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Can two walk together, except they be agreed?

(Amos 3:3) as questioned by Y.Imry
Hψn = λ cos(αn + β)ψn + (ψn−1 + ψn+1) = Eψn ;

Aubry-Andre (1980) → only localized states at λ > 2,

1d,2d Harper model for TIP

with Hubbard interaction U, λ = 2.5 (instead of disorder):

→ delocalized TIP, U = 4.5,E = −3.09

density snapshots at n = 0,5000,10000, zoom 100 × 100 sites
quasi-ballistic states Frahm, DS EPJB (2015)

(also → model DS PRB (1994), TIP delocalization Flach et al. EPL (2012))

TIP in 2d → subdiffusive spreading (∆n)2 ∝ t0.5 (Frahm, DS EPJB (2016))

Chaons → delocalization and diffusion of classical TIP due to chaos 1d, 2d

(DS EPJB (2016)); Bloch group cold atoms exp Science 349, 842 (2015)
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Thermoelectricity at nanoscale:

theoretical models

main scentific interest of Jean-Louis Pichard in last years
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Left: A.F.Ioffe book (1956)

Center: figure of merit ZT with time (A.Majumdar Science 303, 777 (2004))

Right panel: ZT diagram (Zhirov, DS EPL 103, 68008 (2013))
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Early works

from Y.Imry (Weizmann Inst) talk at Inst. H. Poincaré, Paris (2012)
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Early works

from Y.Imry (Weizmann Inst) talk at Inst. H. Poincaré, Paris (2012)
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Main characteristics
Seebeck coefficient:

S = ∆V/∆T = π2kB
2T [(d lnσ/dE)]|EF

/e (Mott relation (1958))

For 2DEG with Wiedemann-Franz law: S = 2πkB
2Tm/(3eh2ne);

typical value S ≈ 10µV/K at T = 0.3K , ne = 4 · 1010cm−2

Thermoelectric figure of merit ZT = σS2T/κ,

thermoefficiency ηmax = ηCarnot(
√

ZT + 1 − 1)/(
√

ZT + 1 + 1)

thermal conductivity κ = κel + κphonon (heat flux Q = −κ▽ T )
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Experiments on Seebeck coefficient for 2DEG

V.Narayan, S.Goswami, M.Pepper et al. PRB 85, 125406 (2012)

In dimensionless units S = 10mV/K ≈ 100 ≫ 1 (e = kB = 1)
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ZT in various materials

from http://www.thermoelectrics.caltech.edu/thermoelectrics/
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ZT in SnSe

Li-Dong Zhao et al. (Illinois) Nature 508, 373 (2014)
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Applications

from Thermoelectric Workshop, Cargese (2012) organized by Jean-Louis
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Frenkel-Kontorova model (ZhETF 1938)

Chirikov standard map (1969-1979); Aubry transition K > Kc = 0.9716 (1983)

fixed particle density ν = 0.618... → golden KAM curve
O.M.Braun and Yu.S.Kivshar, The Frenkel-Kontorova model ... Spriner (2004)

(Quantware group, CNRS, Toulouse) Pichard memorial CEA June 26, 2018 11 / 23



Wigner crystal in a periodic potential
The dimensionless Hamiltonian has the form:

H =

N∑

i=1

(
P2

i

2
− K cos xi) +

∑

i>j

1

|xi − xj |
(1)

where Pi , xi are ion momentum and position, K gives the strength of optical lattice

potential and all N ions are placed in a harmonic potential with frequency ω. To make a

transfer from (1) to dimensional physical units one should note that the lattice constant

d in K cos(xi/d) is taken to be unity, the energy E = H is measured in units of ion

charge energy e2/d . In the quantum case Pi = −i~∂/∂xi with dimensionless ~

measured in units ~ → ~/(e
√

md), m is charge mass.

Related map:

pi+1 = pi + Kg(xi) , xi+1 = xi + 1/
√

pi+1 , (2)

where the effective momentum conjugated to xi is pi = 1/(xi − xi−1)
2 and the

kick function is Kg(x) = −K sin x .

For the Frenkel-Kontorova model the equilibrium positions are described by

the Chirikov standard map (1969-1979): pi+1 = pi + K sin xi , xi+1 = xi + pi+1

with Kc = 0.971635... for the golden mean density ν = (
√

5 + 1)/2.

