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We introduce the wealth thermalization hypothesis according to which the wealth shared in a
country or the whole world is described by the Rayleigh-Jeans thermal distribution with two con-
served quantities of system wealth and norm or number of agents. This distribution depends on a
dimensional parameter being the ratio of system total wealth and its dispersion range determined by
highest revenues. At relatively small values of this ratio there is a formation of the Rayleigh-Jeans
condensate, well studied in such physical systems as multimode optical fibers. This leads to a huge
fraction of poor households and a small oligarchic fraction which monopolizes a dominant fraction of
total wealth thus generating a strong inequality in human society. We show that this thermalization
gives a good description of real data of Lorenz curves of US, UK, the whole world and capitalization
of S&P500 companies at New York Stock Exchange. Possible actions for inequality reduction are
briefly discussed.

PACS numbers:

Introduction. The wealth distribution in the human
society is characterized by a striking inequality (see e.g.
[1–3]). Thus for the whole world 50% of the population
owns only 2% of total wealth, while 10% of population
owns 75% of total wealth and 1% of population owns 38%
of total wealth [2].

The distribution of wealth is usually described by the
Lorenz curve [3, 4] which gives the dependence of cumu-
lated normalized wealth 0 ≤ w ≤ 1 on the cumulated nor-
malized fraction of population or households 0 ≤ h ≤ 1.
Thus the equipartition of wealth corresponds to the di-
agonal w = h and the doubled area between diagonal
and the Lorenz curve w(h) determines the Gini coefficient
0 ≤ G ≤ 1 [3, 5]. Values of G can be found in [6] for world
countries in 2021 being in the range 0.59 < G < 0.90; for
the whole world G = 0.889.

The sharing of wealth varies from country to country
but the global features remain rather similar with a big
fraction of very poor population with scanty wealth and
a very small fraction of rich people having a significant
fraction of a country’s total wealth. This gives an insight
that some fundamental underground reasons can be at
the origin of this inequality.

Diverse methods of statistical mechanics and physi-
cal kinetics [7–9] have been proposed and used by differ-
ent research groups [10–18]. Various models of interact-
ing agents are investigated including Random Asset Ex-
change models [10–18]. In several of these models there is
appearance of some kind of oligarchic phase with a signif-
icant wealth accumulation by a group of agents [13, 16–
18]. The specific arguments are presented in a favor of
the Boltzmann-Gibbs type description of distribution of
money, wealth and income [12, 14]. Also a nonlinear
Fokker–Planck description of asset exchange is proposed
[16, 17] with emergence of oligarchic phase. A few impor-
tant elements are stressed in [16, 17]: the conservation of
two integrals of system evolution being the total wealth

and total norm (or number of agents), the argument in
favor of consideration of wealth instead of money based
on the small-transaction approximation.

The above models give interesting insights for under-
standing of certain features of wealth distribution in the
world countries but they remain model specific and their
universality remains questionable. The universality of
the Boltzmann-Gibbs thermal distribution is the ground
element of the approach developed in [12, 14] but it does
not capture emergence of a huge condensate of poverty
in various countries.

Our studies here are based on the Wealth Thermaliza-
tion Hypothesis (WTH) according to which the wealth of
a country is described by the Rayleigh-Jeans (RJ) ther-
mal distribution:

ρm =
T

Em − µ
(RJ). (1)

Here we assume that the system wealth has certain states
0 ≤ m < N with energies Em and the population prob-
abilities in these states are ρm. Also T is the system
temperature and µ(T ) is the chemical potential depen-
dent on T . As in [16] there are two conserved integrals
of motion being the total norm of population, fixed to
be unity for convenience,

∑
m ρm = 1, and the system

average wealth being its total energy
∑

m Emρm = E.
For a given system energy E and unity norm these two
integrals of motion determine the system temperature
T and its chemical potential µ(T ). The entropy S of
the system is determined by the usual relation [7, 8]:
S = −∑

m ρm ln ρm with the implicit theoretical depen-
dencies on temperature E(T ), S(T ), µ(T ).

The RJ thermalization (1) is universal and describes
a variety of classical systems [7, 8] including nonlinear
waves [19], light propagation in multimode optical fibers
with a nonlinear media [20–24], dynamical thermaliza-
tion for nonlinear perturbation of the Random Matrix
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FIG. 1: Lorenz curves for the RJS model with the
linear spectrum Em = m/N (for N = 10000) for dif-
ferent values of the rescaled energy ε = E/B. The
x-axis corresponds the cumulated fraction of households
(h) and the y-axis to the cumulated fraction of wealth
(w). The dashed line is the line of perfect equiparti-
tion w = h. The Gini coefficients G for all curves are
G = 0.9600, 0.9000, 0.8006, 0.6250, 0.4990, 0.4066, 0.3333
(bottom to top).

Theory (RMT) [25] and the nonlinear Schrödinger equa-
tion (NSE) in quantum chaos billiards [26]. It is pointed
out in [27–29] that RMT finds a variety of applications in
multiple areas of physics including nuclei, complex atoms
and systems of quantum chaos whose dynamics is chaotic
in the classical limit. Thus almost any physical nonlinear
interaction above a chaos border [25] leads to dynamical
RJ thermalization (1). An example of such a system can
be an ensemble of N nonlinear RMT oscillators with ran-
dom frequencies ωm ∝ Em of an ensemble of N agents
with nonlinear interactions leading to the RJ thermaliza-
tion (1). The thermalization can have a dynamical origin
when chaotic nonlinear dynamics leads to (1) or it can
appear due to an external thermal bath. We suppose
that for WTH a dynamical origin is more adequate since
in a first approximation on a scale of one year a country
or the whole world can be considered to be quasi-isolated
from slow external processes.

