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IMPEJUCJIOBUE

C 30 aBrycra o 6 centsiGpsa 1981 r. 8 Kuese cocrosnacs 1X Mesnynaponnas xondepennus
o sejuHeinmM xoneGaunam. Kondepennms 6mma oprammsosaHa Axazemuesi mayxk YCCP npn
' coxefictean Hannonamsnoro komutera CCCP Mo Teopernueckofi B NPHKAAZHON MEXaHHKe, @ TAKKE
npu yuactuu Axanemnn nayk CCCP, Axanemun nayk I'/IP, Iloasckoii n Yexociopauko# akaje-
mu#l Hayk. [lonroToBKy u npoBesieHHe 3TOH KoH(bepeHNHH OCYWECTBass HHCTHTYT MaTeMaTHKH
AH YCCP. . '

Hayunas nporpamma Kor(epeHIHH, a TAKKe KPYT NPHIIAEHHHX YUeHHX GHUIH Onpeleens
MesxaynapoasbiM HaYYHEIM KOMHTETOM B cienyomenm cocrase: H. H. DorosmoGos (npeicenateisn,
CCCP), 0. A. Mutpononbckuii (3am. npencenatens, CCCP), C. Osaskos (UYCCP), C. 3emba (ITHP),
M. Kaprpaiit (Beauro6putanns), I'. Kuobaox (®PI), P. Kouru (Mraaus), C. Kpaunana (CILIA),
K. Maeun (Benbrus), H. Xasmwn (Snonus), Jx. Xeiia (CIHA), T. Umuar (FIP).

C nenbio opranu3sanun koudepenuuy [Tpeaugnymom AH YCCP 6bi1 ytepxaes Hanuonanbhoii
QPraHH3alHOHHEI KOMWTET KOHpEDeHIHH H3 npelCTaBHTeNIedl HAyYHHIX IOKOJM MO HENHHEHHEIM
KosmeGanusm: npeacenarent Oprromutera akag, AH YCCP 0. A. MurtpononbCkuii, 3aMeCTHTeNH
npeacenareass akaa. AH YCCP B. C. Kopomwok, 1-p ¢us-mat. nayx, npod. M. A. Jlykosexuit,
91.-kop. AH YCCP A. H. IllapkoBckuii. :

B pabfore xondeperuny npuHATH yuactae 565 neneratos u3 30 crpan mupa: ABcTpaanu— 1,
Asctpun — |, Benvrum — 4, Bemecysan — 1, Bewrpun — 2, [IP — 10, Toananauu — 3,
Ipensn — 1, 3ananmoro Bepauna — Y, Mnamu — 1, Mpana — 2, Hopaannn — 1, Henansn — 3,
Hranmuu — 3, Kanagm — 2, Kutaa — 2, Hurepuu — 1, Boarapus — 10, Tepy — 1, [lonbmu —
27, Pymunun — 1, Bretsama — |, CCCP — 412, CIIIA — 15, IOrocsagun — 5, ®paunus — 19,
@PT — 5, YexocnoBakun — 14, [llseinapun — 2, Snomnn — 14, Ma 412 coseTckuX neleraTos
B pa6oTe KOH(EPEHIHA NPHHSIN yJACTHE TIPEJICTABUTEH HAYUHBIX yuPex/leHul, BHCIIHX YueOHRX
3aBelleHHi, KOHCTPYKTOPCKAX GI0PO W 3aBOAOB M3 pasiudibiX ropogod Coserckoro Cowsa,

OcnoBHas Nelb KonpepeHnuy NpeiycMaTpuBaia NOJBEIeHHe HTOTOB HCCJAeOBaHRH N0 TeOpHH
HCIHHEANHX KOMeGAaHRH W ee MPHJIOKEeHWH, BhIsCHEHHe NMepCreKTHB JajbHeHINero pasBHTHS 3TOH
TEOpHH, KOOPJHHALHH paGoT W pACIIMPeHHS COTPYAHHYECTBA MEXJY PAasAHYHBIMH HayYHLIMH
LL("HT])HMH.

B COOTBETCTBHH € NpOrpaMMoil NMpPOBEJCHHs KOH(EepeHIHH COCTOSIOCh 2 TUIEHADHHIX 3acefa-
zu9 1 57 3acenannii cexumfi 0 moacexuuii. Beero va xondeperunn 6blio 3acaymano 422 joknaza,
B TOM yHCle nATh mieHapHeX u 105 moayuacoBmix. ) ’

Ha kondepenmnun o6CYKIATHCH AKTYaIbHBEIE BONPOCH TEODHH HenuueHHBIX KomeGaHHE H ee
OpEI0KEeHUH B PAsIHYHLIX 00JACTAX eCTEeCTBO3HAHHHA W TEXHHKH.

PaGora xoH(ePeHIIHN MPOXOJNJIA HA [JICHADHEIX 34CeJlaHHAX H B YeTHIpeX CeKmuax: 1) amaan-
THRECKIE® METOIH TEODHH HeJHHEeHHBIX Kojebauuii; 2) KayecTBeHHHE MeTOIBI TEOPHH HeNHHEHHEIX
Eoaebanyii; 3) npuMeHesHe TeopuH HeqHHeilHbIX KoseOaHMH B MeXaHHke; 4) OpHMEHEHHe TEOPHH
HeauHelHHX KogeGaHuii B (HSHKe, MEKTPOHUKE, HJIeKTPOTEXHHKe, GHONOTHH.
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TOMa, Kaxbiii H3 KOTODHIX PAacCMATPHBAT Ofipele/leHHbl KPYr BONPOCOB.

