
QUANTUM RESONANCE FOR A ROTATOR IN A NONLINEAR 

PERIODIC FIELD 

F . M .  I z r a i l e v  and D . L .  S h e p e l y a n s k i i  

An investigation is made into the behavior of a planar quantum ro ta tor  under the influence 
of an external perturbation which is periodic in the time and takes the form of del ta-  
function "kicks" which depend nonlinearly on the phase. The case of so-cal led quantum 
resonance is studied analytically and numerical ly .  It is shown that the ro ta tor  energy 
at large t imes increases  in proportion to t 2. The s t ructure  of the spect rum of quas i -  
energies  is analyzed and shown to be continuous. 

1.  I n t r o d u c t i o n  

Many papers have been published recent ly  containing attempts to understand the quantum features 
in the behavior of nonlinear sys tems .  The main attention has been devoted to sys tems  subject to an externaI 
periodic perturbation (see, for example, [1-8]). This is due in the f i rs t  place to the new possibil i t ies of 
experimental  investigation into the behavior of atoms and molecules in a field of laser  radiation [9-111. 

In the present  paper, we continue the investigation started in [121. Our model is a planar quantum 
ro ta tor  with an external l inear  perturbation which depends periodical ly  (in the form of delta-function kicks) 
on the t ime. The behavior of the corresponding c lass ica l  sys tem has been well studied. In par t icular ,  it 
has been shown [13] that if a cer tain condition is satisfied the motion becomes stochastic,  although it is 
also described by purely  dynamical  equations. On the other hand, when the perturbation is small,  the 
motion p rese rves  a quasiperiodie nature.  Thus, there exists a c r i te r ion  which indicates when stat ist ical  
proper t ies  can ar i se  in the dynamical  sys tem.  The numerical  investigation made in [12] showed however that 
the behavior of a quantum sys tem differs significantly f rom a c lass ica l  one even in the deep quasielassical  
region. In par t icular ,  the diffusion rate  of the mean energy of the ro ta tor  agrees  with the c lass ica l  rate only 
for re la t ively  short  t imes,  after  which it dec reases  rapidly.  In addition, a new type of motion, ealIed 
quantum resonance,  was found, and it has no analog in a c lass ica l  sys tem.  In this regime,  the energy of the 
ro ta tor  increases  unboundedly i r respect ive  of the magnitude of the external force .  

The aim of the present  paper is to investigate in detail the quantum resonance discovered in [12]. 
We have found that in the sys tem there is an infinite, everywhere  dense set of such resonances ,  and we have 
found the general  condition for their occur rence .  In the paper, we determine the main cha rac t e r i s t i c s  of the 
motion of the sys tem in resonance.  We show analyt ical ly that at large t imes the ro ta tor  energy increases  
quadrat ical ly  with the time, which is also confirmed by numerical  exper iments .  The asymptotic behavior 
does not depend on the magnitude of the perturbation and is universal .  We analyze the s t ructure  of the quas i -  
energy  spectrum, which is continuous in resonance .  

2.  Q u a n t u m  R e s o n a n c e  

The chosen model is described by the Hamiltonian 

h2 0~ 
- -  2J oe~ + K c ~ 1 7 6  

where k is the pa ramete r  which cha rac t e r i ze s  the magnitude of the perturbation,  6f (t) = ~ 6 ( t - -  t~2) 

is a s tr ing of delta functions of the time (kicks), J is the moment of inertia of the rota tor ,  and 0 is the 
angular variable.  In what follows, we assume J = 1. 

Solving the SehrSdinger equation with the Hamiltonian (2.1), we obtain a mapping for the wave 
function after  one step, this including the free rotation during the time T and the kicks (see [127): 

(2.1) 
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) ~ ( Tn~ § tnO) , (2.2) ~(0)=exp( - - ikcos0  A~exp - i -  2 

where  k=~/h, T=hT, A~ =~-.[  ~(O) e -~=e dO. In what  fol lows,  h = 1. 
0 

Note that  in a c c o r d a n c e  with (2.2) the mot ion is not changed under  the subst i tut ion T ~ T + 4vm, 
whe re  m is an in t ege r .  It is  t h e r e f o r e  suff ic ient  to c o n s i d e r  the va lues  of  T on the in te rva l  [0, 4x ] .  

F r o m  (2.2), we find the connec t ion  be tween the F o u r i e r  componen t s  s epa ra t ed  by one s tep:  

(2. 3) 

where  F~,,~--(- ) exp -i-~m J,~-m(k); J~ .,(k) iS a t3essel  funct ion.  

