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Wave Turbulence
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§ 1. Bypem oGosmauarh gepes
Us (P)=Uq (2, Z2y s 1),  a=1, 2, 3,
KOMITOHENTH CKOPOCTH B MOMEHT BPEMEHN [ B TOUKe ¢ IPAMOYTOILHEIMI AeKap-

TOBKIMH KOOPAMHATAMIL Ty, Ty, 3. LIPH HayTerun TYpOYIEHTHOCTH CTECTBEHHO
camTaTh KOMIOHeRTH ckopoetd Uy (P) B Kammoi Touke P = (zy, Z2, 23, t)

*) JIAHL CCCP 30 (4), 299 (1941).

Kolmogorov (1941) - energy flow over space scales Ex « 1/k%/3;
Zakharov-Filonenko (1967) capilary waves Ex o« 1/k7/4 — “In the theory of
weak turbulence nonlinearity of waves is assumed to be small; this enables
us, using the hypothesis of the random nature of the phase of individual
waves, to obtain the kinetic equation for the mean square of the wave
amplitudes”; extentions — Zakharov, Lvov, Falkovich(1992); Nazarenko(201.1)
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ergy equipartition over degrees of freedom

) § 44] 3AKOH PABHOPACHFPEME.IEHUA 151

TROPETHURCKEAS It

COOTBETCTBEHHO TeNJIOeMKOCTb C,=C,-|-1 paBHa
. 142 -
=3 (44,2)

TaxuM 00pasoM, YHCTO KJacCHYeCKHMil HIeaJbHBIA ras HO.TKen
o6/1a1aTh NOCTOSIHHOH TemoeMKocThio. Popmyna (44,1) mosBoasier
MPH 5TOM BEICKA3aTh CJeLYIOlUee MPABHJIO: Ha KaXAyio [ePeMeHHYio
B SHEPrHH &(p, ) MOJEKYJbl NPHXOAMTCA IO paBHOH Jone 1/2

JLILJIAHIAY B TeIIOGMKOCTH ¢, ra3a (k/2 B OGBIYHbIX eAHHHIAX), HIH, UTO TO JKe,
EM.JINOIINALL no paBHOH jgose T'/2 B ero SHePrHH. DT0 NPABUIO HA3LIBAIOT 3AKOHOM
P p! Ps
pasropacnpedencrus.

- e e . e WMes B BuIy, YTO OT MOCTYNATe/bHBIX H BPAllaTE/JbHBIX CTENEHei
= CBOGOALL B SHEPrHIO &(p, §) BXOUSAT TOJBKO COOTBETCTBYIOMIHE MM

CTATI/IC FMLIECKAH MMIYJIbCBI, MBI MOXEM CKa3aTb, YTO KaXJas M3 STHX CTeleHeli CBO-
6OIB! BHOCHT B TeNJIOEMKOCTb BKJIaj, paBHuifi 1/2. OT KaXuoll ke
KoJieGaTeIbHOM CTemeHH CBOGOAB B 3HEPrHio &€ (p, g) BXOHT MO JiBe

(DI/IBVI KA MepeMeHHBIX (KOOPAWHATA H HMIYJbC), H ee BKJAaX B TEIIOEMKOCTb

paseH 1.

Nauka Moscow (1976)

Dynamical thermalization in finite isolated systems?

Fermi-Pasta-Ulam (FPU) problem (1955)

Chirikov criterion for onset of chaos (1959)

Novosibirsk => FPU: Izrailev, Chirikov Dokl. Akad. Nauk SSSR 166: 57 (1966)

Integrability of nonlinear Schrédinger equation
Zakharov, Shabat, Zh. Eksp. Teor. Fiz. 61: 118 (1971) + Toda lattice (1967)
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Dynamical thermalization in finite systems
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Planck’s law (1900); Fermi-Pasta-Ulam problem (1955);
Bose-Einstein condensate (BEC) in Sinai-oscillator trap (2016) (left to right)
Ketterle group PRL (1995) => BEC in Sinai oscillator (not understood; 3d)
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Chaos in Sinai oscillator
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Hs = (P2 +p3)/2+x2/2+ y?, disk ry = T at x
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BEC in Sinai oscillator

Gross-Pitaevskii equation (GPE or NSE)

The BEC evolution in the Sinai oscillator trap is described
by the GPE, which reads as

V(7 .1) M=, .
h—— " = —— V2Y(F.t
“ at 2m vir.1)

—

m 2 9 9 -
+ I:;('cu_;.rz oy )+ ‘-”:r{_l'.}')]l,l/(r,f)

+ BV (F.D1P U (F ). )

Here in (2), we use the same oscillator and disk parameters
as in (1) and take h = 1. The wave function is normalized
to unity W = | | (x.y)|*dx dy = 1. Then, the parameter f8
describes the nonlinear interactions of atoms in BEC. All

V.
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Quantum chaos in Sinai oscillator

Wigner-Dyson level spacing statistics

-5

Eigenstates at 5 = 0; ground state m =1 and m = 24
Bose-Einstein anzats: pm = 1/[exp(Em — Eg — 1)/ T) — 1];
pm =< Yml* >, 3 Empm = E, S = = 3= pmIn pm — S(E)
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Bose-Einstein anzats for dynamical thermalization
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first 50 states; Sinai osc (dots), no disk (X); 500/1500 < t < 1500,/2500
(top/bottom); Bose-Einstein anzats (dashed) — no energy. equipartition
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Bose-Einstein anzats
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temperature and chemical potential dependence on energy (5 = 4)
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BEC time evolution

