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Diffusion over localizedadiabaticstates
in a modulatedquantumkickedrotator
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Theintroductionof aslow, time-dependentmodulationin thekickedrotatorproblemis shownto producediffusiveexcitation,
with thediffusioncoefficientdependingon thesmallmodulatingfrequencyaccordingto apowerlaw. Theexponentof thisde-
pendenceis relatedtothequasi-energylevel statistics.

It is nowwell establishedthat deterministicclas- Although the theoreticalpicture of dynamicallo-
sical systemssubjectedto time periodic perturba- calizationof classicalchaoswas originally outlined
tionsshowqualitativelydifferentbehaviourdepend- for thekickedrotatormodel [1—3],the localization
ing on the strengthof the perturbingfield. If tue phenomenonturns out to be quitegeneralfor sys-
perturbationis largerthanacritical valuecalledthe tems under time periodic perturbations.A well
chaosborder,thetrajectoriesdisplayaveryirregular knownphysicalexampleexhibitingthiseffect is the
chaoticbehaviour,leadingto diffusion in theaction microwaveexcitationof hydrogenatoms [4,5].
space. It is highly interestingto studyhowandunderwhat

During the lastdecade,agreatdeal of investiga- conditionsthe localizationeffect can be destroyed,
tionshavebeendevotedto the quantumdynamics becausein this way someimportantphysicalpro-
of suchsystems.A mostinterestinganddrastic dif- cessesmay be started,suchas, e.g.,the “diffusive”
ferencehasbeenobservedbetweentheclassicaland ionization of hydrogenatoms in the example re-quantum behaviour,namely, the classicalchaotic ferredto above.In thisline ofthought,westudyhere
diffusion is suppressedby quantization [1]. This what happenswhenthe amplitudeof the externalquantumsuppressionhasbeenchristeneddynamical

perturbationis slowly modulatedin time. The idealocalization,thus stressingboth its analogyandits
is thatthe slowmodulationmayproduceaslowdif-diversityfrom theAndersonlocalizationofsolidstate fusive excitation,dueto the occurrenceof avoided

physics[2]. As amatterof fact, no externalrandom
elementis responsiblefor the dynamical localiza- crossingbetweentheinstantaneousquasi-energylev-

els. Such an effect of slowmodulation on localiza-tion; in a sense,the randomnessis selfgeneratedin
tion hasa distinctphysicalinterest;for example,asthe systemduringthe time evolution.
will berecalledin the conclusivepartof thepresent
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Thebasicobjectof our investigationis described subjectedtostrictly periodickicks.Thenthe analogy
by the following Hamiltonian, with the theory of two-dimensionallocalization in

solid statedictates the following picture [71:the
H= 3P2+ K( t) COS 0 öT( t) . (1) quantumdynamicsis still localizedin contrasttothe
where unboundedclassicaldiffusion, with the localization

lengthexponentiallygrowingwith the diffusionrate:
~

ln1c~Do~u~k2(l+1e2).

K( t) = k( 1 + � COS 0k), O~= Qi/T. However, in the quasi-classicalregionk2>~1 and I

The correspondingclassicalmap is is very large,much largerthananyreasonablebasis
sizeonecouldtakein numericalsimulations.There-

Pm+ I Pm+ k( 1 + a cosmQ) S~fl0m, fore, such simulationsare expectedto show a dif-

+ i = 0m+p~÷
1T, (2) fusivespreadof thewavepacketanda Gaussiandis-

tribution over the unperturbedlevels.
wherePm+i and°m+1 arethe valuesof the momen- In the presentcaseof slow modulation,namely
turn andthe anglevariablesimmediately after the Q<< 1, the perturbationmay inducetransitionsbe-
mthkick. Eq. (2) is the classicalmap for the mod- tweeninstantaneousquasi-energyeigenstatesovera
ulated kicked rotator. The original kicked rotator distance~ (seebelow andalso ref [6]). If Q is
correspondsto the caseof K( t) = const in eq. (1), very small, this distanceis much less than the av-
i.e., to a= 0. In this case,if kT>> 1, the classicalrno- eragedistancebetweenquasi-energylevels,which is
tion is chaoticandexhibitsdiffusivebehaviour, of the orderof 1/1where 1 is the localizationlength

Instead,the quantummotion is localizedaround for Q=0. It thusfollows that it is possibleto jump
the initially unperturbedexcitedstaten0 and,after from one level to the nextonly thanksto any fluc-
a while, it settles(on the average)to a steadystate tuationswhich maybring the levels closer.
probabilitydistribution overtheunperturbedlevels: Quantum numerical simulations of model (1)

when Q~ 1 show an averagelinear increaseof the
f(n) (l+21n—n01Ii) kinetic energy (fig. la):

<p
2(t)>~Dt/T, (4)

xexp(l—2~n—n
0I/1), (3)

with superimposedalmost regularoscillations.Fig.
where/ is thelocalizationlength.It hasbeenshown lb showsthat thedistribution overunperturbed1ev-
[3] that I~1k

2 and that the quasi-energyeigen- els after 40000 kicks agrees with a Gaussian
functions are exponentiallylocalized with a locali- distribution:
zationlength 1E = 11.

