-1.8 -1.7 -1.6 -1.5 -1.4 -1.3
0.2

0.4

0.6

0.8

1

1.2

1.4

p
x

-5.8 -5.6 -5.4 -5.2 -5

1.2

1.6

2

2.4

2.8

-2 -1 0 1 2
x

-2

-1

0

1

y

-6 -4 -2 0 2 4 6
x

-6

-4

-2

0

2

4

6

HS = (p2
x + p2

y )/2+ x2/2+ y2, disk rd = 1 at x = y = −1; E = 2,18 (left, right)
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BEC in Sinai oscillator

Gross-Pitaevskii equation (GPE or NSE)
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Quantum chaos in Sinai oscillator

Wigner-Dyson level spacing statistics

Eigenstates at β = 0; ground state m = 1 and m = 24

Bose-Einstein anzats: ρm = 1/[exp(Em − Eg − µ)/T )− 1];

ρm =< |ψm|
2 >,

∑
m Emρm = E , S = −

∑
m ρm ln ρm → S(E)
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Bose-Einstein anzats for dynamical thermalization

first 50 states; Sinai osc (dots), no disk (X); 500/1500 < t < 1500/2500
(top/bottom); Bose-Einstein anzats (dashed) → no energy equipartition
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Bose-Einstein anzats

temperature and chemical potential dependence on energy (β = 4)
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BEC time evolution

β = 4 various initial states
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BEC in Sinai-oscilator trap with driving

H = HS(x , y ,px ,py ) + fx sinωt (classical dynamics)
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Energy flow to high modes

M =
∑

k kρk ; ℓφ ≈ 2πρc(D/ω)
2 ≈ 2f 2ωx

2E3/2/ω4 (ground state);
Anderson photonic localization ρk ∝ exp(−2E/ωℓφ) for β = 0, f < fc ≈ 1.5
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Energy flow to high modes

M and probability distributions ρk ; left → β = 0;
right f = 0.3, β = 1.5, f = 0.5, β = 5, f = 1, β = 5

(Quantware group, CNRS, Toulouse) LPT CNRS Toulouse Nov 27, 2017 12 / 19



Turbulence phase diagram

Thus there is a stability domain where the Kolmogorov flow from large to small
scales is defeated by the Anderson localization and KAM-integrability
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Quantware Localization Kaleidoscope

Nonlinear chains with disorder: 8 × 8 sites, f = 1,W = 2, β = 1,4 (left,
center); quantum Gibbs anzats (right); t = 2 × 106 (Ermann, DS NJP (2013))
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Quantware Localization Kaleidoscope

Two interaction particles (TIP) in 1d Anderson model: K.Frahm EPJB (2016)
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Quantware Localization Kaleidoscope

TIP in 1d (fig), 2d Harper model: Frahm, DS EPJB (2015), (2016)

Total lattice size N = 10946, Harper amplitude λ = 2.5 > 2 (localized phase);
TIP eigenstates at Hubbard interaction U = 4.5 (left), U = 7.8 (right); zoom
100 × 100 at x = 0; x = 5000.
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Quantware Localization Kaleidoscope

Anderson transition for Google matrix eigenstates
(Zhirov, DS Ann. der Phys. (2015))
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Google matrix with complex spectrum λ and IPR values of eigenstates
(N = 19600), mobily edge in a complex plane ?
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Quantware Localization Kaleidoscope

Quantum chaos of dark matter in the Solar System (DS arXiv (2017))

Anderson photonic localization for md/me < 2 × 10−15; localization length in
number of Jupiter photons is ℓφ ≈ 2 × 1034(md/me)

2.
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Discussion

Interplay of Anderson localization and interactions?

Interplay of Anderson localization and nonlinearity?

Conditions of dynamical thermalization?

not too weak and not too strong interactions

Åberg criterion: two-body matrix element should be larger than the spacing
between directly coupled states

S.Åberg PRL 64, 3119 (1990); later Jacquod, DS PRL (1997)

(now called Many-Body Localization (MBL) and Eigenstate Thermalization
Hypothesis (ETH))

New twist: Dynamical localization for quantum dots and SYK black holes
(Kolovsky, DS EPL (2016))
quantum dot → δE ≈ g2/3∆
SYK black hole →?
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