B nepBuifi ToM, KpoMe JOKAAJOB, NPOYATAHHLIX HA NepBOfA CeKIlHH, BK/IIOYEHE PeuH Ha 3aKpEL-
THH KOH(ePeHLHH, 4 TAK)Ke [IeHapHEe JoK/Iank: «PassuTHe MeTosa yepennerus» (mpod. I0. A. Mut-
ponoabckuit), «O600menHpe nepuoinueckhe cucreMsir (mpot. 1. Tlmesopcka-Pouxesuu), «Metox
orobpaxedHHil B NPHMEHEHHH K peIUeHHAM HEKOTOPHIX THNOB HeJIHHeHHHIX Mu(epeHnHaNbHBIX
ypasrenui» (npod. Y. Xasmmu, npod. M. Abe, npod. K. Ommuma, npod. X. Kasagamu), «Herayc-
COBCKHE 3dMKHYTHIE aJTOPHTMEI B MPHMEHeHHH K PelleHHTM HeKOTOPHIX THIOE HelHHEHHBX AH(be-
peHuHaNbHLIX ypaBHenui» (mpod. C. Kpsnaamr).

B nepBOM TOME NOMRUIEHH NOKJAALH, NOCBSMEHHbE TPARUUHOHHLIM HANPABICHUSM PA3BHTHL
‘ACHMIITOTHYECKHX METOOB HeJHHeidHOR MexaHHKu (IanbHelined pa3paGoTke, OGOCHOBAHHIO H pac-
WHPeHHI0 06/1acTH NPHJIOKEHHS aCHMITOTHYECKHX MEeTONOB, METOAA YCpPelJHeHHS H METOJa HHTe-
rpaZibHRX MHOTOOOGpasHi), NOCTPOEHNIO ACHMITOTHYECKNX DAsCKennii, lanbHefleMy pasSBHTHIO
MeToja YCPeIHeHHSl H, B YaCTHOCTH, MHOTOMEPHOTO VCPEIHEHHs, a TAKKe NOKIALH, MOCBSUICHHEE

pa3paboTKe HOBHIX aJTOPHTMOB ACHMITOTHYECKHX METOZOB H HX NPHMEHEHHIO K PeIleHHIO 3ajau
He/THHeHOA MeXaHHKH.

B nepBoM ToMe paccMOTpeHbl Takke BONPOCH MPHJIOKEHHST aCHMNTOTHYECKHX METONOB H Me-
Tofla ycpenHeHus K AubdepenunasLHEIM YPABHEHHSIM € YACTHLHIMH [TPOH3BOAHLIMA, K Auddepedinann-
HEM YPaBHEHHSAM C KBa3HMEPHOZAYECKHMA KO3h(HIHEHTaMu, HHTerpoiuddepeHHalbibM H AHb-
depenRIHaNbHO-DYHKIHOHANBHBIM YPABHEHHSIM, K CTOXacTHuecKHM JuddepeHUHaNbHBEIM ypaBHe-
ausiM, K JnddepeHNHANbHBIM YDABHEHHSIM B aGCTPAKTHHIX (PYHKIHOHAALHBIX [POCTPAHCTBAX,
K TEOPHM KPaeBbX 3ajla4, 4 TaKkKe BONPOCH PAa3BHTHA TEOPHH U MpHMEHEHHH METONa HHTerpaibHBIX
MHOTOOGpa3Hil, TCOPHH NepHOAUYECKHX, KBA3HNEPHOAHYECKHX H [OYTH-NEPHOAHYECKHX pelreHHI,
fpHMeHeHHe MeTONOB HeJIWHeHHOH MeXaHHKH K HCC/ISIOBAHHIO CHHTYJSPHO BO3MYUIEHHBIX CHCTEM,
HecIeoBanHe KoeGAHHN B CHCTEMAX CO CJIOMKHEIMH HeJHHSHHOCTSIMH, pa3paboTKa JHHEeHHBIX MeTo-
OB HCCJIEOBAHHS HeJIHHEHHHX 33124 H HOBBIX AHANHTHUECKHX METOIOB, NOJTYUeHHE TOYHHX BhIPA-
weRuf pemleHuil 2anau HeAHHeAHOH MeXAHHKH W QUIHKH.

Bo BropoM ToMe comep:kaTtcs NOKJIAibl, MOCBAIIEHHBE OSiell TeOPHH IMHAMHYECKHX CHCTEM
u Teopnu Ondypraluit pasNHYHBIX THIIOB PEIIeHHil; HCCIEAOBAHMIO Tepexold MeXIY NeTepMHHHpPO-
BafHbBIM NOBEIEHNEM ¥ CTOXACTHYHOCTHIO, CTPANHLIM aTTPAaKTOPaM W ¥X POAH B MEXAHH3Max BOSHHK-
HOBEHHSA CTOXACTHYECKHX W TYPOYJEHTHHIX ABHMEHHH JHHAMHYECKHX CHCTEM; HEKOTODLIM ACTIEKTaM
COMHTOHHOH TEeMATHKH.

Bo BTOpOM TOME paccMOTPEHH TAK3Ke BOMPOCH TEOPHH YCTOHYHBOCTH, OTHOCSIIHECH KAk K Tpa-
ANIHOHHEIM nipo6ieMam (ropo#t meron Jlsnynosa; noctpoeHHe Gu(ypKanHOHHBIX AHArpaMM s
HeJNHHEHHHX nddepeniiHatbHuX YpaBHEHHH BTOpOTo NOPANKA; XAPAKTePHCTHUECKHE MOKA3ATEJH
JIsinyHOBa; MeTON MHTETpaNbHLIX HEPABEHCTB), TAX H K HOBBHIM HaNpaB/leHHAM (MAaTPHUHEE METOLH
peleHHs 3aad yCTOHYHBOCTH MapAMETDHYECKHX M HeJHHefHHIX cHCTeM; 0600LIeHHHA MaTPHUHLIA
KpUTepHil yCTOHumHBOCTH IpmuTa — Paycea — [ypsuna),