________ / (n—n
0)

2
Thispicture,which presentsimportantanalogies f(n, t)

with the one-dimensionalAndersonlocalization,is = ~ ~ — 2D1/T )~ (5)
sharplymodified by the introductionof a modula-

Thereforefigs. 1 a andlb providea goodempiricaltion. ForQ 1 anda 1, thebehaviourof thequan-
evidencethat the slowmodulationdestroystheone-

turn model (1) is bestunderstoodby assimilatingit dimensionallocalizationandthat the quantummo-
to a two-dimensionalsolid statemodel.The possi-

tion is diffusiveoverthe inspectedtimeinterval. Webility of suchan identificationiseasilyrealizedif one
shall now sketch a theoreticalanalysisof this dif-considersthe extendedphasespacewith additional
fusion,basedonthestatisticsof avoidedcrossingsof

conjugatevariablesPi, 0~.Upon introducing such
variables,the modulatedkickedrotatorcanbeiden- quasi-energylevels. This will lead to a prediction

aboutthe diffusion coefficientD, that will be foundtified with a two-dimensionalrotatorof the unper-
to agreewith numericaldata.turbedHamiltonian Let thewave functionat (integer)time r begiven

Q by Iw(r)> =S~I~v(r—1)> whereS~is the quantumH= 1P2+ Pi, mapoveroneperiodof the kicked rotatorwith the
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7a I I \
Iw(r)>=~c

2,(r)ex i ~
6- ~‘

5 - f - A standardprocedurebasedon first-orderpertur-
bation theorycannow be applied,the only differ-

4 - J’~” - encefrom textbookderivations[6] being thatuni-
tary propagatorsare hereinvolved insteadof time-

‘~. 3 - - dependentHamiltonians.As a resultwe find that if
V 1-r

1’ the initial wave packet coincideswith 02, then for
2- - srnallQ:

1 - -‘ - c~(r)—ikaQV,a(p—2)’
, X{exp[—i(2—p)]—1}’. (7)

e I I I I I
o i 2 3 Thesubscriptsof the quasi-energyeigenvalueshave

m x 10 beenneglectedhere,on accountof the slight depen-

-6 I I I denceon time of the eigenvalues.Vi,, is the matrix

b element

7 V~=<O
2Icos0IO~>

=1 ~ O~(n)[ç5fl(n+l)+Ø,L(n—l)] , (8)

-8 wheren labelsthe momentumeigenstatesof theun-

perturbedrotator.Eq. (7) yieldsthe following con-
— -9 dition for significant transitionsbetweenthe adi-

abaticquasi-energystatescorrespondingto quasi-
energyeigenvalues2, a:

-10
(2—j~)

2<4~-~kaQV~. (9)

-11 I I We now recall that any eigenfunctionØ
2(n) is ex-

0 10 2 20 ponentiallylocalizedaroundsomesite n0, with a lo-
(n—n) xlO

0 cahzationlength ‘E ~ ID0. Thereforethe rnatnxele-
Fig. 1. The averageunperturbedenergy<P

2> asa function of ment givenby (8), which dependsonthe overlapof
timemeasuredin numberofmappingiterations(a).Probability . .

distribution over the unperturbed momentum states after the quasi-energyeigenfunctions02, 0,. will be negli-
m=40000mappingiterations(b). Herek= 10,~=0.5, T= 5/3.5, gibly small, unlesstheseeigenfunctionsarelocalized
Q=0.00l. not too far from eachother, within some“effective

distance”of the orderof the localizationlength.
instantaneousvalueK(r) of the kick strength.In- Transitionsbetweenadiabaticquasi-energyeigen-
stantaneousquasi-energyeigenfunctionsØ~(“adi- statesoccurwhen the spacingof the corresponding
abatic” states)are definedby quasi-energiessatisfiestheestimate(9). On theother

hand,only quasi-energyeigenstateswhich arelocal-
I = exp(iA~>IØ~>. (6) izedwithin aneffectivedistanceoforderI shouldbe

considered,for otherwisethe matrix element (8)
Weshall now usea well-knownmethodfor the anal- would be exponentiallysmall. Therefore,the fre-
ysisof theadiabaticregime.First weexpandthewave quencyof such transitionsis determinedby some
function over the instantaneousquasi-energybase “effectivelevel spacingstatistics”ofquasi-energyei-
accordingto genvalues,constructedby taking into accountonly
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thosepairsof eigenstateswhich lie (roughly) within o I I I I I ~‘ I

