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FIG. 2. The ionization of hydrogen atoms with principal quantum numbers in the band 63=<#n <69, as a function of
the tunneling parameter y. Shown are curves for (1) an essentially static axial applied electric field, (2) a trans-
verse 1.50-GHz rf field, and (3) an axial 9.9-GHz microwave field. Smooth curves have been drawn through the
data points to aid the eye. Each curve exhibits experimental saturation at lower values of v (higher values of field

strength F). .
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Multiphoton Ionization of Highly Excited Hydrogen Atoms*

J. E. Bayfield and P. M. Koch
J. W. Gibbs Laboratory, Yale University, New Haven, Connecticut 06520
(Received 29 April 1974)

A new method for the experimental study of multiphoton processes uses production of
highly excited atoms in keV electron-transfer collisions. Such atoms can be ionized over
a wide range of frequencies of an external electromagnetic field, permitting studies of
multiphoton-ionization processes for regimes not yet achieved in laser experiments.
Results for microwave ionization of hydrogen atoms with principal quantum numbers in
the band 63=<n=<69 are discussed in terms of the available theory.

The multiphoton ionization of atoms by intense F, of the atomic nucleus. However, when pulsed
oscillating electromagnetic fields is not well un- lasers of greater power become available for ex-
derstood at present. Theoretical interpretation periments on ground-state atoms, new regimes
of laser-ionization experiments has treated the will be reached where either or both of the condi-
electric field F cos(wt) as a perturbing influence tions F < F, and T <7 becomes inapplicable. It
on the electronic motion within the atom, under is the purpose of this paper to demonstrate that
conditions where the field oscillates rapidly with experiments within these new regimes can be
a period T short compared to the time of flight 7 done now by lowering the frequency into the mi-
of the electron to a distance 7, where the external crowave region to give larger T while reducing
field F would dominate over the attractive force the field strengths required by using highly ex-
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CASATI er al.: HYDROGEN ATOM IN MONOCHROMATIC FIELD

A(X)

1+

A

! L T I L

0 1 2 3 & 9 K
Fig. 1. Dependence of the kick amplitude 4 on x = wn’.

corresponding to the change in n given by (11) is
AN = An/(n’w) = (2xen’/w) I (x) sin . (12)

For integer values of x, the Anger functions coincide with
ordinary Bessel functions, and for x — o they have the
same asymptotic behavior. That is, on defining

A(x) = (x**/0.411) T3 (x),

we have A(x) = 1 for x >> 1. (See the above given
asymptotics of J; (s).) Instead, for x = 0, J5(x) ~ x/2;
the behavior of A(x) is illustrated in Fig. 1. We can re-
write (12) as

AN = kA(x)sing  k = 0.822mew™/3. (13)

A stationary-phase analysis of (11) shows that for large
x, the main change in action occurs within a small interval
Af ~ x~'/3 << 1 near the stationary phase point £ = 0.
Therefore, as we anticipated above, for large x the mono-
chromatic perturbation is mainly effective when the elec-
tron is very close to the perihelion.

Now we shall regard N, ¢ as a pair of canonically con-
jugate variables and seek for a canonical map connecting
the values of N, ¢ at consecutive passages at the aphelion.
The above developed perturbation theory yields (13) for
the change in N at first order and A¢ = 27w ( —2wN R
for the change in ¢ at zero order. Following a standard
procedure [35], we can now look fora generating function
G(N, ¢) such that the map defined by

N =0G/a¢ ¢ = dG/oN

coincides at first order and zero order, respectively, with
our perturbative result.
This function is

G(N, ¢) = No + 2x(—2wN)~"? + kA(X) cos ¢
(14)
with X = w( —2wN )73/2. It generates the following map
N =N + kA(X) sin ¢
=0+ 27r¢.:(—2(...)1Tl)-3/72
+ 3kw’(=2wN )32 A/(X) cos .  (15)

Notice that the implicit character of (15) cannot be
avoided if a canonical (area preserving) map is required.
For the same reason, the second equation (15) contains a

&9

1425

first-order correction to the above perturbative result for
AN, Ad.

Since A(x) ~ 1 for x >> 1, the map (15) is greatly
simplified in the region of large x, i.e., of large wy- Where
it takes the form of the following ‘‘Kepler map:’’

N=N+ksin¢
% = ¢ + 27w(—2wN)?2 (16).

On the other hand as can be seen from Fig. 1, A(x) is
already close to 1 for x = 1; therefore, the map (16) pro-
vides an acceptable description of the motion for wg = 1.
Notice that even though the map (16) is canonical, hence
area preserving, it is not defined on all bound states (N
< 0); indeed, it carries some bound states into the posi-
tive energy region, where ¢ is no longer defined. When
this happens, the electron escapes to infinity and ioniza-
tion occurs.