As was  noted in [12], in the case  of the fundamenta l  quantum r e s o n a n c e  (T = 4~rm. 

(o) =exp ( - i~  cos o) ~ (o) 

m integral)  

(2.4) 

2~ ~2, 

I S 4" ( 0 ) ~ - ~ ( 0 ) d O  at long t imes  i n c r e a s e s  quadra t i ca l ly  with the t ime .  Thus ,  and the r o t a t o r  e n e r g y  E ( t ) = - ~ -  
0 

if only  the g round  state  (n = 0) is exci ted at the init ial  t ime  t = 0, then 

E (t) =k2t2/4. (2.5) 

Here  and in what  fol lows,  t is the d i m e n s i o n l e s s  t ime m e a s u r e d  in the number  of k i cks .  

We inves t iga te  now the gene ra l  c a s e  of quantum r e s o n a n c e :  T = 4~p/q.  F r o m  (2.2) we have 
~(0) =exp ( - tk  cos 0) .F(0), where  

F ( 0 ) =  A~exp --t 2 p n2+tnO = exp --i 2 P-rn 2 A~+q~exp(i(m+ql)O)= 

m ~ o  l ~  

To find Bin, we calculate the sum 

q-i + 2xn 
q q / - - ~ - / "  

i ~ 2nrnu + 2~n ) , 

q,~-o q q / 

Final ly ,  we obtain the bas i c  r e l a t i onsh ip  for  ~(0):  
q--I  

~(0) =exp ( - i k  c~ O) Z 'Y~[  0 + 2~n \ - 7 - ) '  
n ~ O  

where 

(2.7) 

(2.8) 

We rewrite (2. S) in a form convenient for further analysis: 

q--i 
, 

, ' 
(2.9) 

where S is a matrix of the form 
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that  kj 

~q- , \ 7 1  7~. �9 . 70 

Because the matrix S is unitary, its eigenvalues satisfy k~(0)=exp (ic~j(0)), I~I=l. We emphasize 
in the general case depends on 0, as will be shown below. 

The matrix S can be conveniently represented in the form 
q--! 

Q.~,e Q,~ , (2.11) S m n ~  Z i~.i - - I  

where  Q is a q X q un i t a ry  m a t r i x  (Q-~=Q+) with e l e m e n t s  Qmn that depend on 0. 

We in t roduce  the v e c t o r  co lumn �9 (0, t) with e l emen t s  (1)~((3, t) =~(O+2ztrn/q, t). F r o m  (2.9) and (2.11) 
we find the t ime dependence  of  ~m: 

q--I  

q)~(O, t)= ~ Q.~. exp(ia,,(O)t)~*q) (O, 0). (2.12) 
n , l ~ o  

Knowing (i)~(O, t), we can find the t ime dependence  of the m o m e n t u m  and e n e r g y  of the r o t a t o r :  

= -  ! r (o, (o, o do, (2. 
q m~O 

I q-~ ~i  0"~ E(t)=-~q ~,= ao r (2.14) 

We obtain d i r e c t l y  f r o m  (2.12) and (2.13) 
q-- i  

P(t)=P(O)+a~t+b~o+ L R~,(t), 

where  

b l 0  ~ 
q 

"ra,l,l I 0 m,l,l t O 

2~x 

R,~,~, (t) = - ---/ Z ~ dO { 0 . *  (0, O) q), (0, O) Q~,~Q*,~,().~'Q.~* exp (i (a~-a.~, ) t ) } .  
q 

n,l,l I 0 

Here and in what follows, the prime denotes the derivative with respect to 0. 

Since am, in the general case depends on 0, at asymptotically large times R~,(t) 

(2.15) 

(2,16) 

(for m r m~) 
can be e x p r e s s e d  in t e r m s  of an in tegra l  of a r ap id ly  osc i l l a t ing  function and, t h e r e f o r e ,  at l a rge  t : R .... (t) = 
R~ , (0 )  .6,,m,+o(t/t). On the bas i s  of what we have said,  we can r e a d i l y  find the a sympto t i c  t ime dependence  
of  the m o m e n t u m  of the r o t a t o r :  

P(t) =a~t§ (2.17) 

whe re  
m ~ 0  

Simi la r ly ,  the dependence  E ( t )  at l a r g e  t imes  ean be d e t e r m i n e d :  