oneeffectivedistancefrom eachother. / ~ c.
Let this statisticsbe describedby a probability - -

density P(X) where,as usual, the spacingsX are - -

given in units of the meanlevel spacing,which in
turn is given by d~/-~D~.The probability of - -

transitionwill be, in order of magnitude, -2 - ~ -

W~JP(X)dX, (10) - ~‘A -

whereX0 is givenby eq. (9): -

~ (11) I I I I

- . . -3 —2 —1 0 1 2 3 4 5In denvmgthe aboveestimate,we consideredthe ~ (Q D~)

matrix element(8) as a sum of I randomvari-
ables, eachof order 1~’,whichyieldsa roughes- Fig. 2. Thediffusion coefficientasa functionofthemodulating
* t V ~— 1/2 — 1/2 frequency£2 and of theclassical(quasilinear)diffusion coeffi-
imae — . cientDo.(A)k=5,T=2(o)k=7,T=5/3.5;(~)k=10,T=5/
Thoughthelevelspacingstatisticsfor a/I the spac- 3.5; (~)k= 12, T=0.35. In all cases,~=0.5. D0= 1k

2(1 + ~2)

ings of quasi-energylevelsof the kickedrotator is is theclassicaldiffusioncoefficient.Theslopeof theinterpolat-

Poissonian,the “effective” statistics,which is taken ing dashedline isan 0.6.

overa finite effectivedistance,exhibitssomedegree
of repulsion,due to the overlapof localizedstates. withnumericaldata.A bestfit of numericaldatagives
Therefore,the effectivestatisticsP(X) will behave a 0.6which leadstoy ~ 0.2. Thelatteris thevalue
asX~forsmallX. Thisyields (from (10) and(11)) of the characteristicexponentfor the repulsionof

W D ~ Q (y-~)/2 neighboringquasi-energylevels which are approxi-~ (� ) . mately insideone localizationlength.The obtained

It is then reasonableto assumethat the diffusion numericalvaluey~0.2showsthat the repulsionbe-
coefficientdependson Qaccordingto thesamelaw, tweensuchlevels is relativelysmall (in comparison
i.e. (putting a 1) that with the Wignerdistribution). Thetheoreticalder-

ivationof thevalueof thisexponentrequiresfurther
D WD

0 (D~Q)aD0, (12) investigations.

with Finally, let us briefly recall how the abovede-
scribedresultshavea relevancefor the problemof

a= ~(y+ 1). microwaveionizationof hydrogenatoms.It hasbeen

Fromthe aboveestimateit turnsout that, for fixed shown [4,5] that thequantumdynamicsof a H atom
D0 andsufficientlysmall Q, the diffusion is smaller in a microwavefield is localizedif the microwave
whenthe level repulsionis increased, intensityis less thana thresholdvalue

The aboveprediction (12) was checkedby flu- Wi’

6

merically computingthe diffusion coefficientD. In ~q ~ (13)
our simulationswe initially excitedonemomentum V 0

eigenfunction,andwe computedthe evolutionfor which is calledthe quantumdelocalizationborder.
differentparametervaluesk, T, Q. In all cases,D Heren

0 is the principalquantumnumberof the mi-
couldbe computedeitherfrom fig. 1a andformula tially excitedstate,�~= an~andco0= am arethe re-
(4), or from fig. lb andformula (5), with approx- scaledfield andfrequencyrespectively.Althoughthe
imately the sameresults.Fig. 2 showsthe valuesof border (13) wasfirst establishedfor a one-dimen-
Dthusobtained,fordifferentvaluesof QandD0 and sionalmodel, it holdsfor a two-dimensionalatom,
the samevalueof=0.5. Thepowerlaw (12) agrees too [5].
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It was argued [5] that localization in the two- the static electric field as a meansfor producing
dimensionalatom in a microwave field might be strongexcitationin theH atomin amicrowavefield.
possiblydestroyedby the introduction of a static
electric field, which would eliminate the Coulomb One of the authors (C.S.) wishes to thank the
degeneracy.The classicalexcitationprocessin the I.C.T.P.,Trieste,Italy, for thefellowshipawardedto
presenceof sucha field is approximatelydescribed her and the Departmentof Physics,University of
by the mapping [5] Milan, for their kind hospitality.Thiswork waspar-

tially supportedby C.N.R. “ProgettoFinalizzatoper
N=N—k[ (1 +2(n20/n0)coscv,tJ sin 0, (l4a) il Calcolo Vettoriale”.

(14b)

whereN= E/W= (— 2wn
2)— andn
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