Kpowme Toro, Bo BTopofi TOM BKJIOYeHs! JOKJaAB, MOCBSIEHHEE Pa3palOTKe METONOB KauecT-
BEHHOTO HCCJENOBaHHA IHdhepeHUHATbHO-(YHKIHOHAMLHEX YpaBHEHHH, OMHCHBAOMHUX KoJaeba-
HHS B CHCTEMAX ¢ 1OCAee/CTBHEM; YCTAHOBIEH IO TPH3HAKOB CYNICCTBOBAHHSI H H3YUEHHIO acHMI-
TOTHUECKOI'O MOBEAEHHS! PasMHUYHHX BHAOB KOJeOAHHH (NepPHOAMYECKHX, MNOYTH-NEPHOIHYECKHX,
6LICTPO ¥ MELIEHHO OCIMJJIHPYIOUNX, PeJaKCAlHOHHEIX),

TpeTdu#t TOM COISPHKUT IOKNAlH, OCBEUlAOUIHE [PUMEHEHUE TEOPHU HENHHEHHHX KoaeGaHuil
B MexaHnKe, QH3HKE, JJEKTPOHHKE, MeKTPOTeXHuKe, OHoJorHH. B 5TOT TOM BouwtH JAOK/AafH, Mo-
CBAIIEHHBIE PA3BHTHIO TEOPHE KoJeGaHHH HEJHHEeHHBIX CHCTEM NpH ydeTe CBOHCTB HCTOYHHKA SHEp-
TAH, MCC/ASNOBAHNMIO Aenunefinbix xosedanufi B AWHAMHKE CMYTAWKOB, BCCAENOBAHHIO YTIPABACHUS
KOMeGAHHAMH MeXaHHUECKHX CHCTeM; paspalOoTke METOAOB pelieHusl HEMuHeNHHIX 3afau AHHAMHKH
OrpaHHYeHHOTO 06beMa XKHIKOCTH CO CBOGONHOA NOBEPXHOCTBIO; HCC/ENOBAHHIO THPOCKOMHYECKHX
cucteM. PaccMoTpenbl BONPOCH aBTOMAaTH3AUMH NOCTPOEGHHS MaTeMaTHUeCKHX MoJenell mpocTparcr-
BEHHOl CHCTEMBI TBEPIBIX TeJ, YNPABJIEHHS TAKHMH CHCTEMAMH € (pHJOXKeHHeM K npobieme co3fa-
AHA poGOTOB H MaHHMYJSTOPOB.

Kpome Toro, B TpeTbeM ToMe pPaccMOTPeHB BOTPOCH AAJNbHERINEro PasBHTHS AaCHMITOTHHE-
| CKHX H YHCJACHHO-aHATHTHYECKHX METOLOB PELUCHHA HeMHHEHHBIX 3ajau TeOpHH KojebaHuil A1s cuc-
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TeM € COCPeOTOUEHHHIMH H PACHPENCACHHHMY TapaMeTPaM:, aKTyalbHbe JIA COBPEMEHHON HumKe:
HepHOfl NPaKTHKH (3NMEKTPOTEXHHKH, SIEKTPOHHKH, painodusHkn); HelHHele KoneGanns B MaTe-
MATHYECKOfl 3IKOJIOTHH, ABTOBONHOBHIE MEXaHH3ME BHYTPHEJIETOUHOR NOABHXXKHOCTH H JApPYyrHe
GHOMOTHYECKHE NPOLECCH; 4 TAKMKE METOJ aHANNZA CHCTEM C aBTOCTOXACTHYECKHM MOBENEHHEM
H HX OPHAONKEHHS B PAamMOdH3NKe, GHONOTHH, XHMHH, MEXaHHKE H SIeKTPOMEXaHHKe,

Hoxnags OnyGAHEROBaHH Ha f3blKe, Ha KOTOPOM OHH Gmu\npe.ncrmeﬁu KoH(epeHIHH.,

Tpyaw 1X MemxxnyHaponsoil KoH(pepeHIHH MO HeJHHEHHHIM KOeGaHHAM SBASIOTCH LEHHBIM
BK/IAJIOM B COBPEMEHHYIO JHTEPATYpPy [0 TEOPHH HeIHHEHHHX KoJeGaHHi H ee NPHIOMeHHAM, a
TaKKe 10 CMeXHHM 061acTAM MaTeMaTHKH H MEXaHHKH.




PREFACE

The Ninth International Conference on Nonlinear Oscillations was held in Kiev rom August

30 to September 6, 1981.

The Conference was organized by the Ukrainian Academy of Sciences with assistance of
the USSR National Committee on the theoretical and applied mechanics and in cooperation
with the GDR Academy of Sciences, the Polish Academy of Sciences and the CSSR Acadimy of
Sciences. i

The Institute of Mathematics of the Ukrainian SSR Academy of Sciences was chiefly ent-
rusted with the organizational aspects of the conference. _

The scientific programme of the Conference as well as the list of invited scientists were deter-
mined by the International Scientific Cornmittee in such a body: N. N. Bogoliubov (Chairman,
USSR), Yu. A. Mitropolsky (Vice-Chairman, USSR), S. Djid’kov (CSSR), S. Ziemba (PNR),
M. L. Cartwright (Great Britain), H. W. Knoblech (BRD), R. Conti (ltalia), St. H. Crandall
{(USA), J. Mawhin (Belgigue), Ch. Hayashi (Japan), J. K. Hale (USA), G. Schmidt (DDR).

On purpose to organize the conference the Presidium of the Ukr. SSR Academy of Sciences
confirmed the National Organizing Committee of the conference consisting of representatives of
. scientific schools: chairman of the Organizing Committee Academician of the Ukr. SSR Academy
of Sciences Yu. A. Mitropolsky, Vice-chairmans Academician of the Ukr. SSR ‘cademy of Scien-
ces V. 8. Koroljuk, Dr. of phys.-math. sciences, professor I. A. Lukovsky, corresponding mem-
ber of the Ukr. SSR Academy of Sciences A. N, Sharkovsky.