E (t) =qt2+a#+bz+E (0). (2.18) 

We give e x p r e s s i o n s  only for  a 2 and 77, the s t r u c t u r e  of b 2 being s i m i l a r  to that  of b~: 

�9 2~ ~.~ ~. ,, 

q 0 m,l ll~O 

q--1 ] 2~ q~l 

2 } {s } (o,o)@z(o,O)Q~,~Q,,~*Q..(Q~.,*] ~ = - - f d 0  (a.~ ) r ~0. (2.19) 
,,,,.~, ,,=o ' 2q o �9 , l ; J ~ 0  
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The obtained express ions  for the energy and momentum of the ro ta tor  are  universal  and give the 
asymptotic behavior at large t imes .  Analysis of the express ion (2.19) for the coefficient ~?, which determines 
the asymptotic  behavior,  shows that it vanishes when all the hi, and hence also am, are  independent of 0 
(7~j = cons t ) .  In addition, ~ = 0 when at least  one k n = const  and the initial distribution satisfies the 
special condition 

q- - !  

q / 
m ~ 0  

We now t ry  to find the quas ienergy spec t rum [14-15]. It follows from (2.8) that wave functions with 
definite quasienergy at the t ime t = 0 can be represented  in the form 

where 

where ~,~=~(O0)~ ..... The matr ix  S is unitary,  and its eigenvalues 
energy spec t rum 

~j(00) =-aj(00)/7.  

Here, 00 is a continuous pa ramete r :  0~<0~<2a. 

(2.20) 

f[ ~ eln~" 6 (o)  = 

The quasienergy ej(O0) and the coefficients C~J(Oo) are determined by the sys tem of l inear equations 
q-- t  

exp (-e~ (0o) T) C~J (0o) = E S,,.,C.j (0o), (2.21) 
r a ~ 0  

~j(Oo) =exp(/Sj(Oo)) determine the quasi- 

(2.22) 

It follows from (2.22) that the spectrum of quasienergies has discrete levels only when S has eigen- 
values Xj = const. Using the explicit form of S, we can readily show that for all p/q (except the case 

q--i 

p/q=I/2, which will be considered separately) SpS ~ = E~7 depends on the continuous parameter 00, i.e., 
j~0 

there exist Xj r const. Therefore, the quasienergy spectrum (2.22) in resonance is continuous. Besides 
this continuous component, the spectrum may have discrete levels, whose number is equal to the number of 
eigenvalues ~j = const, from which it is clear that in resonance p/q (p/qr has not more than q - 1 

discrete levels. 

Knowing %90)(0, 0), we can readi ly  find ~j(Oo~(0, t): 

~,~ c0o) (0, t) =exp (--ie~ (0o) t) (p,~ (~o) (O, t) ,  (2 .23)  

where ~0,j(o0~ is an eigenfunction of the quas ienergy ej(00) that is periodic in the t ime with period T: 

%jcoo) (O,t)=exp(ie~(Oo)t-ikcosO~,(t--T)) ~ A~exp ( - ~  n~t2 + inO)', O~t~T, (2.24) 

A~ are the Four ier  components of $~(00)(0, 0) and ~9(t - T)  is the unit step function. 

It is interesting to note that ( I n l )  in resonance  increases  in proport ion to the time ( <In1} ~ t),  
and therefore  if the unperturbed sys tem has spect rum E~n TM (re>l, integral), its energy will increase with 
the t ime in accordance  with the law E(t)Nt'". 

We find the exact fo rm of ?~j(0) in three cases .  

1. p/q = 1, which is the fundamental resonance .  The dependence of the energy on the time is 
given by (2.5). The quasienergy spec t rum has the fo rm 

e (0~) = (k/4a) cos 00. (2.2 5) 

Since %~o~)(0, 0):-6 (0+00), the eigenfunction of the quas ienergy is determined in accordance  witi~ (2.24) by 
the expression 
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Z, 2 

O f ' " �9 ' ' 

0 ZP LIO GL7 #0 log IZO lqg 1CO 180 t 

Fig.  1 

where  O<~t<~T, Ir=4~. 