Due to the presence of two integrals of motion, en-
ergy and norm, RJ thermalization has the phase of RJ
condensate emerging at relatively low total energy E or
low temperature T [20, 21, 26]. Thus at low energy and
a big number of oscillators, as in [25], or a big num-
ber of interacting agents, the fraction of RJ condensate
is approaching unity being concentrated at a vicinity of
the ground state energy E0 being zero or very close to
zero [26]. Thus the RJ condensate (1) very naturally has
a huge fraction of very poor agents that naturally de-
scribes the huge world wealth inequality where 50% of
population owns only 2% of the total wealth [2]. Below
we describe in detail various consequences of WTH (1)
and compare the results of this theory with real Lorenz

curves of certain countries and the whole world.
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FIG. 2: Color plot of wealth w from Lorenz curves of the RJS
model (N = 10000). The x-axis corresponds to the fraction
of households h ∈ [0, 1] and the y-axis to the rescaled energy
ε = E/B ∈ [0, 0.5]. The ticks mark integer multiples of 0.1
for h and ε.

RJ thermalization and condensation. We start from
a model with N equidistant energy levels 0 ≤ Em =
m/N ≤ B located in the energy band of total width B.
This corresponds to certain levels of wealth for N agents
with a fraction of agents on level m being ρm. The con-
served average system energy is E =

∑
m Emρm and the

dimensionless parameter ε = E/B determines its fraction
with respect to the maximal system energy B. We call
this model the RJ standard (RJS) model. On the basis
of WTH with RJ distribution (1) the local (normalized)
wealth on level i is (Ei/E)ρi and the cumulated wealth
on levels [0,m] is w =

∑m
i=0(Ei/E)ρi with the cumu-

lated fraction of population or households h =
∑m

i=0 ρi.
Computing both sums for all values of m = 0, 1, . . . pro-
vides the Lorenz curve w(h). Since the Lorenz curve
describes the normalized distribution of cumulated frac-
tions of wealth w ∈ [0, 1] and households h ∈ [0, 1] we
use the ratio Ei/E (since E =

∑
i Eiρi) in the definition

of wealth ensuring that w = 1 at h = 1 for the total
population. At given ε the relation (1) and two integrals
of energy and norm determine the physical parameters
T, µ, S. In our numerical studies we useN = 10000 which
practically corresponds to the continuous limit with re-
sults independent of N . The dependencies of T and µ on
ε in the RJS model are shown in Supplementary Material
(SupMat) Fig. S1. As discussed in [25, 26] for ε > 1/2
the temperature T becomes negative and at ε close to
unity there is a formation of an RJ condensate on high-
est energy levels with Em → B (see SupMat Fig. S2).
Many unusual properties of RJ thermalization have been
discussed in [25, 26] but for convenience we provide some
details in SupMat and Figs. S2 and S3 show the depen-
dence of ρm on Em/B for certain values of ε with a clear
formation of an RJ condensate at small ε or 1−ε. Even if
the regime with negative temperatures has been realized
in fiber experiments [24] we consider that such a regime
is not applicable to human society and hence we consider
only the range with 0 ≤ ε ≤ 1/2.

The Lorenz curves for the RJS model at several ε val-
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FIG. 3: Comparison of the Lorenz curves for US 2019 (black),
UK 2012-2014 (blue), World 2021 (dashed green) with those of
RJS model (red curves; N = 10000); US and World curves are
rather close. For the three referenced curves Gini coefficients
are G = 0.852, 0.626, G = 0.842 respectively and the rescaled
energies ε = E/B of RJS model are respectively fixed as ε =
0.07420, ε = 0.1996, ε = 0.07911 so that the corresponding
Gini coefficients match the referenced data.
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FIG. 4: Both panels compare the Lorenz curves for different
data sets (black for US 2019, blue for UK 2012-2014 and green
dashed for World 2021) with those of the RMT model (a)
and the DL model (b). As in Fig. 3 the Gini coefficients G
of the reference curves are used to fix the rescaled energy
ε = E/B of the corresponding model such that the model
curves (red) have the same G. For the RMT model (a) only
two data sets are shown ε = 0.07996 (US) and ε = 0.2027
(UK). For the DL model (b) the parameter values are a = 16
(US and World) and a = 3 (UK). These values are fixed
to have a best possible fit of the model data with those of
the reference curves. The chosen values ε = 0.01434 (US),
ε = 0.1355 (UK), ε = 0.01535 (World) match the G values of
the reference data. In (b) the curves for US and World are
rather close and a zoomed view is given in SupMat Fig. S4.
In (a) the RMT Lorenz curves are shown for one realization of
a random matrix, other realizations give practically the same
curves.

ues are shown in Fig. 1. Due to RJ condensate there is a
very high fraction of poor households fp (with w ≤ 0.02)
and a small fraction of rich ones fr (with w ≥ 0.75)
who owns a huge fraction of total wealth. Thus the RJS
model naturally describes the big phase of poor house-
holds and the oligarchic phase of small fraction of house-
holds capturing the big fraction of total wealth. At max-
imal ε = 0.5 with (µ → −∞) all ρm are equal and hence

the Lorenz curve is w = h2 with the limiting minimal
Gini coefficient G = 1/3 for the RJS model. The de-
pendence of cumulated wealth w on h and ε is shown
in Fig. 2. It clearly shows the phase of poor households
(blue), corresponding to the RJ condensate, and the oli-
garchic phase of very rich households (red). Thus we see
that the RJ thermal distribution (1) describes the main
qualitative features of wealth inequality of human society
[2].