The effect of a small static field ¢, superimposed to the
monochromatic field would essentially be a change in the
Kepler period. Then for small ¢, only the second equation
(16) should be modified by adding a term

—67we,(—2wN)™"/2.

We obtained a numerical check of the validity of the map-
ping (16) as an approximate description of the dynamics,
by the following procedure. By numerically solving the
exact equations of motion (10), we computed the se-
quence ¢; = wt; of the phases at passages of the electron
at the perihelion. Next, by computing N; = (—2w)~'[(&;
— ¢;_1)/27w)]72/? we found g(¢;) = k™'[N; = Nj+1]
and we plotted this against ¢, for several values of k. The
comparison of the result to the theoretical prediction
k~'[Nj+; = N;] = sin ¢; is given in Fig. 2; even for wp
= 1.5, the agreement between numerical and theoretical
data is very good.

IV. DIFrUSIVE EXCITATION AND IONIZATION IN THE
1-D CrassicaL MODEL

The mapping (16) allows for a straightforward estimate
of the critical field value required for the transition to cha-
otic motion. By linearizing the second equation (16), we
obtain the map

N=N+'ksin¢
¢ =¢+1N (17)

where T = 67rw2n(5, (an unessential constant has been
dropped in the second equation). Equation (17) is the cel-
ebrated standard map. As is well known. the onset of sto-
chasticity for this map occurs when the stochasticity pa-
rameter K = kT becomes larger than 1. :

Then. defining €. by X = ¢/ ¢.. we obtain the condition
for unlimited chaotic excitation in the form ¢y > €., with
€. given by

e = 1/(49a?). (18)

This estimate follows from the simplified map (17) which
is a good approximation to the true dynamics when wo >
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N,, Open circles indicate the probability in the interval N, .5
N,+ . The straight line is the result of a lcast-squares ﬁttmgf;
of the peak’s value. Filled circles were obtained by 1tcrat1ng thc:_;i
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FIG. 1. A comparison at identical parameter values of ex-
perimental and quantum-mechanical values for the microwave
field strength for 10% ionization probability, as a function of
microwave frequency. The field and frequency are classically
scaled, wo=ndw and Fo=ngF. Ionization includes excitation
to states with n above 4. The theoretical points are shown as
solid triangles. The dashed curve is one drawn through the en-
tire experimental data set shown in Fig. 2. Values of no, 7 are
®. 64, 114; %, 68, 114,00, 71, 114; m, 76, 114; T, 80, 120; A, 86,
130: +, 94, 130: 0, 98, 130. Multiple theoretical values at the
same wo are for different compensating experimental choices of
no and w. The dotted curve is the classical chaos border. The
solid line is the quantum 10% lhrcshold‘according to localiza-
tion theory for the present experimental conditions.
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FIG. 2. Experimental data as in Fig. 1, companted with th;
results of one-dimensional model classical c_:alf:ulalxons (dotte
line) and with one-dimensional model predictions for quantur?
suppression by cantori in phase space (dash-dot:drcun:vca;
The solid line of Fig. | is also includ::d. The.dott u}x‘c
created by drawing through every point obta_med for the pa-
rameter values used for the solid triangles of Fig. 1.
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Fig. 8. Dependence of the classical (dashed curve) and quantum (full

curve) second moments of the distribution f(n) on the number of micro-
wave periods 7. Parameter values are nq = 66. wo = 2.5. ¢ = 0.04,
and ny = 15. The straight. dotted line gives the theoretical estimate for
the classical diffusion rate (see the text).
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. Fig. 9. Classical (dashed curve) and quantum (full curve) excitation prob-

the quantum probability is multiplied by a factor 100.

ability W, s above the level n = 1.5 ng as a function of the number 7 of
microwave periods for the same parameter values of Fig. 8. In the figure,

IEEE JOURNAL OF QUANTUM ELECTRONICS. VOL. 24, NO. 7. JULY 1988

'; Fig. 12. An example of a full quantum probability distribution F(n, n,)

for the same case of Fig. 10.
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Fig. 11. Time dependence of second moments p, of n, for the classical
(dashed line) and quantum (full curve) distributions for the same param-
eter values of Fig. 10. Here we also show the ratio of n,/n.q t0 the first
moment u, of n. in the classical case (open circles) and in the quantum
case ((ull circles). It is seen that this ratio is close 10 one (right-hand
scale) in agreement with the theoretical expression (51).

-
= _—

logt
[+]
3 :}"‘\
& L]
s
3k :
I ! - R
-0 (o] 10

Fig. 10. Classical (dashed curve) and quantum (full curve) distribution
functions, averaged in the time interval 110 < 7 < 120, versus the
number of absorbed photons N = (1/2n5 — 1/2n*)/w for the same
parameter values of Fig. 9. The straight, dotted line is the one-dimen-
sional, quantum, theoretical exponential distribution: the dotted-dashed
curve is the analytical solution of the Fokker-Planck equation.
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