2. p /q  : �88 

) %(eo)(O,t)~exp(ie(Oo)t--ikcosO.O(t--T)) exp --i~-t+in(O-]-Oo) , (2.26) 

It fol lows f r o m  (2.8) that  

5 ~(O)=exp(- ikcosO) (e-~'~/~ (0) + e ~ / ~  (0+~)) (2.27) 

q X @ ) .  The e igenva lues  ~ . ~ = ~ =  (for q=4l+2,  l in tegra l ,  the eoef f ie ien ts  ~'2.~§ , and S has  d imens ion  ~ 

exp ( ::t=ia ( O ) --i--~ ) , where  
cos (a (0)) = (t/u cos (k cos 0). (2.28) 

Fo r  k << 1, we have On~nO--sign(a) (kV2)sin 20, and if at the init ial  t ime  ~(0)=1/u  (ground state) ,  then 
~ k4/16.  Fo r  the s a m e  init ial  condi t ions  when k >> 1 we have ~ ~ k2/12. F r o m  (2.22), we find the q u a s i -  

e n e r g y  s p e c t r u m  
e• (00) =~/~-Ta(00)/~. (2.29) 

Fo r  k << 1, the s p e c t r u m  e~(00)~ ~ - -  + cos ~ 0o c o n s i s t s  of two n a r r o w  bands of widths ~k 2. F o r  k ~ ~-, 

we have two b road  bands :  l/2~;(00)~J.; 3/2~;(00)~2. The t ime dependence  of %~0o) is given by (2.24), where  
A,z a r e  the F o u r i e r  eomponen t s  of  the funetion g~(0o~(0, 0)=C~(0o)5(0+0o)+C~(0o)5(0+0o+~); here ,  (C~, C~) 
is an e igenvee to r  of the m a t r i x  S. 

3. In the ease  p /q  -- ~, we obtain f r o m  (2.8) 

~(0) =exp ( - ik  cos 0)$(0+~) .  (2.30) 

It can  be seen that  the s y s t e m  r e t u r n s  to the or ig ina l  s tate  between two k i cks .  The e igenva lues  
sa t i s fy  s  The q u a s i e n e r g y  s p e c t r u m  c o n s i s t s  of two d i s c r e t e  l eve l s  with q u a s i e n e r g i e s  
~,=0, ~=V~. The e igenfunet ions  of the level  e~, o r  r a t h e r  the i r  va lues  at the t ime t = mT,  a r e  the funct ions  
~ ,  (0) =g~ (0) (l-+exp ( - i k  cos 0) ), where  g• 0 ) is an a r b i t r a r y  funct ion sa t i s fy ing  the r e l a t ion  g• (0+x) =--_g= (0). 
The e igenfunct ions  of the level  ~2 a r e  ~(0)=g_+(0) ( t~exp(-- ik  cos O)). E v e r y  level  is inf ini te ly  degene ra t e ,  
and the funct ions  $,, and $~: f o r m  a comple t e  se t .  

It is evident  that  the d e g e n e r a c y  of the e igenva lues  (when c e r t a i n  Xj = eons t )  is fo r tu i tous  and 
does  not o c c u r  for  o the r  r e s o n a n c e s .  Indeed,  in the p r e s e n c e  of  c e r t a i n  kj = cons t  and for  an a r b i t r a r y  
init ial  d i s t r ibu t ion  of r  some  of the e n e r g y  would belong to the d i s c r e t e  componen t  of the q u a s i e n e r g y  
s p e c t r u m .  Accord ing ly ,  the t ime  dependence  of the e n e r g y  would conta in  per iodic  undamped (in t ime) 
osc i l l a t ions  (as in the c a s e  p /q  = ~).  Such an effect  was  not found in the n u m e r i c a l  e x p e r i m e n t s .  Fo r  k >> 1, 
the dependence  E ( t )  was  a smooth  funct ion of the t ime;  fo r  k << 1, the s ize  of the inf lec t ions  d e c r e a s e d  with 
the t ime  (see Fig .  1, in which we have plotted the r o t a t o r  e n e r g y  E as  a function of the t ime fo r  quantum 
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r e s o n a n c e  when T=4g.2/5, k=0,5, t~200).  

Thus ,  in quan tum r e s o n a n c e  ( p / q  = ~) the e n e r g y  of the  s y s t e m  i n c r e a s e s  to in f in i ty  in a c c o r d a n c e  
with  the  a s y m p t o t i c  law E ( t )  - t 2, and the  q u a s i e n e r g y  s p e c t r u m  is  con t i nuous .  