From Figs. 1, 2 we see that for the RJS model the
WTH based on (1) captures main elements of wealth in-
equality but it is important to see if it can reproduce
the real Lorenz curves for the whole world and specific
countries. For this comparison of WTH theory we choose
three cases with the Lorenz curves for: the whole world
from [2] (integration of front page data gives cumula-
tive w, h values); USA 2019 case from [30] and UK 2012-
2014 case from [31]. These real Lorenz curves are com-
pared with those obtained from the RJS model (1) in
Fig. 3. For the comparison values of ε are fixed in such a
way that Gini coefficient is the same for theory and real
data curves. The comparison for UK case shows that
there is a good agreement of real and theoretical Lorenz
curves even if there is a certain difference for the range
0.9 ≤ h ≤ 1. The difference is more visible for USA case
and the whole world (Lorenz curves are very similar for
these two cases). In SupMat Fig. S4, we also show that
the the RJS Lorenz curves have a satisfactory agreement
with the Lorenz curves for France and Germany (data
are obtained for the year 2010 from [32]).

In view of certain differences between real Lorenz
curves and those obtained from RJS model (see Fig. 3) we
also study the case of RJ distribution (1) with level ener-
gies Em taken from a random matrix of size N = 1000 as
it was discussed in [25]. For this RJ RMT model the den-
sity of states is ν = dm/dEm = 2N

π

√
1− E2 with typical

eigenvalues in the interval Em ∈ [−1, 1] and we shift all
Em to Em − E0 to have nonnegative values Em ≥ 0 in
(1). The comparison of Lorenz curves for US and UK
cases with the results of the RJ RMT model is shown
in Fig. 4a. The similarity between real and RMT model
data is a bit less good then those in Fig. 3 for the RJS
model. This shows that the density of states ν can af-
fect the Lorenz curves. Indeed, we have ν = const. for
the RJS model being different from the semi-circle law of
RMT model.

To reproduce the real Lorentz curves from [2, 30, 31] in
a better way we also analyze a double-linear (DL) model
with energies Em = m/N form < N/2 and Em = EN/2+
a(m −N/2)/N for m ≥ N/2 at N = 10000 with a = 16
(B = 8.5) for US and World data, and a = 3 (B = 2)
for UK data. In this type of model the density of states
takes not one but two values being ν = 1 and ν = 1/a.
The existence of two ν values can correspond to a society
where high wealth energy Em values are only accessible
to very rich people whose density is lower compared to
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common people. The comparison of real Lorenz curves
with those of the DL model is shown in Fig. 4b (and its
zoomed version SupMat Fig. S5) demonstrating a better
proximity between real Lorenz curves and those from the
DL model as compared to the results of the RJS model
in Fig. 3. However, the DL model has two fit parameters
a, ε while the RJS model has only one ε.
We also remind that for the RJS model the minimal

Gini value is G = 1/3 that is reached at maximal physical
value of ε = 1/2. Thus to have G < 1/3, we need to sig-
nificantly modify the density of states ν. Indeed, we can
obtain a perfect complete wealth and energy equiparti-
tion with w = h andG = 0 for the case when all Em = E0

values are the same. In this case, the integrals of energy
and norm give only one conservation law and all states
have the same energy and same population. A small spec-
trum modification to Em = E0 + m/N with a constant
energy offset E0 leads to Lorenz curves being closer to
the diagonal with small Gini values G < 1/3 and a finite
slope w(h) ≈ [E0/(ε+E0)]h at small h (see SupMat with
additional discussion of this model and related Fig. S6).
We call this model the equipartition (EQI) model.

We also show color Figures analogous to Fig. 2 for
various models discussed above (see SupMat Fig. S7).
We note that assuming the validity of RJ distribution (1)
it is possible to try to extract the spectrum Em from the
real Lorenz curve data by an inverse operation. However,
we find that this inversion procedure is very sensitive to
the exact curve shape w(h) (quality of raw data), also
additional fit parameters should be added (and not only
two as in the above DL model), so that we do not go in
more details here with this approach.
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FIG. 5: Gini coefficient versus rescaled energy ε = (E −
E0)/(EN−1 − E0) for the RJS model (red), RMT model
(green), DL model (blue; only for the case a = 16), and the
EQI model (pink for the offset E0 = 0.1 and cyan for E0 = 1;
same values of E0 are used in SupMat Fig. S6). The thin
black lines show the values of G = 0.852, G = 0.842 and
0.626 for the data of US 2019, World 2021 and UK 2014. The
intersection of these lines with the red and green curves cor-
respond to ε values used in Figs. 3, 4.
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FIG. 6: Dependence of fraction of poor households fp =
h(2%) (owning 2% of wealth) and fraction of rich oligarchic
households fr = 1 − h(25%) (owning 75% of wealth) on the
rescaled energy ε = E/B for the RJS model.