565 delegates from 30 countries: Austria — 1, Australia — 1, Belgium -— 4, Bulgaria — 10,
Venezuela — 1, Hungary — 2, Vietnam — 1, DDR — 10, Holland — & Greece — 1, West
Berlin —1, India — I, Jordan — 1, Iran — 2, Spain — 3, Italy — 3, Canada — 2, China — 2,
Nigeria —1, Peru — 1, Romania — 1, Soviet Union — 412, USA — 15, France — 19, BRD — 5,
CSSR — 14, Switzerland — 2, Yugoslavia — 5, Japan — 14 took part in the work of the
conference. 412 Soviet delegates, participating in the work of the Conference represented scien-
tific institutions, higher educational establishments, design offices and plants from different
cities of the Soviet Union.

The main purpose of the conference was to review the recent progress in oscillation theory

and its applications and to outline the prospects in its further achievements; then to coordinate
and direct research in this field and to extend cooperation between various scientific institutions.

According to the programme of the conference two plenary meetings and 57 Section and
Subsection Meetings tock place.

All together 422 talks were delivered at the Conference including 5 plenary and 105 half-an-
hour ones.

The conference focused on central problems in the theory of nonlinear oscillations and its
applications to difierent fields of science and engineering.

The wook of the conference proceeded in plenary meetings and in four sections:
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1 Analitic Methods of the Theory of Nmtmear Oscmatims ~
2. Qualitative Methods of the Theory of Nonlinear Oscillations.
3. Application of the Theory of Nonlinear Oscillations to Mechanics. ;
4. Application of the Theory of Nonlinear- Osc:llatlons to Eiec’troengmeeﬂng Electmnics
and Biology.

All papers submitted at the 9 th International conference on nonllnear osmllatmﬂs are’
included in the Proceedings of the conference issued in 3 volumes. Each volume deals with-

2 certain number of problems.

The first volume along with the papers presented at the first section, contams greetmgs to
the [X International conference, speeches delivered at the Closing Session and plenary talks:
«The development of averaging method» (prof. Yu. A. Mitropolsky), «Generalized periodic systems»
{prof. Przeworska-Rolewicz D.), «The method of mapping as applied to the solution for certain
types of nonlinear differential equations» (prof. Hayashi Ch., prof. Oshima K., proi. Kawaka-
mi H.), «Non-Gaussian closure techniques for stationary random vibration» (prof. Crandall St. H.).

The first volume contains the papers devoted to traditional trends in the development of
the asymptotic methods of nonlinear mechanies (further elaboration, justifying and broadening
the sphere of application of the asymptotic methods, averaging method and method of integral
manifolds); to construction of asymptotic expansions; to further elaboration of averaging me-
thod including many-dimensional averaging; to further elaboration of new algorithms of asymp-
totic methods as applied to the solution of problems in nonlinear mechanics.

The first volume includes also the problems concerning the application of asymptotic
methods and method of averaging to partial differential equations, to differential equation with
quasi-periodic coefficients, to integro-differential and difference functional equations, to stochas-
tic differential equations, to differential equations in abstract functional spaces; to the theory
of boundary value problems. A number of papers deals with the development of the theory and
application of the method of integral manifolds, of the theory of periodic, of quasiperiodis
and almost periodic methods of nonlinear mechanics as applied to investigation of singulary
perturbed systems; oscillations in the systems with complicated nonlinearities; of elaboration of
linear methods in studying linear problems and of new analytic methods; obtaining exact solu-
tions of problems in nonlinear mechanics and physics.

The second volume contains papers dealing with the problems of: the general theory of dyna-
mical systems and bifurcation theory of various types of solutions; investigation of {ransition
from deterministic behavior to stochastic one; strange attractors and their role in appearance of
stochastic and turbulent motion of dynamic systems; some aspects of soliton problems.

The second volume contains also the issues concerning both the traditional problems (Lyapu-
nov’s second method; construction of bufircation diagrams for the second order nonlinear differen-
tial equations; Lyapuriov’s characteristic indexes; method of integral inequalities) and new trends
of investigations (matrix methods in the problems of stability of parametric and nonlinear sys-
tems; generalized matrix criterion of the Hermite — Routh — Gurwitz stability).

Furthermore the second volume includes the papers devoted to the development of the met-
hods of qualitative analysis of difference — functional equations describing oscillations in systems
wiZ1 the lag; the determinatic . of tests of existance and investigation of asymptotic behavior
of various oscillations (periodic, almost periodic, fast and slowly oscillating, relaxational, efec.).

The third volume contains papers dealing with the application of the theory of nonlinear
oscillations to mechanics, physics, electronics, electroengiaeering and biology. In this volume one
finds papers devoted to: the development of the theory of oscillations on nonlinear systems where

characteristics of sources of energy are taken into account; investigation of nonlinear oscillations

in satellite dynamics; investigation of control of mechanical system oscillations; elaboration
of methods for the solution of noalinear problems in dynamics of liquid in restricted volume with
the free surface; investigation of gyroscopic systems; studying the problems of automatical
construction of mathematical models for space solid systems governing by them and applica-
tion to the robots and manipulators construction problems.

Furthermore the third volume considers problems which are very urgent for contemporary
eugineering, electronics and radio — physics. That is: further development of asymptotic and

9
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‘infrawave mechanisms of ‘intracell activity and other biological processes; methods of analysis

numericany-—- analytical methods of soluﬁaﬂ of nonlim oscillation problems with finite and
infinite number of parameters. i
In this volume there are papers dealing w1th nonlinear oscillation in mathematiui oecology,

of the systems with autostochastic behavior and its application to radiophysics, biology,
chemistry, mechanics and electromechanies.
The papers are printed in the language they were presented to the conference. 4
The Proceedings of the IX-th International Conference on Nonlinear Oscillations are a g
valuable contribution to the contemporary literature on the theory of nonlinear oscillations b
and its applications as well as on some closely connected branches of mathematics and mechanies.