For the quantities (a) .... ------ max (the bar denotes averaging over 0) we can obtain from 

the explicit form of S the following estimates (they also hold for ~) of the matrix S): 

a) k <<q, and then 

i R 

n 2 

Note tha t  t h i s  e s t i m a t e  i s  an e s t i m a t e  of the  s m a l l e s t  p o s s i b l e  va lue  of , 2 (cz)m~' It i s  to be e x p e c t e d  that  the 
t r u e  va lue  is  in o r d e r  of magn i tude  equa l  to th i s  l o w e r  bound (see Se e .3 ) ;  

b) k >> q, fo r  whieh  we have  

, 2 k 2  (~)m~ 
~] ~ - -  (2.32) 

2 ~q '  

w h e r e  } d e p e n d s  on the i n i t i a l  cond i t i ons  and i s  a l m o s t  i ndependen t  of k and q.  F o r  s m o o t h  in i t i a l  cond i t i ons  
~(0,  0) the  e s t i m a t e  for  ~ g i v e s  ~ ~ 5. 

It fo l lows  f r o m  the e s t i m a t e s  ob ta ined  for  ( a ' ) ~  tha t  fo r  k << q (p and q a r e  any m u t u a l l y  p r i m e  
n u m b e r s )  the  q u a s i e n e r g y  s p e c t r u m  c o n s i s t s  of q e x p o n e n t i a l l y  n a r r o w  bands  of width  Ae~(k /q )  q. In the  c a s e  
k >> 1, to f ind the  band s t r u c t u r e  one n e e d s  knowledge  of the  d e t a i l e d  p r o p e r t i e s  of the  e i g e n v a l u e s  of S. 
Unfo r tuna t e ly ,  i t  was  not p o s s i b l e  to find the e x p l i c i t  f o r m  of h i ( 0 ) .  

It fo l lows  f r o m  what  we have  sa id  above  (see (2.31) and (2 .32))  tha t  ~? ~ 0 a s  p --) ~o, q ---) co, 
k = c o a s t .  T h i s  m e a n s  tha t  fo r  i r r a t i o n a l  v a l u e s  of T / 4 ~  the va lue  of ~? i s  z e r o ,  and in th i s  c a s e  the 
mo t ion  of the  s y s t e m  is  e n t i r e l y  d i f f e r e n t  in n a t u r e  (see [12]). 

Now s u p p o s e  T=4np/q§ w h e r e  15[<<1; then  b e c a u s e  the  advance  of the  p h a s e s  is  s m a l l ,  i t  fo l lows 
tha t  d u r i n g  a t i m e  t ~ / S d  (dzmaxE( t~ ) ) ,  O~t~t~, the c h a r a c t e r i s t i c s  of the  s y s t e m  change  in t i m e  in the  
s a m e  way  as  in the  c a s e  of the  e x a c t  r e s o n a n c e  T = 4vp /q ,  and th i s  was  a l s o  c l e a r l y  o b s e r v e d  in the  
n u m e r i c a l  e x p e r i m e n t .  F r o m  the cond i t i on  ~?t2r >- k2tr  we find the amoun t  of the  d e p a r t u r e  f r o m  r e s o n a n c e  
5 r a t  which  the in f luence  of the  r e s o n a n c e  of p / q  i s  s i g n i f i c a n t  (we a s s u m e  tha t  d ~ k2tr  ). F o r  k > q 
(o the rwi se ,  the  d e p a r t u r e  f r o m  r e s o n a n c e  i s  n e g l i g i b l y  s m a l l ,  5~(k/q)  ~q) we have  

5~<~ i/k~q ~. (2.33) 

F o r  the f u n d a m e n t a l  r e s o n a n c e  (q 1, p = 0) T = 5, and i t  fo l lows  f r o m  the cond i t ion  (2.33) tha t  
T <- 1 / k  2. It can  be seen  tha t  in the  q u a s i c l a s s i e a l  r e g i o n  (k ~ ~,, T -~ 0, kT = c o n s t )  the  i ne qua l i t y  (2.33) 
i s  not s a t i s f i e d ,  i . e . ,  the in f luence  of  the  f u n d a m e n t a l  r e s o n a n c e  i s  s m a l l .  One can  find the to ta l  va lue  of 
a l l  the  ~r: 

5~.~ 5~(p,q)~ k ~ . (2.34) 

Since  5~ << 1, i t  fo l lows  tha t  in the  c a s e  of i r r a t i o n a l  T/4~r the r e s o n a n c e s  have  l i t t l e  in f luence  on the 

m o t i o n  of the s y s t e m .  