The dependence of the Gini coefficient G on ε is given
in Fig. 5 for the different models. In global the results
show that an increase of ϵ leads to a reduction of G.
Also in Fig. 6, we show the dependence of fractions of
poor fp and rich oligarchic fr households on ε for the
RJS model. Thus at ε = 0.07 we have fp = 0.73 and
fr = 0.097 that is close to the real values fp = 0.53(US),
0.5(World) and fr = 0.09(US), 0.1 (World) while for UK
we have fp = 0.32, fr = 0.28 corresponding to a higher
ε ≈ 0.21. Furthermore Fig. 6 shows that the fraction
of poor households can be significantly reduced and the
fraction of rich households can be increased by increasing
parameter ε, thus diluting the oligarchic phase.
Finally, we mention that for the RJS model it is possi-

ble to work out analytic expressions (at N → ∞; see Sup-
Mat section III) for the Lorenz curve and other quantities
that accurately match the numerical data (see SupMat
Fig. S8). These expressions depend on µ and at small
ε ≤ 0.2 (with µ ≈ 0), we have w(h) ≈ e(h−1)/ε and
G ≈ 1− 2ε, matching 3 values of G in Fig. 1.
Discussion. In this work, we use the WTH approach

(1 to describe the wealth distribution in a closed system
that may be a country or the whole world. Our main
argument is that in such a system interaction of agents
is described by nonlinear equations with the conserva-
tion of two integrals of motion being total number of
agents (norm or total probability analogous to number
of system particles) and total wealth (analogous to to-
tal system energy). Under these conditions the wealth
sharing is described by the universal RJ thermal distri-
bution (1) as it is the case for various physical systems
[7, 8, 19–26]. The striking feature of RJ thermalization
(1) is that at low system energy (low ε) there is the phys-
ical phenomenon of RJ condensation when a high frac-
tion of total probability is located at lowest energy states
that corresponds to the high fraction of poor households
with very low wealth and also other small fraction of oli-
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garchic households that monopolize a big fraction of total
wealth. Thus according to the WTH the phenomenon of
huge wealth inequality in the world [1, 2] finds a natu-
ral thermodynamic explication. We show that the WTH
theory gives a good description of the Lorenz curves of
US, UK and the whole world.

On the basis of WTH theory we see that a reduction
of wealth inequality can be realized by an increase of
rescaled system energy (ε = e/B). The simplest way to
reach this is to reduce the global dispersion of wealth
(given by B) that can be realized by a high taxation of
high wealth revenues.

Universality of WTH theory is also confirmed by show-
ing that it well describes the Lorenz curves of capital-
ization of companies at S&P500 of New York Stock Ex-
change (NYSE), London SE, Hong Kong SE (see SupMat
Figs. S9, S10, S11,S12 with data from [33–35]).
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0009 in the framework of the Programme Investissements
d’Avenir (project MTDINA).
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I. GENERAL FEATURES OF THE
THERMALIZATION IN THE RJS MODEL

Here we remind a bit more details about thermaliza-
tion of the RJS model (see also Refs. [25,26] for more
details). Let us assume that we have N linear classical
oscillators with individual energies Em, m = 0, . . . , N−1
which are coupled by some small non-linear perturbation
(see Ref. [25] for an example) such that there are two
conserved quantities being the global (squared) ampli-
tude and total energy:

1 =

N−1∑
m=0

ρm , E =

N−1∑
m=0

Emρm (S.1)

where ρm is the time averaged squared amplitude and
occupation probability of each oscillator. If the non-
linear terms are sufficiently strong or if there is some
weak coupling to an external system (which respects both
constraints (S.1)) one can assume that the system ther-
malizes. Applying the framework of the grand canonical
ensemble one introduces two parameters: temperature T
and chemical potential µ to satisfy both constraints (S.1)
in average and it can be shown (see e.g. Ref. [25]) that

ρm =
T

Em − µ
, T =

E − µ

N
(S.2)

where the expression for the temperature T is obtained
from

∑
m(Em − µ)ρm = (E − µ) which follows directly

from (S.1). The chemical potential is determined (using
standard numerical techniques) by solving the implicit
equation:

1 =
E − µ

N

N−1∑
m=0

1

Em − µ
(S.3)

which allows for one physical solution of µ outside the
energy interval [Emin, Emax] with either µ < Emin (T >
0) or µ > Emax (T < 0) (depending on the value of E we
have either T < 0 or T > 0) such that ρm > 0. The data
presented in this work were obtained by this procedure
for different model spectra and certain values of N =
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10000 (orN = 1000 for the RMTmodel). Concerning the
RJS model we have also considered the cases N = 100,
N = 1000 and verified that the obtained Lorenz curves
are very close (in graphical precision).
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FIG. S1: The left (right) panel shows the (rescaled) tem-
perature NT (the chemical potential µ) versus the rescaled
energy ε = E/B for the RJS model Em = m/N , N = 10000.
The dashed black lines in the right panel correspond to the
values of E0 = 0 and B ≈ 1 showing that either µ < E0 (for
T > 0) or µ > B (for T < 0).