COIEPKAHNIE

[IPERHCHOBHE i & v = o v @ s v s % o = = = o & & % & 8 o o & % = & » = = = v &
Adpuarosa J1. SI. O6 annpoKCHMAUKHE JHHEAHHX CHCTEM MOCAEAOBATENLHOCTAMH IEPHOAH-

QeCKHX . .
Asbeses H. B., Maxcunos B. H., Pmumyumﬂ @. ¢YH!ID.HOHaJle0-JIH(lJCl)€peHHHaJ!b-
Hble ypaBHeHHs . Sw % E W ow & e e e

Ameavrkun B. B. O KoMeGaRHAX nepuo.mqecxnx CHCTeM ¢ mlorouepuuu npeueaeu ;
Ananoavcxuil JI. 10, O nepHOAHYECKHX HHTETPANbHBIX MHOTOOOpasHAX peefiHHX creten ¢
THCTEPE3HCOM . . .
Anaurxun 0. B. K 3anaue 06 yc'roﬁqﬂnocm panemtﬂ cHCTeM .!IHQ)QJepeEI.lHBJ'!bHHX ypasnennn
A pan%ou C. X., T'punec B. 3. Knaccnq:nxaunn JHHAMHYECKHX CHCTEM Ha JBYMEpHBIX MHOro-

06pazusax . . ; v s BT A B W
Apocenu XK., Poccemmo 5 meypkaunu nepﬂonnqecxux p&meﬂni Jum CHHTYJSIpHOM
annpoKCHMAIHE ABTOHOMHOH IHHAMHYECKOR CHCTeMbl, onpefeaenmoit B R® . . . . | .

Apuro 0., Anebaau 3.-a. 3amedaHns o TeopeMe MaBHHA-YWIIEMa . . . . . . . .
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1) npr 0 e<s.,nueea-am(

; x-—h(s)x—}—X(x Y, 2,8)x,

y=v@y+Y(xu 29y,
w2+ 2Z(x, g, 2, 82, ecru (x|, |y|, |2]<<p,
rne X (0,0,0, e) =Y(0,0,0,8)=2(0,0,0,¢) u A(e), y(e) >0, a |J.(a)<0

IIpy chaenMaHHEIX NpeANOOXKeHUAX MPH JOCTATOYHO MAlHX & ONpeNeIeHo oTo-
Opaxkenue [, no TpaekTopusiM cucremsl (1) cekymed naomanku S = {(x, y, 2) | x|,
|zl << 7, y = r}. Ecam paccMOTperb NpOCTPAHCTBO HENpepPhIBHBIX Qynkuuii  z =
=g (y |y << r, yroBneTBOpsIOMUX YC/IOBHIO JIMNIIHLA C 0CTATOYHO MalOH KOH-
t:'raH'roﬁ TO 0T06pa}KEHHE He nopoxnaer otoGpaxenne B ceGs HEKOTOPOTO Iuapa
sTOro mpocrpanctBa. HenocpelcTBeHurle onenkH pemenuil cucremsl (1) no3poasior
IOKa3aTh, YTo H, — cxxuMawlnee 0TobpakeHHe, ecJH KOHCTaHTa JIMMmwmia poc-
Tatoudo mMana. Henmoxpmwkuas touka g, (y) 370r0 oTOGpakeHus JaeT HHBAPHAHTHYIO
nosepxHocth L. cHcrembl (1).

OrofpaxkeHue N0 TPACKTOPHAM H;' na xpueoii z = g, (4) ABIseTCS CHKHMa-
I0LIHM, M3 Yero c/eflyeT CYIecTBOBaHHe HENOABIXHOH TOUKH oToGpakeHus [,
WJIH, YTO TO K€ caMoe, 3aMKHYTOH TpaeKTOpuH [, cHcremsl (1).

3ameTHM, 9TO NOBEPXHOCTb Lg SBJsSETCS HEYCTOHUHBLIM MHOrooGpasueM Tpa-
eKTOpHH [g.

1. -IHuamuxoe JI. I1. Teopust Gudypraunii u Mofeas Jlopenna. Jononnenne 2 x kunre 3. Mapc-
ned B M. Mag-Kpaken «Budypxranmu pomIenus OHKAAa H ee NpuacxeHus».— M. : 1980.—
368 c.

2. Hlusvtiukos JI. I1. O poXKJeHHH NePHOARYECKOrO NBHIKEHHA H3 TRACKTOPHH JBOSKOACHMIITOTH-
gecKOH K COCTOSHHIO paBHOBeCHS THMNA cepno.— Mar. c6., 1968, 77, (119), Ne 3, c. 461—472.

VIIK 530.182
B. B. Yupuros, /. JI. Illleneasncrui
Horocubuper, CCCP

CTATHCTHKA BO3BPATOB HYAHKAPE N CTPYKTYPA
CTOXACTHYECHKHOI'0O CJIOAd HEJMHEWHOI'O PE3OHAHCA

1. Pe3oHaHC HeNMHHEHHLIX KOJeGAHHH TaMHJIbTOHOBOH CHCTEMBI MOXKET GHITH
ONHCAH W WCCJENOBAH B NPHOMHMKEHHH MasTHHKa (Hanpumep, [1]):

H, (p, %, ) = -G + oV, - cos -+ e [cos (v — €) + cos (vp + O)). (1)