3 .  N u m e r i c a l  E x p e r i m e n t s  

B e s i d e s  the  t h e o r e t i c a l  a n a l y s i s ,  we a l s o  m a d e  a n u m e r i c a l  i n v e s t i g a t i o n  of the m o d e l .  In the 
p r o c e s s  of so lu t ion  of the  p r o b l e m ,  we found the F o u r i e r  c o m p o n e n t s  of the wave  func t ion  in a c c o r d a n c e  wi th  
f o r m u l a  (2 .3) .  Al though the s u m m a t i o n  in (2.3) i s  f r o m  - ~  to +co, the  s u m  a c t u a l l y  c o n t a i n s  ~2k t e r m s ,  
s i n c e  I J n ( k ) l  d e c r e a s e s  e x p o n e n t i a l l y  wi th  i n c r e a s i n g  n fo r  n > k (the k i c k s  c o v e r  ~2k l e v e l s ) .  B e c a u s e  
of t h i s ,  a f in i te  n u m b e r  ( ~ 2 k )  of B e s s e l  func t ions  was  u sed  in the c a l c u l a t i o n s .  A c o n t r o l  on the  a c c u r a c y  of 

2-~ 

c o n s i s t e d  of v e r i f y i n g  the wave  func t ion  n o r m a l i z a t i o n  cond i t ion  W = y I~(0)P d0= t .  In a l l  the  calculation 
0 

cases, the errors  did not exceed 5W<~3 . i0 -~. The finiteness of the chosen number of levels imposes the main 
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T A B L E  1 

p/q k/q ~] k 

0,025 6.JO -s O,J 
0,058 f0 -~ t 
0,058 10 -~ t 
0,099 t0 -~ t0 
0,J00 2.t0 -~ 0,5 
0,t50 t0 -2 1,2 
0,t76 t0 -3 3 
0,200 6.10 -~ t 
0,235 0,08 4 
0,235 O,J~4 4 
0,353 0,36 6 

T A B L E  2 

k/q "q p/q 

1/4 0,706 
~/17 1,76 
4/i7 3,33 
i/1Ol 5,00 
2/5 5,44 
J/8 6,21 
i/'17 7,69 
t/5 7,73 
1/i7 8,57 
4/17 i0,7 
l/J7 t2,4 

3,0 
23,4 
52,4 
t3t 
284 
239 
404 
246 
206 
245 
452 

k 

2~8 12 
2,3 30 
3,2 50 

1,7 
t,3 87 
t,9 t0o 
2,7 85 
2.5 60 
3:3 75 
2;3 87 

Jlt7 
t/t7 
1/t5 
Ut7 
i l l6  
J/i4 
t!13 
J i l l  
t/7 
t17 
t/7 

r e s t r i c t i o n  on the compu t ing  t i m e .  In the c a s e  of a s u f f i c i e n t l y  l a r g e  p e r t u r b a t i o n ,  t h e r e  is  a r a p i d  e x c i t a t i o n  
of  high l e v e l s  of the  s y s t e m  and the c o m p u t i n g  e r r o r s  b e c o m e  a p p r e c i a b l e .  The  p r o g r a m  was  i m p r o v e d  
c o m p a r e d  with  [12], which  m a d e  it p o s s i b l e  to i n c r e a s e  the  compu t ing  r a t e  by  about  a f a c t o r  two, and a l s o  
r a i s e  the n u m b e r  of l e v e l s  of the m o d e l  s y s t e m  to 2 001. The  a c t u a l  compu t ing  t i m e  on a B E S M - 6  in the  
t y p i c a l  e x p e r i m e n t s  (Tab les  I and 2) was  about  10 ra in .  The  a dd i t i ona l  i n c r e a s e  in the n u m b e r  of l e v e l s  was  
a c h i e v e d  b y  c o n s i d e r i n g  s y m m e t r i c  i n i t i a l  d i s t r i b u t i o n s  ( , ( 0 ) = $ ( - 0 ) ) .  The  n u m b e r  of l e v e l s  was  t aken  equal  
to N = 4 001 ( - 2  000, +2 000) ,  but  b e c a u s e  of  the s y m m e t r y  of the i n i t i a l  c ond i t i ons  and the H a m i l t o n i a n  (2.1) 
the  c a l c u l a t i o n  was  a c t u a l l y  m a d e  with 2 001 l e v e l s .  

