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Dynamical localization: Hydrogen atoms in magnetic and microwave fields
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We show that dynamical localization for excited hydrogen atoms in magnetic and microwave fields takes
place at quite low microwave frequencyii®<1). Estimates of the localization length are given for different
parameter regimes, showing that the quantum delocalization border drops significantly as compared to the case
of zero magnetic field. This opens up broad possibilities for laboratory investigations.
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Quantum-dynamical localization is one of the most inter-place even whemwy<<1, therefore the quantitil,=nq/2w,
esting phenomena within the so-called field of “quantumcan be significantly increased.
chaos”[1] . This phenomenon, which consists in the quan- Quantum effects may lead to localization of classical dif-
tum suppression of classically chaotic diffusive process, wagusion, hence the critical microwave field intensity required
discovered long agf2], and has also been observed in sev-for ionization or the so-called quantum ionization border will
eral laboratory experimenf8—7]. Even though experimental be determined by the conditiofi,=N, . Indeed, only when
results are in satisfactory agreement with theoretical predicthe localization lengtt’ s, expressed in number of photons,
tions, the range of parameters over which quantum localizalS 1arger than the numbe, of photons required for ioniza-
tion has been observed is still quite narrow. For example, iion, Will a non-negligible amount of quantum probability
experiments performed on hydrogen and Rydberg atoms ifall into the continuum states, thgs leading to ionization.
microwave fields[3—5], in order to observe localization of In order to analyze the ionization process we consider the

the quantum probability distribution around the initially ex- S|r’|r_1p(lje_ callse In thcr][hbmh fleldt_s are p;arallel. ?bllj,'e to the
cited stateny, it is necessary that the localization length cylindrical Ssymmetry, the magnetic guantum numuels an

of the distribution, measured in number of photons, b exact integral of the motion, and the Hamiltonian has the

smaller than the numbe, of photons required for ioniza- orm

tion. Such a condition imposes severe experimental restric- 2 2 2 m w2p? 1

tions. IndeedN, = (2n3w) ~'=ny/20,, Wherew is the mi-  H= Pz Pp, —t oum op + ezcoswt,
crowave field frequency andu0=wn8 is the rescaled 2 2p 2 8 VZ#+ p?

frequency; therefore, in order to incredseit is either nec- @)

essary to increase the initially excited principal quantum, . . —B/c=B(T)/B, is the rotation frequency in a
numbemy, or to decrease'the rescaled frequea@yOrlllthe magnetié field,Bp=2.35< 10°T, and € and w are the field
other hand, in real experimentg=100 and the additional jytensity and frequency respectivelgtomic units are used
conditionwy>1 must be verified if the system is to be found |, the presence of a magnetic field onk=0), according
within the classically diffusive regioffor sufficiently high 5 \well-known results[8,9], the motion becomes strongly
field intensitye). In practice, one typically obtaird, ~20. chaotic whenw, n3=4 and no islands of stability are ob-

An mterestmg possibility for.lncreasmg, , th.us allowing . ?erved foerngwg. When the microwave field is turned on,
a better numerical and experimental analysis of dynamica

| o . ; diffusive excitation of the electron will take place and the
ocalization, would be the consideration of a hydrogen atom nerav diffusion rat. per unit ime can be estimated in
within superimposed magnetic and microwave fields. Indeed "9 . B P . )
such a model, for a sufficiently strong magnetic field, dis-the following way: from Eq(1), E= — ezwsinot and, there-
plays classical chaotic dynamics even in the absence of tHere. for we<1 in a quasilinear approximatidi0], the dif-
microwave field[8,9]. When the microwave field is turned fusion is determined by the spectral d;ansﬁy of perturbation.
on, this preexisting chaos immediately leads to the onset ofhat is, Dg~(€zw)’/dw~(ezw)’ng~Dows, Where
classical diffusive energy excitation, even when the micro-Sw=n; ° is a typical frequency at=0, andDy= €’ny/2 is
wave field intensitye goes to zero. Such excitation takes the diffusion rate in the chaotic regime f@=0 and
wo=1 [11]. Therefore,

*Also at Istituto Nazionale di Fisica della Materia, Sezione di DB:XlDOwgi 2
Milano, 1-20133 Milano, Italy.