[MepBrie 1Ba cjaraeMbIX COOTBETCTBYIOT M30JHPOBAHHOMY HENMHHEHHOMY De30HaH-
cy, IpHYEM HMNYJALC P XapaKTepHsyeT OTKJOHEHHEe HeBO3MYIILEHHLIX NepeMEeHHBIX
JeHCTBHS OT MX DE30HAHCHHIX 3HaueHMH; «Macca» M cBA3aHa ¢ HeJMHeHHOCTBIO
KoneGauui M BRIPAKAETCS Yepe3 NPOH3BONHEIE OT HEBO3MYIIEHHBIX 4acTOT Mo JeH-
CTBHAM; & — MaJIblil NapaMerp BO3MyIUeHusl, a V/, H ) — COOTBETCTBEHHO aMIJIH-
Tyna 4 (asa pesoHaHCHOH rapMoHMKH BosmylleHus. [Jocnennee ciaraemoe B (1)
OTIHCHIBAET B3aUMOAEHCTBHE NAHHOIO PE30HAHCA ¢ OCTANbHBIMHM. Pasza Eo3MyLieHHs
O = Qf + B,, a yacrota £ XapaKTepH3yeT OTCTPOHKY OT OCHOBHOTC DE30HAHCA;
" v — HEeKOoTOpas JNeiCTBUTEIbHAS MOCTOSHHAA, 3ABHCSIMIAS OT FEOMETPHH PE3OHaH-
coB. B panpmeiimem nonomum M =V, =1 uelV = n ~ e & 1. Ilpu stom uac-
ToTa Ha3oBHIX KOJeOaHHi Ha pesonance Qp = J &. OCHOBHBIM MaJbIM NapameTpom
B3auMOfeficTBUA De30HAHCOB sBAfercs oTHOWeHHEe 1/A = Qq/Q & 1. Mamocth
1/A o3Hagaer, 4TO PE30HAHCHI XOPONIO PasfesieHbl APYr OT Ipyra.
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‘ @bﬁﬁa’nbiniﬁ MaTeMaTHUeCKuli aHau3 «ppocToiy cucremer (1) marankueaercs

- Ha 3HAUHTEJbHBIE H BCE elle HeNpeoNoJHMbié TPYAHOCTH, TaK KaK B3aHMOJelicTBHe

' PE3OHAHCOB HPHBOAHT K <«PACIIENJICHHIO» HEBO3MYIEHHOH CenapaTpHch KayIoro
H3 HHX H 00Pa30BAHHIO CJOXKHOH I'OMOK/IHHHIECKOR CTPYKTYpH. 3TH TPYAHOCTH
MOXHO, OZIHaKO, 060#iTH, TOCTPOHB NPHOIHIKEHHO MOAU(DHIIHPOBAHHOE OTOOpaXKeH e
HyaHKape B nockocti ¢ = m [1]. s cucremsl (1) oTro6pakeHue mMeer BHJ -

4 w=‘~w+§'slﬂ8, 9:8+3\.-1nﬁ, ' \(2)
rae w = 'Z — | — cMelneHHe OTHOCHTEJIbHO HEBO3MYILEHHOH cenapanﬂcm
© — dasa posmymenns B maockocts ¥ = m, a

o @enr n Q
=TT EXP(—T'V;T) @)

€CTeCTBeHHHIH Malblii mapaMeTp BO3MYILEHHA, [0 KOTOPOMY MOXKHO NPOH3BOAHTH
acHMITOTHYECKOE pa3Jioxenne. BBoas HOByO mepemeHHy Yy = w/E H npeHebpe-
. rasl NOCTOSTHHBIM cABHrOM Gasbl O, moayua-
15(1/ A eM oToOpakeHHe

y=y-+sin® 6=0—Ar.Inly|, @

KOTOpOe H OyJeT HecaeloBaHO HUXKe.

2. Baxnefimeii XapakTepHUCTHKO# ro-
MOK/IHHHYECKOH CTPYKTYPBl B OKPECTHOCTH
cernaparpHchl HEJHHeHHOro pe3oHaHca fB-
‘JisleTcsl ee MOJIHAA WHPHHA. BBHAY C/I0XK-
HOCTH 3TOH CTPYKTYypHl TOKa HeyAaJloch
HOJMYYHTb CTPOrYIO OLEHKY ee LIHPHHHL.
[MpuGikentoe peexnde 31of 3ajauu [1]
BO3MOXKHO Ny TeM JHHeapu3aluH oTofpaxe-
HHs (4) 10 mepeMeHHOH H NPHBEJEHHS ero
K T4K Has3blBaemoy CTaHAApTHOMY oTobpa-

 MEHHIO

Al P=P+K-sin® ©=064P, )

Prc. 1. PaBHoBecHas GyHKIHNS pacnpenee- sy A
HHS B CTOXAaCTHYECKOM CJIoe fpH A = 9; jio- rae K =My napamerp, XapaxTepHsyio-

of

08

a6r

04

azy

0 7 0 6 @ W

d

Manas auHEs — 107 prepawufi; kpyxkn —  UHE JIOKaJNbHYIO CTPYKTYpPY CTOXacTHHE-
4 X 10%; kpumam (6) ¢ 6= 1/,; C= 1,3, CKOro cqosi, a P — HOBOe JeHCTBHE.
Sluefika rucrorpammel A (y/A) = 0,01. Junamuka (5) eceMa noApo6GHO, XOTH

elie He IOJHOCTBIO, H3Y4eHa KaK YHCJeH-
HO, TaK W aHaTuTHUYeCKH (Hanpumep, [1, 2]). B 4acTHOCTH, HAJEXKHO YCTAHOBJEHO, 4TO
rpaHHIla CTOXACTHYHOCTH JBHMKEHHS ¢ TOYHOCTBIO MOPSIAKA HeCKOJLKHX IPOIEHTOB
aexur npu K = 1. Orciona cjefyer, YTo NIHPHHA CTOXACTHYECKOro con (| v | <<
< §f,,) NpUGJIH3ATENLHO PaBHA Y, & A; W, & AE, T.e.B A pas Gojblle, yeM pac-
menseHne cenapatpucsl, [IpH A0MONHUTEIBHOM YCIOBHH 1) < & TOUHOCTD IOCJe]-
nef onenku ~ 1/A [1]. B caiyuae 1 > € onenka agis ¢, ClpaBeflHBa TOJLKO 1O 10-
paaky- BenuuuHsl [1] Kak u Bce Gosiee paHHHe OLEHKH IIMPHHBI CTOXAaCTHYECKOTO
cnoa. Ormerum, 4to nipu v > eA/vi K KOH(UT'ypallHsi CTOXaCTHYECKOrO CJI0S CyLIecT-
BEHHO H3MEHSIETCS 32 CYeT IOSIBJIEHHsS YCTOHYHBOH 06JacTH B okpectHocTH ¥ = 0
BCJIeACTBHE JHHAMHYECKOH JOKYCHPOBKH, KOTOpad COXpaHsiercs 10 1 <5 eA?/v2.