As illustration Fig. S1 shows for the RJS model with
Em = m/N , m = 0, 1, . . . , N − 1, N = 10000 both T and
µ as a function of ε = E/B (here B = Emax−Emin ≈ 1).
Note that the left panel shows the rescaled temperature
NT since typical numerical values of T are ∼ 1/N due to
the finite value of B in our particular model. (We note
that the construction of the Lorenz curve is independent
of a global scaling factor one could apply to the energy
levels.) The figure illustrates that −µ → 0 (µ → −∞)
for ε → 0 (ε → 1/2).

Using (S.3) one can show that −µ ≈ E/(N − 1) ≪ E
for very small energies 0 < E ≪ 1/N and in this particu-
lar case we have ρ0 ≈ 1 (strong condensation) and other
ρm ∼ E/(NEm) ≪ 1/N (for m > 0). With increasing
values of E (or ε) the values of “−µ” increase and more
probability is shifted to the other ρm values for m > 0.
At ε ≈ 1/2 we have very large values of “−µ” (and of T )
such that all ρm ≈ 1/N are uniformly constant. Further
increase of ε enters the regime of negative temperatures
(with µ > Emax) with possible condensation at the last
oscillator with ρN−1 ≫ 1/N (in this work we do not in-
sist on the regime of T < 0). These features are visible in
both figures Figs. S2 and S3 showing ρm versus Em/B for
different values of ε (as color plot or curves in log-scale).
The effect of condensation for small ε with a finite prob-
ability ρ0 ≫ 1/N is clearly visible in both figures and
qualitatively one could even say that it extends even up
to ε = 0.2 with ρ0 = 0.002495 still being larger than 1/N .
However, here also some other values of ρm with small m
are significantly larger than 1/N (as can be seen in S3 for
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0.001
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0.3

1

FIG. S2: Color plot of the coarse grained thermalized occu-
pation probabilities ρm = T/(Em−µ) = (E−µ)/[N(Em−µ)]
for the RJS model. The x-axis corresponds to the fraction
Em/B ∈ [0, 1] (left to right) and the y-axis to the rescaled
energy ε (top to bottom for increasing values). The tics in-
dicate integer multiples of 0.1 for both quantities. The color
values shown in the color bar correspond to the value of ρm
averaged over intervals of size 1/20 (for Em/B on the x-axis)
and computed for 21 values ε = i/20, i = 0, 1, . . . , 20 (for the
y-axis; the minimal value ε = 0 has been slightly enhanced
and the maximal value ε = 1 has been slightly reduced to
have a stable computation of the thermalized µ-value). To
increase visibility of small values a non-linear color bar scale
has been chosen (e.g. green color corresponds to 1/16).

the first 5% of modes with ρm ≥ 3/N). Also the coarse
grained average value at the first 5% of modes at ε = 0.2
is roughly 0.35 times the maximal coarse grained value at
ε ≈ 0 (according to Fig. S2). This effect corresponds to
(modest) condensation on several modes or a given small
mode interval.

When constructing the Lorenz curve we have w = 0
for h < ρ0 and in the presence of (strong) condensation
there is a finite interval of households with no wealth at
all. Even for modest condensation over several modes
the wealth value is initially very low. This can also be
seen in Fig. 1 where w(h ≤ 0.1) ≈ 0 for ε = 0.2 showing
the effect of modest condensation.

Below, we will present a continuous version of the RJS
model with the exact limit N → ∞ and some analytic
formulas for the key quantities.
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FIG. S3: Dependence of the thermalized occupation proba-
bilities ρm = T/(Em − µ) = (E − µ)/[N(Em − µ)] on Em/B
for the RJS model Em = m/N , N = 10000 and the same
values of ε = E/B used in Figure 1 of the main part.

II. ADDITIONAL DATA
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FIG. S4: Comparison of the Lorenz curves for DE 2010
(black) and FR 2010 (blue dashed) with those of the RJS
model (red curves; N = 10000). The data of DE and FR were
extracted from Ref. [32]. As in Fig. 3 the Gini coefficients G =
0.758 (DE) and G = 0.679 (FR) were used to determine the
ε values of the RJS model as ε = 0.1220 (DE) and ε = 0.1659
(FR) to match the Gini coefficients of the reference data.

In this section, we present additional data. First
Fig. S4 shows the Lorenz curves from Germany and
France and the corresponding curves of RJS model (with
matching Gini coefficients). These data were extracted

from Ref. [32] with best possible precision and correspond
to the period of 2010. The agreement with the RJS is
comparable (not perfect but still rather close) as with the
cases of US and World in Fig. 3. The Gini coefficients of
Germany (G = 0.758) and France (G = 0.679) are both
intermediate between UK (G ≈ 0.62) and US/World
(G ≈ 0.85/0.84).
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FIG. S5: As panel (b) of Fig. 4 but with a zoomed represen-
tation for h ∈ [0.4, 1] and w ∈ [0, 0.5] to increase the visibility
between the close curves for US 2019 and World 2021.

The next Fig. S5 shows a zoomed representation of
panel (b) of Fig. 4 for h ∈ [0.4, 1] and w ∈ [0, 0.5] to
increase the visibility between the close curves for US
2019 and World 2021 and to also to enhance the small
differences with respect to the DL model (red lines).