£ = 4 various initial states
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BEC in Sinai-oscilator trap with driving
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FIG. 1. Classical time evolution of average energy (E) and its

standard deviation ¢ for f = 0.4. The data are obtained from
10* trajectories with random initial conditions at (E) = 1 and
o = 0.5. Top panel: {E(r)) and (r) are shown by black and red
(gray) curves, respectively. Bottom panels show probability
distribution of trajectories p(E. 1) for (a) t = 10, 50 [blue (black),

H = Hs(x,y,px, py) + Ix sinwt (classical dynamics)
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Energy flow to high modes
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FIG. 2. Time evolution of M (top panel) and energy E (bottom
panel) for GPE (2) averaged over time intervals Ar = 1. The
initial state is the ground state of (2) at # = 0, f = 0 [see Fig. 5(a)
in Ref. [28]]. Both panels show the cases of f = 0.4, # = 0 (black
solid lines), f = 0.4, # = 1.5 [red (gray) dotted lines], /' = 0.4,
= 5 |orange(gray) dashed lines|, f = 2, # = 0 [blue (gray) dot-
dashed lines].

M =", kpi; Ly = 2mpe(D)w)? ~ 2f2wy? E3/? Jw* (ground state);
Anderson photonic localization pyx o exp(—2E /wl,) for 5 =0, f < fo= 1.5
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Energy flow to high modes
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FIG. 3. Top panel shows M as a function of driven force f for
linear case (# = 0). Bottom panels show probability distribution
pr, averaged over time interval Ar =35, as a function of
eigenenergies Ejy with 1= 10 in black solid lines, 7 = 50 in
the red (gray) dashed lines, and # = 250 in blue (gray) dotted
lines. Left, center, and right bottom panels show the cases of ~ FIG. 4. Same as in bottom panels of Fig. 3 for f = 0.3,
f=04,2, and 3, respectively [highlighted with orange (gray) =~ f = 1.5 (left panel); f = 0.5, f = 5 (center panel); f = 1, =5
circles in top panel]. (right panel).
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M and probability distributions pg; left — 5 = 0;
right f=03,8=15,f=05,4=5,f=1,8=5
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Turbulence phase diagram

,f('rd/hwx = 15[1 - ﬁt'/(bhm,\:rdz)] (3)

FIG. 5. Number of modes M shown by color (grayness) in the
plane of parameters f and f (average is done in the time intervals
100 <1 <150 and 250 <t <300 in left and right panels,
respectively). The approximate separation of KAM or insulator
phase (KAM) and delocalized turbulent or metallic phase (TB) is
shown by the white line (3).

v

Thus there is a stability domain where the Kolmogorov flow from large to small
scales is defeated by the Anderson localization and KAM-integrability
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Quantware Localization Kaleidoscope
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Periodic boundary conditions are used for the N x N square lattice with —N /2 <n,,n, < N/2.
However, here we use the extended version of this model assuming that

Epny =8Epn, + f(n2+n3), —W/2<8E,q, < W/2(M3). N

This is the M3 model with random values of energies 8E, ,,, in a given interval.

Nonlinear chains with disorder: 8 x 8 sites, f =1, W =2, 5 = 1,4 (left,
center); quantum Gibbs anzats (right); t = 2 x 108 (Ermann, DS NJP (2013))
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Quantware Localization Kaleidoscope
Two interaction particles (TIP) in 1d Anderson model: K.Frahm EPJB (2016)

Eur. Phys. J. B (2016) 89: 115
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Fig. 15. Dependence of Ly(U)/L2(0) on U for E = 0 (left
panels) and E = 1 (right panels) and the disorder values W
used in Figure 11 with W = 0.5 for the top red curves and in-
creasing values of W corresponding to decreasing curves. Here
Ly(U) represents the infinite size localization length obtained
by finite size scaling for the interaction strength U. Top panels
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Quantware Localization Kaleidoscope

TIP in 1d (fig), 2d Harper model: Frahm, DS EPJB (2015), (2016)

Total lattice size N = 10946, Harper amplitude A = 2.5 > 2 (localized phase);
TIP eigenstates at Hubbard interaction U = 4.5 (left), U = 7.8 (right); zoom
100 x 100 at x = 0; x = 5000.
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Quantware Localization Kaleidoscope

Anderson transition for Google matrix eigenstates
(Zhirov, DS Ann. der Phys. (2015))
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Google matrix with complex spectrum A and IPR values of eigenstates
(N = 19600), mobily edge in a complex plane ?
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Quantware Localization Kaleidoscope

Quantum chaos of dark matter in the Solar System (DS arXiv (2017))
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FIG. 2: (Color online) Dependence of DMP escape (ioniza-
tion) time 7 from the SS as a function Of mass ration ma/me
for initial DMP energy Eq = —mgavy /2 The blue/black

horizontal line shows regime of classical escape due to chaos,
red/gray curve shows tr in the regime of Anderson lo-
calization of quantum phommr' transitions, violet line shows
ti in the regime of 1,2 and 3 photon escape; horizontal
dashed line marks the life time of Universe ¢y .

Anderson photonic localization for my/me < 2 x 10~'; localization length in
number of Jupiter photons is ¢, ~ 2 x 1034(my/me)2.
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Interplay of Anderson localization and interactions?
Interplay of Anderson localization and nonlinearity?

Conditions of dynamical thermalization?
not too weak and not too strong interactions

Aberg criterion: two-body matrix element should be larger than the spacing
between directly coupled states

S.Aberg PRL 64, 3119 (1990); later Jacquod, DS PRL (1997)

(now called Many-Body Localization (MBL) and Eigenstate Thermalization
Hypothesis (ETH))

New twist: Dynamical localization for quantum dots and SYK black holes
(Kolovsky, DS EPL (2016))

quantum dot — §E ~ g?/3A

SYK black hole —7?
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