TAlso Budker Institute of Nuclear Physics, 630090 Novosibirsk, Where y; is a constant to be numerically determined. This
Russia. estimate is a good approximatiomif_ng is not too larggthe
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FIG. 1. Example of diffusive energy excitatigA E?)/E3 with “o

time, for parameter vaIuasLnS:Q, wp=0.05, ande;=0.003. The

straight line shows the diffusive growth with a fitted rate given by ~ FIG. 2. Dependence of scaled diffusion rég /D, on scaled

Eq. (2) with x;=9.8. frequencyw, for a)LnO 9. HereDy=¢€ /2n0 ande, in the interval
10 3<¢y,<10"2. The straight lines show the theoretical depen-

casew n3>10 should be separately studieth the regime  dence forwo>1 andwe>1 with x,=18 andy,=2, respectively

wo>1, the energy change will take place only when the(see text Ensembles from 30 to 100 orbits have been used.

electron passes close to the nucleus and, in analogy with the

caseB= 0 the difoSiO” rate is given approximately bBY1]  the classical diffusion rate vii=Dgw 2 The striking ad-
D= x2€°Nowy *¥2= x,Dowy *®. Notice thatDg does not  vantage of such an approach to the computation of the local-
explicitly depend on the magnetlc fielB; however, the ization length[12] is that it involves only classical charac-
quantities X1.X2 can both weakly depend oM for teristics of motion, namely, the classical diffusion rate and
wLno 2 (see Fig. 3 density of coupled states. It is therefore sufficient to know

In order to check the above analytical estimatesDar, only these two quantities to understand the properties of
we have carried out numerical simulations of the classicajuantum dynamics. In this way one need not worry about
problem(1). We fixed the magnetic number=0, and mea- quantum matrix elements, the structure of eigenfunctions,
sured the energy excitation for an ensemble of 100 trajectcand other quantum aspects. This fact becomes even more
ries with the same initial enerdy,= — 1/(2n3). In Fig. 1 we  remarkable if one remembers that without a magnetic field
demonstrate the diffusive excitation process in energy fothe effective dynamics is well described by a one-
scaled frequencyu0<1 and very small microwave field dimensional atom modéll1], while in a strong magnetic
€= fno HerewLnO 9, so that the motion is fully chaotic field the motion is essentially two dimensional and quite dif-
even forey=0. ferent from the usual Kepler dynamics.

The frequency dependence of the diffusion ratg is For zero magnetic field the effective density of coup!ed
shown in Fig. 2 for fixedw, n3=9. The behavior for small States isp=n® due to Coulomb degeneracy and the exist-
and large frequencies is in agreement with the above theo-
retical estimates, and is indicated by the two straight lines
with y;~18 andy,~2, respectively. An interesting feature

107

is that in a rather large-frequency interval (1€ wy=<10) ’ : s

the frequency dependence is rather weak. We also checked - % 2 o 3
the e dependence of the diffusion rag by varying the 10

field intensity over a few orders of magnitude. s ¢

In Fig. 3 we plot the dependence b on magnetic-field
intensity for small values ofy,. According to our expecta-
tions, the diffusion rate remains approximately constant for ‘“05

w n3>2, while below this value the internal motion be- %
comes integrable and diffusion drops to zero. 2 ﬁ
The classical diffusive process will lead to ionization of 10t
the atom after a timg~EZ/Dg . For low-field strength this s
time is much larger than both the orbital period and the mi- ,
crowave field period, and therefore quantum interference ef- 10° %
fects can lead to localization of classical diffusion. The lo- 10’ 2 5 10' 2 5
calization length/”, (in number of photonscan be obtained wL Ny
by using known estimated12], according to which
/ 4~Tp, wherep is the density of coupled states ahdis FIG. 3. Scaled diffusion ratBz /D, as a function of the scaled

the one-photon transition rate, which in turn can be related térequencyw, n3 for wy=0.05 andey=0.003.
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ence of an additional approximate integral of mot{dd]. = As we see, these adiabatic estimates are different from the

Instead, for sufficiently larg®, the internal motion is cha- above Eqgs(3) and(4). In our opinion the physical situation

otic and the density of coupled statesis n*. Therefore, in  is more correctly described by the approa@ and (4).

the latter case the localization length in number of photons islowever, only direct quantum simulations or laboratory ex-
periments can lead to more definite conclusions.

. Dg no For wg>1 the situation is more standard, and we have
’8="4p5. o7 (3
0 wO! 62
where /', = 3.3¢5nj is the localization length in the micro- 78=3-3 om0, ™
wave field only B=0) at wp=1 and it is assumed that N
lg>1. and the condition”’z=N, leads to
For wp<1 we obtain/g=3.3y;€5n3 from Eq. (3). The 6
delocalization border, namely, the critical microwave field e “o )
intensity e; above which ionization takes place, is given by 02 no*/6-6X2’

the condition/z=N,, leading to
which is yngyx» times smaller than the quantum delocaliza-