Furthermore, Fig. S6 presents results for the EQI
model with E0 > 0, Em = E0 + m/N and ε = (E −
E0)/(EN−1−E0) ≈ E−E0. In this case, the finite value
E0 > 0 induces an initial finite slope E0/E = E0/(E0+ε)
in the Lorenz curve. We have verified that for the four
cases shown in Fig. S6 this formula indeed represents
the initial slope (see figure caption for the values). In
this model, even the poorest households own a signifi-
cant fraction of the wealth which is given by this slope.
Here the range of possible Gini coefficients is quite limited
with maximum values of Gmax ≈ 0.1 or 0.4 for E0 = 1
or E0 = 0.1 respectively. Due this reason it is not possi-
ble to match the data of US, UK, World etc. (with much
larger Gini coefficients) to this model (for the cases shown
in Figs. 6 and S6).
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FIG. S6: Lorenz curves of the thermalized EQI model (N =
10000) with the two offset values E0 = 0.1 and E0 = 1 and
for each case for two values of the rescaled energy ε = (E −
E0)/(EN−1 −E0). Note that for E0 = 1 ⇒ EN−1 ≈ 2E0 and
for E0 = 0.1 ⇒ EN−1 ≈ 11E0. The dashed line corresponds
to the line of perfect equipartition w = h. The Gini coeffi-
cients G for all curves are G = 0.4239, 0.3000, 0.1162, 0.04286
(bottom to top). These curves show a finite initial slope with
value E0/(ε + E0) = 0.4, 0.6667, 0.7143, 0.9524 (bottom to
top).
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FIG. S7: Color plot of Lorenz curves for different models in
the same style of Figure 2. The panels from top to bottom
correspond to the DL model with parameter a = 16 (1st row),
to the shifted RMT semi-circle spectrum (2nd row), to the
EQI model with given offset E0 = 0.1 (3rd row) and E0 = 1
(4th row). For the EQI model the rescaled energy ε ∈ [0, 0.5]
for the vertical axis is given by ε = (E − E0)/(EN−1 − E0)
(same expression for the other models but with E0 = 0). All
cases correspond to N = 10000 levels except for RMT with
N = 1000.

Finally, Fig. S7 shows several color plots in the same
style as Fig. 2, i.e. the color value (visible in the color
bar) shows w of the Lorenz curve as a function of h (x-
axis) and ε (y-axis). The 2nd panel for the RMT model
is rather similar to Fig. 2 for the RJS model, with a
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slight tendency for smaller G values for ε > 0.2 (at given
ε, see also Fig. 5). The first panel for the DL model
with a = 16 ha a stronger condensation effect (i.e. more
poor or poorer households) at ε ≈ 0.08 as compared to
ε ≈ 0.03. Both bottom panels correspond to the EQI
model with E0 > 0 (here ε = (E − E0)/(EN−1 − E0))
with reduced Gini coefficients and where poor people own
a significant fraction of the wealth, even at small values
of ε.

III. ANALYTICAL RESULTS FOR RJS MODEL

For the RJS model with finite ε it is possible to obtain
explicit formulas in the limit N → ∞ by replacing the
sums over m with integrals over an energy variable Ẽ =
m/N ∈ [0, 1]. In the following, we also use ε = E (since
E0 = 0 and B = (N − 1)/N → 1 for N → ∞). In the
limit N → ∞ the implicit equation (S.3) becomes:

1 = (ε− µ)

∫ 1

0

1

Ẽ − µ
dẼ = (ε− µ) ln

(
1− µ

−µ

)
(S.4)

which can be rewritten in the following form:

µ = −(1− µ)e−1/(ε−µ) . (S.5)

Both equations determine µ as a function of ε ∈]0, 1[. In
the limit of small ε one can simply iterate Eq. (S.5) by
inserting µ0 = 0 in the RHS which gives µ1 = −e−1/ε

on the LHS which can be inserted in the RHS to ob-
tain a better value µ2 etc. This procedure converges
nicely for small ε and for other values of ε one can
use standard techniques to solve these equations numer-
ically and efficiently. For ε ≪ 1, the first approximation
(−µ) ≈ e−1/ε ≪ ε is already very good.
To understand the limit of |µ| ≫ 1 it is more useful

to consider ε as a function of µ which is determined by
(S.4). Expanding the logarithm in (S.4) up to 3rd order
in 1/µ one finds that

ε ≈ 1

2

(
1 +

1

6µ

)
→ 1

2
(S.6)

for |µ| → ∞ which is expected from the curve of µ in
Fig. S1. The 1/µ correction in (S.6) will be useful below.

As explained in the main part of this work, to compute
the Lorenz curve we have to compute a partial sum over
ρm to obtain the household fraction h and over (Em/ε)ρm
to obtain the wealth variable. Now, we replace these par-
tial sums also by integrals up to some arbitrary value

s ∈ [0, 1] which provides functions h(s) and w(s) allow-
ing to determine the Lorenz curve w(h). These partial
integrals are:

h(s) = (ε− µ)

∫ s

0

1

Ẽ − µ
dẼ

= (ε− µ) ln

(
s− µ

−µ

)
(S.7)

⇒ s(h) = (−µ)
(
eh/(ε−µ) − 1

)
(S.8)

and

w(s) =
ε− µ

ε

∫ s

0

Ẽ

Ẽ − µ
dẼ

=
1

ε

[
(ε− µ)s+ µ(ε− µ) ln

(
s− µ

−µ

)]
. (S.9)

Inserting (S.7) and (S.8) in (S.9) we obtain the following
analytical expressions for the Lorenz curve:

w(h) =
−µ

ε

(
(ε− µ)

(
eh/(ε−µ) − 1

)
− h

)
(S.10)

=
1− µ

ε
e−1/(ε−µ)

(
(ε− µ)

(
eh/(ε−µ) − 1

)
− h

)
.