3. TnoGanbHas CTPYKTypa CTOXACTHUECKOTO ¢JI0Sl XapaKTepHsyercsi, B yacT-
HOCTH, PaBHOBECHOf QyHKuMell pacnperenenus fy (y /A) ycpennenHo mo gase 6.
Ha puc. | npuBesien npHMep TaKOrO pacnpeie/ieHHs], NOAYYEHHOrO MO OHO Tpa-
extopuH. BHIHO, 4TO B COOTBeTCTBHH ¢ pesynbratamu [1] cioit COCTOHT H3 ABYX
BECbMa PASTHYHBIX M0 cBoel crpykType uactell — pentpaasHod ((y /A | < 0,4)
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¢ NOCTOSIHHOM B Tpelenax CTOXacTHYECKUX (QUIVKTYauuil MAOTHOCTBIO pacnpenesie-
HHs H nepudepuueckoil, rae [, HaMeHseTcs ¢ j CYINecTBeHHO HEMOHOTOHHO, YMEHB-
mgercs, B CPENHEM, K Kpaw ciosi (y = y,, ~-1,18 A B paccmarpusaemom cayuae).
Cpenuuft XON NJIOTHOCTH B HepH(pepHIECKOH JacTH ¢JIosA MOXKHO aflll POKCHMUPOBATD
SMIIHPUIECKHM BLIDAXKEHHEM

) Ym— -
foW=C 2% -,x=s—y’“—k-‘—yl, (6)
KOTOpOE NoKasawo Ha puc. 1 g C = 1,3; 8 = ¥/,. Heperyasiproe yMeHbIIeHHE
fo Ha mepHdEPHH CJIOS CBS3aHO ¢ HAJHUHEM 3/leCh YCTOHYHBHIX 00JacTeH, MMM ¢JIbl-
POK» (B CTOXaCTHYECKOH KOMIIOHEHTE) CJOXKHOH (POPMBI, KOTOpHE NPH NPOEKTHPO-
BaHKH Ha OCb ¥ (ycpelHeHue 1o 6) u

BRISHIBAIOT NOHIKEHHE f. I?F R AR (SRR A T 7T
OTMeTHM, HYTO HEeOZHOPOZHOCTH i , ‘

fo (y) ykaseiBaer B 1aHHOM c/ydae Ha : :

HapyIleHHe IeTaTbHOr0 paBHOBecHS -1f 0.3";‘

¥ NPHBOAMT K NOMBJEHUIO Helubdy- | te Q’%

sponHoro noroxa Q (y) - f (y) (8 no- R

nomuenve kK Jauddysmonnomy — -2 +'..i5:§x s oo

D (y) df/dy) 14). ynkuus Q (y) mo- + o A By

Ker OHITb BEIpaXKeHa wepes3 paBHOBec- | LWL o’% s,

Hoe pacnpenenenne [3]: Q= (D/fy) X -3} R e e,

X (df,/dy). 3avena nmepemeHHOH y — v B 8

- K (y), dw/dy = f, (y), BOCCTaHaB- i + o:-'* S %, @

JIHBAET J€TalbHOE PaBHOBECHE, MpH .| % oo.*l_:xxﬁ‘&

9ToM f, (1) = const u Q@ = 0. - ! A a
4, Ilas manbHednero HecJaeA0Ba- 3 - s:**x"m .

HHS CTPYKTY Pl NepHQepHYecKoi gac- sl % Qoo &

TH CTOXACTHUECKOTO CJI0S MBI HCIIOJIb- i i = %

30BaJH CTATHCTUKY Bo3spartoB [lyam- | + . mﬂ*

Kape. 3T0T MeTOA Obin NojJCKasaH pa- _ +Ht * oo

Goroii [5], B koTOpO# U3yuanack dak-
THYECKH Ta K€ 3ajlaa, XOTA agroper PC. 2. Pacupeielente Bossparos Tpackropuit s
H HeroBopsaT 06 3TOM siBHO. Meton A1) 3 (3 5(0; 7Cex 10(X) S0(A) 100(T.
COCTOHT B UYHCJEHHOM ONPSMENEHHHM  ppouas— F(7) — /¥ T T = H'. Jlorapudu pecsTHammi;
QYHKIMH pacnpejesieHus BpeMeHH
BO3BpaTa (T) TpaekTopuu OoToOpaxkenusi (4) B LEHTP CTOXACTHUECKOro ciosi y = 0
He3aBACHMO oT 8. [las ynpomenus o6pafoTKH paccMarpHBasiack COBMECTHas CTa-
THCTHKa BO3BPaToB B 000MX NOJOBHHAX cTOXacTHYeckoro ciost (y >0 n y << 0),
JABHKEHHE B KOTOPHIX OTJIHYAETCs] TOJBKO CABHrOM mo dase (6 — 6 + m). Bpems
BO3BpaTa NPHHHMA/IOCh PABHEIM YHCJY HTepauuil oTofpaxeHus (4) MeXpy ABYMs
TIoCJIeflOBATebHEIMH IPOXOKAECHUSMH Yepe3 LeHTp cod. MurerpaibHOe pacnpese-
nenue F (T) BHMHC/IAIOCE 110 OAHOM TPAEKTOPHH KaK OTHOLIEHHe YHC/a BO3BpaToB Ny
yepes Bpems =T K [OJHOMY 4YHCJAy BO3BpaToB N, 3a Bce BpeMms ABieHus 7.
I'merorpammel pacnpefenennss F (t) mpuBeneHn Ha puc. 2. Bujwo, uro mnpu
JOCTATOUHO MA/HIX T << T, (A) pacnpenenenue F (T) XOPOILIO ONHUCHBALTCH (hyHKIIHEH
1/Y/ T (v > 1) B corntacun ¢ pesyabraramu [5]. Ofmako npu GONBIIAX T QYHKUHS