I.Garcia-Mata, O.V.Zhirov, D.S. EPJB 41, 325 (2007) → Kc = 0.046 vs. 0.034
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Classical Wigner crystal: map, spectrum
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N = 150 ions in oscillator potential (central part) at K = 0.03 (left/red),

K = 0.2 (right/blue); ν ≈ 1.618
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Density dependence of Aubry transition
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Linearized approximation by the Chirikov standard map gives

Kc = 0.034(ν/1.618)3

Numerical data for number of wells Nw = 55,89,144 and varied number of

ions Nions with ν = Nions/Nw ;

red curve is from the Chirikov standard map approximation

Zhirov, Lages, DS (in progress 2018)
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Dynamical spin-glass in Aubry pinned phase

Quantum Monte Carlo computations

Number of equilibrium configurations Ns as a function of their relative excitation energy

∆U/U above the ground state for 50 (blue) and 150 (magenta) ions at K = 0.2

(logarithms are decimal).
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Quantum melting of Wigner crystal
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F (k) =< |∑j exp(ikxj(τ))|2 >

(a) The classical incommensurate phase

at K = 0.03, ~ = 0, arrows mark the peaks

at integer multiples of golden mean density

νg . (b) The pinned phase case at K = 0.2

for ~ = 0 (bottom black curve), ~ = 0.1

(red curve shifted 10 units upward), ~ = 2

(green curve shifted 20 units upward, for

clarity F (k) is multiplied by factor 5);

temperature is T = ~/400 ≪ K . The

quantum phase transition takes place at

~c ≈ 1.

→ SLIDING at νc1 < ν, PINNING at ν < νc1
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Thermoelectricity of Wigner crystal

in a periodic potential

Hamiltonian H =
∑

i

(

p2
i

2
+ K cos xi +

1
2

∑

j 6=i
1

|xi−xj |

)

Dynamic equations ṗi = −∂H/∂xi + Edc − ηpi + gξi(t) , ẋi = pi

Here the Langevin force is given by g =
√

2ηT , 〈ξi(t)ξj(t
′)〉 = δijδ(t − t ′);

ne = ν/2π, ν = νg = 1.618... Fibonacci rational approximates.

Aubry transition at K = Kc = 0.0462 => KAM theory + chaos

I.Garcia-Mata, O.Zhirov, DLS EPJD 41, 325 (2007)
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Time evolution of Wigner crystal
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Electron density variation in space and time from one Langevin trajectory at

K/Kc = 2.6, T/Kc = 0.11, η = 0.02, N = 34, M = L/2π = 21; density

changes from zero (dark blue) to maximal density (dark red); only a fragment

of x space is shown.
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Seebeck coefficient
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Left panel: Dependence of the Seebeck coefficient S on rescaled potential amplitude K/Kc at temperatures T/Kc = 0.065, 0.11, 0.22 and 0.65 shown

by black, blue, green and red colors, respectively from top to bottom. The full and open symbols correspond respectively to chains with N = 34, M = 21

and N = 55, M = 34. Right panel: Dependence of S on T/Kc at different K/Kc = 0, 0.75, 1.5, 2.2, 3 shown respectively by black, violet, blue, green

and red points; N = 34, M = 21; the dashed gray line shows the case K = 0 for noninteracting particles. The stars show corresponding results from left

plane at same N, M. Dotted curves are drown to adapt an eye. Here and in other Figs. the statistical error bars are shown when they are larger than the

symbol size. Here η = 0.02.
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Conductivity and thermal conductivity
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Left panel: Rescaled electron conductivity σ/σ0 as a function of K/Kc shown

at rescaled temperatures T/Kc = 0.065, 0.22, 0.65 by black, green and red

points respectively. Right panel: Rescaled thermal conductivity κ/κ0 as a

function of K/Kc shown at same temperatures and colors as in left panel.

Here we have N = 34, M = 21, η = 0.02, σ0 = νg/(2πη), κ0 = σ0Kc .
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ZT dependence on parameters
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Dependence of ZT on K/Kc and T/Kc shown by color changing from ZT = 0

(black) to maximal ZT = 4.5 (light rose); contour curves show values

ZT = 1,2,3,4. Here η = 0.02, N = 34, M = 21.
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Physical picture in oil ...

* In physical units we can estimate the critical potential amplitude as

Uc = Kce2/(ǫd), where ǫ is a dielectric constant, ∆x is a lattice period and

d = ν∆x/2π is a rescaled lattice constant Ref.5. For values typical for a

charge density wave regime we have ǫ ∼ 10, ν ∼ 1, ∆x ∼ 1nm and

Uc ∼ 40mV ∼ 500K so that the Aubry pinned phase should be visible at

room temperature. The obtained Uc value is rather high that justifies the fact

that we investigated thermoelectricity in the frame of classical mechanics of

interacting electrons.

* - Experimental observation of Aubry transition with cold ions in a periodic

optical lattice by Vuletic group (MIT) Nat. Mat. 11, 717 (2016)

* - A lot of numerical computations for different materials (e.g. Kozinsky et al.

(Bosch-Harvard) Jour. Appl. Phys. 119 205102 (2016))

BUT ELECTRON-ELECTRON INTERACTIONS

ARE NOT TREATED CORRECTLY

=> NEW CHALLENGE FOR MATERIAL-COMPUTER SCIENCE

* - Interacting electrons in presence of disorder ?
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Mountain snow heights view March 2015
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