(S.11)

Here (S.11) has been obtained by replacing the global
factor µ with (S.5) which gives a more convenient ex-
pression. Using (S.5), one can verify that (S.10) (and
therefore also (S.11)) satisfy the conditions w(0) = 0 and
w(1) = 1.
The expression (S.11) allows to take the limit ε ≪ 1

with µ ≈ −e−1/ε ≪ ε such that for ε ≪ 1 we have the
simplified Lorenz curve (replacing µ = 0 in (S.11)):

w(h) ≈ e−1/ε

(
eh/ε − 1− h

ε

)
≈ e(h−1)/ε . (S.12)

Here both expression are equivalent approximations for
small ε with e−1/ε ≪ 1. The first (second) expression
does not exactly verify the condition for w(1) (or w(0)).
The second expression is very simple and numerically
quite sufficient for ε ≤ 0.2.
We have verified that both expressions (S.10) and

(S.11) coincide with the numerical data shown in Fig. 1
up to graphical precision with an error below 104 and
for all values of ε used in Fig. 1. The approximate for-
mulas (S.12) are valid for ε ≤ 2 with an error ∼ 10−2

for ε = 0.2 (and smaller errors for smaller values of
ε). This can be seen in Fig. S8 comparing the data for
ε = 0.1, 0.2, 0.3 between the analytic expressions and the
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data for N = 10000. Even for ε = 0.3 only a modest
deviation of the approximate curve is visible while here
and in all other cases the more precise expression (S.11)
matches the numerical data very closely.

Using the analytical expressions for w(h) one can com-
pute several other quantities. For example it is in-
teresting to consider the 2nd order expansion in h for
|h/(ε− µ)| ≪ 1 which gives:

w(h) =
(−µ)

2ε(ε− µ)
h2 . (S.13)

We know that the limit |µ| → ∞ corresponds to ε → 1/2
and in this case (S.13) is valid for all h ∈ [0, 1]. This gives
the very simple formula w = h2 (which is also obvious
from the fact that ρm = 1/N = const. for |µ| → ∞ and
the way the Lorenz curve is constructed from ρm).
It is also possible to compute the Gini coefficient:

G = 1− 2

∫ 1

0

w(h) dh

= 1 +
2µ

ε

[
(ε− µ)2(e1/(ε−µ) − 1)− (ε− µ)− 1

2

]
(S.14)

= 1− µ

ε
− 2(ε− µ) . (S.15)

Here the second simpler expression (S.15) has been ob-
tained by replacing the exponential term in (S.14) us-
ing the implicit equation of µ. The limit ε ≪ 1 with
µ ≈ −e−1/ε gives G ≈ 1 − 2ε which matches well the
values of G given in the caption of Fig. 1 for ε ≤ 0.1
(rather close value for ε = 0.2). The other values are
matched exactly by the more precise expression (S.15).
Furthermore, inserting the expression (S.6) for large |µ|
in (S.15) one finds (confirms) that G = 1/3 for ε = 1/2
(here it is necessary to keep the 1/µ correction in (S.6)
to obtain the correct result for G).

Using the analytical expression (S.11) for w(h) it is
also straightforward to compute (with simple numerics)
the inverse function h(w). Using this and the analytical
expression (S.15) for the Gini coefficient, we have also
recomputed the curves for G(ε), h(2%), 1−h(25%) (both
as a function of ε) and verified that the analytical curves
coincide with the numerical curves shown in Figs. 5 and
6 (for the RJS model at N = 10000) up to graphical
precision (typical error ∼ 10−4).
One might be concerned that the integral approxima-

tion is not very good for small µ (close to the singularity
of the first term in (S.3)) and some finite but large value
of N such as N = 10000. This is true but the integral
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FIG. S8: Comparison of Lorenz curves of wealth fraction w
versus household fraction h for the analytical model with the
numerical data of the RJS model for finite N = 10000 and for
three key values of the rescaled energy ε = 0.1, 0.2, 0.3 (top
to bottom). Left panels shows the difference between the
analytical model and numerical data and right panels show
directly the curves w versus h for the numerical data (red lines
and plus symbols) and the analytical model. Blue lines/data
points correspond to the formula (S.11) valid for all values of
ε and using the appropriate value of the chemical potential µ
determined by the implicit equation (S.4). Green lines/data
points correspond to the (second) approximate formula (S.12)
valid for small ε ≤ 0.2. The discrete points of data in the top
right panel for ε = 0.1 at values close to w = 0 indicate finite
values for ρ0 = 0.1129, ρ0 + ρ1 = 0.1660, etc. which are due
to RJ condensation.

provides a modified logarithmic singularity which allows
also to mimic correctly the condensation effect with cor-
rect probabilities. Therefore even though the values of
µ are modified for ε ≪ 1 (but still 0 < −µ ≪ ε ≪ 1
for both models !) the resulting probabilities (e.g. in-
tegrals or sums of ρm over some interval in Ẽ = m/N)
are the same. The values of µ obtained by the continu-
ous analytical model match very well the curve shown in
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Fig. S1 but of course this figure does not allow to verify if
µ ≈ −e−1/ε (continuous model) or µ ≈ −ε/(N − 1) (for
the finite N model with discrete sums) which are both
close to zero in the figure. In any case, we find that the
analytical expressions given here (if µ is properly evalu-
ated by its implicit equation (S.4) and if properly evalu-
ated by avoiding numerical instabilities of some formulas
in some special cases) match the numerical data with an
error that scales with 1/N .

