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Ehrenfest time and chaos
Ehrenfest theorem(1927) → coherent wave packet follows its quantum

trajectory during Ehrenfest time tE : tE ∝ 1/~eff for integrable dynamics;

tE ∝ | ln ~eff |/h for chaotic dynamics

where h is Kolmogorov-Sinai entropy proportional to Lyapunov exponent,

due to exponentially rapid wave packet spreading Chirikov, Izrailev, DS (1981)

Frahm, DS PRE (2009) Husimi (smoothed Wigner) function of chaotic map

~eff = 2π/N, N = 212 (left), 216 (right), t = 0,20,60,100,150
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Dissipation and quantization of chaos

Quantum trrajectories description for Chirikov standard map with dissipation:

pt+1 = (1 − γ)pt + K sin xt , xt+1 = xt + pt+1

Carlo, Benenti, DS PRL (2005)
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Ehrenfest collapse and explosion
Explosion: Ehrenfest time tE becomes smaller than dissipation time td
tE ≈ | ln ~|/h < td = 1/γ (for tE > td there is wave collapse)
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Average dispersion σ as a function of γ, for K = 7, ~ = 0.33 (circles), 0.11

(squares), 0.036 (diamonds) and 0.012 (triangles). Stars show the same

quantity for the integrable case K = 0.7, at ~ = 0.012. Inset: scaled

dispersion σs = σ/
√
~ versus γ (same symbols).

Carlo, Benenti, DS PRL (2005)
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Zaslavsky web map

Hamiltonian H(p, x , t) = (p2 + ω2x2)/2 + K cos(qx)
∑

m δ(t − mT )
→ kick + free rotation;

ωT/2π = 1/M;M = 3,4,6 or 5,8. We consider M = 4 + dissipation γ;

mass=1, ω = ~ = 1, between kicks dp/dt = −2γp − ω2x ; dx/dt = p
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Zaslavsky web map

M = 5;4;6(classical/quantum)
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Lindblad equation for density matrix
It is useful to consider a model with oscillator basis (kicked oscillator), then for

the Lindblad equation we have (kick + free rotation):
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Lindblad dissipative evolution

Husimi after t kicks, color ×103, N = 2000, K = 40, q = 0.4, γ = 0.05
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Quantum/classical strange attractor

Quantum/classical steady-state,

color ×103, N = 2000, K = 40, q = 0.4, γ = 0.05, ~ = ω = 1
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Collapse of density matrix eigenstate at max λi

Eigenstate Husimi at t , color ×103, N = 2000, K = 40, q = 0.4, γ = 0.05
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Entropy of entanglement SE of density matrix
SE = −Tr [ρ ln ρ] = −∑

i α
2

i ln(α
2

i); Schmidt decomposition

|ψ >= ∑
i αi |ui >

⊗ |vi >

Entropy of entanglement SE vs time t , here K = 8, q = 1, N = 2000

thus 4 × 106 components of ρ
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Quantum negativity ℵ of density matrix

entanglement measure between effective two spins-1/2,

Zoller et al PRL (1997)

Here K = 8, q = 1, N = 2000
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Discussion

* Ehrenfest collapse and explosion for quantum strange attractor in the frame

of Lindblad evolution, classical quantum correspondence

* Localisation of main eigenstate of density matrix in the phase of collapse

* Delocalisation of main eigenstate of density matrix in the phase of

explosion ?

* Rapid decay of quantum negativity with time

* Experimental detection of localised eigenstate of density matrix ?
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