The in i t i a l  c o n d i t i o n s  w e r e  v a r i e d  f r o m  e x c i t a t i o n  of one l eve l  (the g round  s t a te )  to the e xc i t a t i on  of 
about  20 l e v e l s  (Gauss i an  p a c k e t ) .  In a l l  c a s e s ,  the a s y m p t o t i c  f o r m  of the  mot ion  depended  w e a k l y  on the 
c h o i c e  of the i n i t i a l  s t a t e .  In the e v a l u a t i o n  of the n u m e r i c a l  r e s u l t s ,  we c a l c u l a t e d  the r o t a t o r  e n e r g y  

f 2, 02 
E =  - - ~  I**~-0Y$d0. We s i m u l t a n e o u s l y  p lo t t ed  the  g r a p h  of  the  e n e r g y  a s  a funct ion of the t i m e  and used  

0 

the  l e a s t - s q u a r e s  method  to f i t  E ( t )  to a q u a d r a t i c  p o l y n o m i a l .  

F o r  k < q, one can  fo l low e x p e r i m e n t a l l y  a good q u a d r a t i c  d e p e n d e n c e  of the e n e r g y  on the t i m e  
(see  F i g . l ) .  The  f i t t ing  was  done in th i s  c a s e  in a c c o r d a n c e  with the f o r m u l a  E ( t )  = ~t 2 + E ( 0 ) .  The  da ta  
fo r  V fo r  d i f f e r e n t  k and q a r e  g iven  in T a b l e  1. F o r  k << q, the  v a l u e s  of ~ a r e  too s m a l l ,  and the q u a d -  
r a t i c  g r o w t h  of the  e n e r g y  at  f in i te  t i m e s  t -< 200 i s  not  a l w a y s  no ted .  T h e r e f o r e ,  it  is  d i f f i cu l t  to s p e a k  of 
a quan t i t a t i ve  a g r e e m e n t  wi th  the e s t i m a t e  (2.31),  but  it  c an  be a s s e r t e d  tha t  ~ d e c r e a s e s  much  f a s t e r  than 
k / q .  

F o r  k ~ q, the  d e p e n d e n c e  v(k ,  q )  can  be a p p r o x i m a t e d  by  the a n a l y t i c  e s t i m a t e  (2 .32) .  The  
e x p e r i m e n t a l  da t a  (Table  2) show r e a s o n a b l e  a g r e e m e n t  wi th  th i s  f o r m u l a ,  and the va lue  of } c h a n g e s  w e a k l y  
and does  not depend  e x p l i c i t l y  on k and q.  The  m e a n  va lue  of } is  (}} = 2 . 4 .  

We t e s t e d  s e p a r a t e l y  the  ex ten t  to which  77 de pe nds  on the v a l u e s  of p fo r  the  s a m e  va lue  of q. 
A s  e x p e c t e d ,  t h e r e  is  h a r d l y  any  d e p e n d e n c e  on p, in a g r e e m e n t  wi th  ( 2 . 3 1 ) - ( 2 . 3 2 ) .  

In the  q u a s i c l a s s i c a l  r e g i o n  (k~o~, T=4n/q-+O fo r  kT = c o n s t  >> 1) the  e x p e r i m e n t a l  da t a  for  k ~ q 
show tha t  a t  s h o r t  t i m e s  the  d e p e n d e n c e  E ( t )  in d i m e n s i o n l e s s  v a r i a b l e s  can  be wel l  d e s c r i b e d  by  the s e m i -  
e m p i r i c a l  f o r m u l a  

E (t) =k2Y/~q+k2t/4§ (0). (3.1,) 

The  c o e f f i c i e n t  of t 2 a g r e e s  wi th  the t h e o r e t i c a l  e s t i m a t e  (2.32) fo r  V. The  second  t e r m  in (3.1),  which is  
l i n e a r  in the  t i m e ,  c o r r e s p o n d s  e x a c t l y  to c l a s s i c a l  d i f fus ion  [12], though the c o e f f i c i e n t  k2/4  d i f f e r s  in 
g e n e r a l  f r o m  the a s y m p t o t i c  va lue  of  a2 in (2.18),  so that  the  t e r m  k~t /4  is  in fac t  not a d i f fus ion  t e r m .  It 
fo l lows  f r o m  the e x p e r i m e n t a l  d e p e n d e n c e  (3.1) tha t  a t  t i m e s  t < t*, w h e r e  t*~q~/4~l/T (in d i m e n s i o n l e s s  
v a r i a b l e s  ~<~*=t*7~]//t) the  e n e r g y  i n c r e a s e s  b a s i c a l l y  t h rough  the "d i f fus ion"  t e r m  k2t /4 .  F o r  t > t*,  the  
q u a d r a t i c  t e r m ,  which  is  p u r e l y  quan tum,  b e c o m e s  d o m i n a n t .  