B 1 tion border forB=0.
€01~ No m 4) It is important to remark that, contrary to the cde 0,

the localization length depends now on photon number. In-

which is well below the delocalization border within the mi- deed, formg<1, /gxng'~(N,—N)~*? while for wo>1,
crowave field alone. We would like to stress that the above s=ny~(N,—N) Y2 This means that localization length
estimates are valid in the regimep>1 [12], that is, becomes larger near the ionization border. However, this ef-
wo>ny ' [and therefore the border Ed4) is valid for  fectis notimportant i#’g<N, while for /g~N; it will lead
n81<wo<1]- to a change in the numerical factor for the delocalization
The above estimates were made in analogy to the probleforder. We also remark that farp<1 the quantum delocal-
of photonic localization in a random molecular quasicon-ization bordereo, will be relevant only if it remains smaller
tinuum [12]. However, it is possible that such an approachthan the ionization border for_ a.stat|c electric field in the
should be modified for the present case of a well-defined®resence of a parallel magnetic field.
quasiclassical system with adiabatically slow perturbation. Finally, we would like to stress that, to our knowledge,
Indeed, in such a situation, one can make a transformation '€ problem under investigation represents a qualitatively
an instantaneous time basis in which transition matrix eleNeWw situation as compared to the hydrogen atom in a micro-
ments are proportional to the frequency of the perturbationwave field only. Therefore, the above preliminary estimates
Here, many levels will be mixed only if this effective matrix require a detailed check by quantum simulations.
elementV proportional tow is larger than the level spacing ~ On qualitative grounds, the effects described in the
in one atomic shelh . For a chaotic case we can estimatePresent paper can also take place in nonhydrogen atoms in a
Vi~ ewn®yn, so that the diffusive exitation is quasiclassi- Static electric field and in the absence of a magnetic field. It
cal (nonperturbativionly if Veg>1/n?. The same estimate S indeed known that, for nonhydrogen atoms in static elec-
can be also understood in the following quasiclassical way!"iC fi€lds, the eigenfunctions can be approximately ergodic,

The diffusion rate in the number of shellsie change of the and the level spacing statistics shows a level repulsion of the
principal quantum number in the unperturbed hydrogenW'gner_'DySO” type[13].. This situation is similar to that in _
An=1) is D,=Dgn®. All the levels in the shell will be v_vhwh |r_1terna_l chaos is present d_ue to_ a st_rong magnetic
field. Since in the formulas derived in this paper the
magnetic-field dependence is quite weak, we expect that they
are approximately valid even for nonhydrogen atoms in
static electric fields. However, one should keep in mind that

while qualitatively the ionization process should behave

resolved after timeg~27n*. Therefore, the adiabatic per-
turbation is perturbative if the number of shells mixed during
this time is less than 1:An)?~D,ts,<1. The situation is
quasiclassical in the opposite casen)?>1 when

1\¥2 1 similarly to the case with a magnetic field, the chaos proper-
€0~ €0a™ 3_)(1 m- (5)  ties in a static electric field are not so strong, and therefore

this case should be analyzed in more detail. Such a situation
In this regime the diffusion rate measured in the number ofVith atoms in a static electric field is quite interesting since it
shells per unit of timer measured in units oftg, is IS more suitable for laboratory experiments. Finally, we be-
D= (AN)/A 7~ 3X1602w02ng>1_ Similarly to the stan- I|eve_ thf_fg the results desc_rlbed in the_ present paper W|_II not
dard estimatg12] this diffusion will be localized after time P€ Significantly changed if the electric and magnetic fields
7*~Dy, with localization lengthl,~An(7*)~Dy, (in the &€ not parallel, prowde_d _that the electric flgld is relatively
number of photons this givég =1, /wo= D/ wo). Then the weak. T_he reason for this |s_that the magnetic quantum num-
delocalization border is determined by the condition2€ ™M Will determine the existence of an approximate inte-

| .~ny/2, giving gral of.mot|on similar to the case of hydrogen in a micro-
nooe wave field[11].

1 In this paper we have introduced and discussed a model
(6)  that should allow for a clear experimental investigation of

€0> qua~ e ' . ' . A )
V6x1@0No guantum-dynamical localization. Its main feature is the wide
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range inside which it is possible to change physical paramsured in number of microwave perigdsr=wt, /27
eters such asyg, €, and the interaction time. A possible =(1/4mx,)/(e3wo)~1800. If, however, we define the ion-
convenient choice of parameters i8;=60, wy=0.1 ization probability as the occupation probability of levels
(0=3.0GHz), andB=10 T (wLn8:9) (or static electric n>70, then the number of photons will id ~ 100 and the
field eps~0.05 for nonhydrogen atormd-or these conditions ionization time r,=180 microwave periods. This range of
we have ey;=0.005, N,=300, and interaction timémea- parameters seems to be suitable for laboratory experiments.
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