F () yOeIBaeT 3HAUHTe/IbHO ObICTPEE H MOMKeT OBbITh I'py0O0 annpoKCHMHPOBaHA BEIpa-
JKEHHEM

FmmAM- -77% 170 )

CpenHee 3HAYEHHE [0 BCEM UHCJAEHHHIM JHandeM (p) = 1,45 % 0,05 =~ 3/,.
Sunupudeckas saBHcumocTb A (A) rpyGo ommceiBaercsi Bhipakennem A (A) &
~ 3,5A. Curenyer ormeTHTb, ¥TO AeficTBHTeJLHOE ‘pacmpeneienne F (v, A) sHayu-
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TEJILHO CJI0KHEE, B TACTHOCTH, KPHBHIE C PA3MHYHBIMH A ITEPECEKAIOTCA B HECKOIBKHX
TOuKax (puc. 2) ¥ Kax OH CTATHBAKOTCH. ' - A T .

Hauanbuas sasucaMocts F (v) & 1/}/T ecTecTBenHO 06bsicHSeTCS CBOGOLHO | : |
Jnuddysneil B HEHTPAJBLHOM JacTH ¢JIOF, IOKA eTo INHPHHA elle He CYIlecTBeHHa (Ha-
npumep, [6]), 1. e. ana v << A%, [leficTBHTEIbHO, YHCJEHHEIE TaHHEIE I0KA3BIBAIOT,
910 rpaHuia 3T0# o6aactu T, ~ 0,3A%. Ecau 6bi saBucumocth F = 1/}/T coxpa-
HAJACh NPH MOOLIX T, TO cpefHee (T) pacxoaunoch Owl [5]. Oxmako npu 73 T,
nokasaresib p > l, Tak 4To (T) OKa3LIBAeTCH KOHEYHRIM: (T) ~ V-ro ~ k. Unc-
JICHHBEIE 3KCIIEPHMEHTHl JAaloT (1) & 3,2A (6es cayuag A = 1). Ormerum, uTO
XOTsl {T) KOHeuHO, {7%) pacxXopnTcs mpH p = 3/,. D10 NPHBOAUT K YBEJHUEHHIO
dayKTYyanuii, 4to, no-BHAMMoMy, Habmoganock B [5]. .

JlokanbHbIe CBOHCTBA 0TOGpaKeHUs (4) H, B 9aCTHOCTH, KOs(xpuuuent Huddy-

3HH TIO ¥, XapaKTepH3yloTesi mapameTpoM K = Ay & l—i—; (cM. (5)). [TpennosokumM

yrto npt x— 0 D, (x) = D, (x) - A* ~ x%, T2k uro cKopocTb AuMDy3HH GHCTPO
najgaer K kpawo cios. Torja B kadecTse IpyCoro NpHOIMKEHHS MOXKHO NPHHSTD,
4TO BpeMs BO3Bpara T (IPH T —- co) ONpENeNAeTcs, M0 MOPSAKY BEJHYHHEL, CPel-
HuM BpeMeHeM AHbdysHu n3 obaactH x — 0 10 uenrpa caos. [locaennee oleHuBa-
etcst Kak T ~ Xx2/D, ~ A%*% ' .

~ CulenoBaTesIbHO, BO3BPATHL CO BPEMeHeM >T CBSI3aHLI C MONalaHHeM TPaeKkTo-
pun B o6nacts x << (A1)“"?. Onnako mepa sroit ofmactu cBsizama ¢ pacmpe-
nenenneM F (t) mocpenctBoM W (x) ~ F - T (x)/(T) BClOeIcTBHE 3progMyHOCTH
npmxennst, Hakonen, p (1) ~ x'7° nonywaercst us (6). OkoHuaTenbHO HAXOLHM
(npH @ > 2) .

FR~a v p=142180 0 x0p 1, ®)

T. €. pacnpeselende F (T) IpH T — oo OKa3uBaeTCs CTENEHHBIM, a4 HE SKCIIOHEH-
[HAMbHEBIM, KaK OOBIYHO cyMTaercs (Hampumep, [5]). Dro cBszano ¢ Tem, 410 npm
o = 2 TpaeKTOPHs He IOCTHraeT kpas caos (x = 0) 3a KoHeuHoe Bpemsd. [Ipu o << 2
Bpemsi JH(Qy3HH TONepexk €10 KOHEYHO H TOTJA, Kak H3BECTHO, pacrpelesieHHe |
F (t) yOrBaeT 3KCNOHEHUIHANbHO BCJAeACTBHe (uiykryaunil nuddysuu, Moxuo no-
KasaTb, 4TO IPH o = 2 3aBHCHMOCTb F (T) Takke SABJISETCS 3KCIOHEHIHANLHOM,
XOTs cpeinee BpeMs AHOOY3HH N0 Kpas CJIOS OKashiBAeTCA OGEeCKOHEYHBIM. Ecau
UCTIONb30BaTh NPHBE/GHHBIE BHIe SMIUPHYECKHe 3pauenus p =3/, 8§ =1/
To o ==h,; wi=2.

Takum 00pasoM, KaK pe3ysbTaThl YHC/JIEHHHX 3KCIEPUMEHTOB, TAK H OUEHKH
OKa3HBAIOT, Y4TO (DIYKTYalHH BpeMEHH BO3BpaTa TPAECKTODHH B CTOXACTHUECKOM
csioe yOBIBAIOT HESKCNOHEHIHANLHO. JTOT Pe3y/bTaT COXPaHSerTcs, N0-BHAHMOMY,
H N TPaHHILI CTOXaCTHUeCKOH KOMIOHEHTH! GoJiee ofllero BHja.
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