4 .  C o n c l u d i n g  R e m a r k s  

Our  i n v e s t i g a t i o n s  show tha t  for  quan tum r e s o n a n c e s ,  the s y s t e m  of  which  is  e v e r y w h e r e  d e n s e ,  the  
a s y m p t o t i c  d e p e n d e n c e  of the r o t a t o r  e n e r g y  on the t i m e  i s  u n i v e r s a l  and d e s c r i b e d  by  the q u a d r a t i c  law (2.18) .  
Th i s  m e a n s  tha t  in r e s o n a n c e  t h e r e  is  no quan tum s t a b i l i t y  b o u n d a r y  (k ~ 1 ) a s  p r e d i c t e d  in [3] and o b s e r v e d  
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in the nonresonance case [12]. It is also important  to note that there is no c lass ica l  stability c r i te r ion  
(kT ~ 1 ), although the sys tem can then be in the deep quasic lass ical  region.  At the same time, for a non- 
l inear  sys tem with c lass ica l  Hamiltonian corresponding to (2.1) it follows f rom the K o l m o g o r o v - A r n o l ' d -  
Moser theory  [16-18[ and the numerical  experiments  [13] that the motion in the case  of a small  perturbation 
is stable and the energy of the sys tem bounded. All this indicates that there is an important  difference 
between the behavior of a quantum sys tem and a c lass ica l  system,  at least  at large t imes .  

For  re la t ively  small t, when asymptot ia  has not yet been reached,  the sys tem may have a fair ly 
complicated behavior which depends s t rongly on the pa ramete r s  k and T. For  example, the quadratic 
growth of the energy of the sys tem can be most  c lea r ly  followed if T ~ 1 and k ~ q ~ 1. In this case ,  the 
energy immediately  increases  in proport ion to t 2. But if k < q, the energy of the sys tem i n p r a c t i c e  
osci l la tes ,  and the quadratic growth vt 2 is small  because ~ << 1. 

It is interesting to see what happens to the motion in the limit p ~ ~, q -~ ~, p/q = eonst, which 
cor responds  to a t ransi t ion to a nonresonance value of T. In this case ,  as is shown by the numerical  
exper iments  in [12], the motion of the sys tem is quite different f rom what it is in resonance .  However, the 
analytic investigation leads to great  difficulties because it is neces sa ry  to know the exact solution in resonance 
at all t imes and not only asymptot ical ly .  On the other hand, one can consider  how the s t ructure  of the quasi-  
energy spec t rum changes on the transi t ion to high resonances  q >> 1. Here we have been able to show that 
for q > k the width of each quas ienergy band is exponentially small ( h e - ~ ( k / q ) ~ ) ,  and so is the total width 
of all the q bands. This may indicate that in the nonresonanee case the quasienergy spec t rum becomes 
d iscre te .  In the case k >>q, the question of the overlapping and width of the quasienergy bands remains  open. 

In conclusion, we make a comment  about sys tems which can manifest  quantum resonances  under the 
influence of a delta-function perturbat ion that is periodic in the t ime (for the one-dimensional  case ,  this can 
be represented  in the form ](x)6T(x),  where /(x) is an a rb i t r a ry  function of the coordinate x) .  It is easy  
to show that for the existence of a resonance  it is neces sa ry  that the spect rum of the unperturbed Hamiltonian 
be d iscre te  and have the form of a polynomial in the quantum number with rational coefficients .  It is also 
required that a condition of the form ~T~.~=~ .... hold for the eigenfunctions of the Hamiltonian H 0. Then 

2~l(m+n) ! ! 2~lm \ ( i 2~tm ~ , 
exp(~ ) ,~+~ = [ exp [ i - - ~ }  ,.~) ( exp ,~) 

q x q / 

and on the basis  of this equation it is possible,  as in the considered case,  to reduce the representa t ion after 
a period to multiplication by a matr ix .  It is quite possible that the last  condition could be weakened. 

We should like to take the opportunity of expressing our s incere thanks to B. V. Chirikov for 
interest  in the work and valuable comments ,  to G. M. Zaslavskii ,  I. A. Malkin, V. V. Sokolov, and 
S. A. Kheifets for stimulating discussions,  and also L. F. Khailo for ass is tance  in the calculations.  
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