Without going into details, we mention that we have
also considered a more refined version of the continuous
model using a finite value of N and keeping the first
singular term separate from the integral (which starts at
s = 1/N and not S = 0). In this case, we obtain a
modified implicit equation of µ which results in values
of µ closer to the model of finite N but the resulting
physical quantities (w(h) curves, Gini coefficients etc.)
are (numerically with an error < 10−4) the same as both
the numerical data and the simple model. The resulting
analytical expressions of the refined model are slightly
modified (essentially replacing h by h − ρ0 for h ≥ ρ0
in the formula of the Lorenz curve and using w(h) = 0
for h < ρ0 where ρ0 may now have a finite value). Note
that the initial interval h ∈ [0, ρ0[ with exactly w(h) = 0
for the refined and also the discrete model translates to
exponentially small values w(h) ≈ h2 e−1/ε/(2ε) for the
simple analytical model (replacing µ ≈ −e−1/ε in (S.13)).

IV. DATA FOR COMPANIES OF STOCK
EXCHANGE AT NEW YORK, LONDON, HONG

KONG

We present here the Lorenz curves for the capitaliza-
tion of companies at stock exchanges of New York, Lon-
don, Hong Kong. They are obtained respectively from
Refs. [33,34,35].

First, we present in Fig. S9 the Lorenz curve for the
data of 504 S&P500 companies of the New York Stock
Exchange (NYSE) of June 16, 2025 (see Ref. [33]). This
Fig. S9 shows the direct comparison of the Lorenz curve
of NYSE and the corresponding RJ thermal distribution
of the RJS model (at same Gini value). Here, we use the
standard value N = 10000 for the RJS curve but using
a reduced value N = 504 (as the number of companies)
gives the same RJS curve within graphical precision. The
quality of agreement with the RJS model is comparable
to the cases of US or World in Fig. 3. We also note
the characteristic values: h = 0.191 at wealth w = 0.02;
w = 0.092 at h = 0.5; the wealth of top 10 percent of h

companies is 1− w(0.9) = 0.602 and the wealth of top 1
percent of companies is 1−w(0.99) = 0.267. Thus we see
that there is a small fraction of oligarchic companies that
monopolize a big fraction of total wealth. The fraction of
poor companies, corresponding to the RJ condensate, is
smaller than the fraction of poor housholds in the US or
World cases. We attribute this to the fact that these 504
companies of S&P500 represent only about 80 percent of
the total capitalization of US companies.
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FIG. S9: Comparison of the Lorenz curve for the S&P500
companies of NYSE 2025 (black; data from Ref. [33]) with
the corresponding curve for the RJS model (red curve; N =
10000) at same Gini coefficient G = 0.692 obtained for ε =
0.1582.

Fig. S10, compares the Lorenz curve for the London
stock exchange (2024; data from Ref. [34]) with the RJS
model. Here, the Gini coefficient G = 0.9126 is higher
than for the US and World cases and the corresponding
value ε ≈ 0.044 for the RJS model is quite small. Due
to the high value of G the first probability ρ0 = 0.6545
is very high indicating a strong RJ condensation with
exactly w = 0 for h ∈ [0, ρ0[ in the RJS model. The
chosen value N = 1637 is identical to the number of
considered companies but the RJS curve forN = 10000 is
identical on graphical precision (with a slightly modified
value for ε).
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FIG. S10: Comparison of the Lorenz curve for the 1637
companies of the London stock exchange FTSE at 31 Decem-
ber 2024 (black; data from Ref. [34]) with the corresponding
curve for the RJS model (red curve; N = 1637) at same Gini
coefficient G = 0.9126 obtained for ε = 0.04387. The top
(bottom) panel shows the full range h ∈ [0, 1] (zoomed range
h ∈ [0.8, 1]).

Fig. S11, compares the Lorenz curve for the Hong Kong
stock exchange (2025; data from Ref. [35]) with the RJS
model. Here, the Gini coefficient G = 0.9471 is even
higher than for the London stock exchange and the cor-
responding value ε ≈ 0.027 for the RJS model is even
smaller. Due to the very high value of G the first prob-
ability ρ0 = 0.7768 is even higher (than ρ0 for the Lon-
don stock exchange) indicating a strong RJ condensation
with exactly w = 0 for the larger interval h ∈ [0, ρ0[ in
the RJS model. The chosen value N = 2683 is identi-
cal to the number of considered companies but the RJS
curve for N = 10000 is identical on graphical precision
(with a slightly modified value for ε).
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FIG. S11: Comparison of the Lorenz curve for the 2683
companies of the Hong Kong stock exchange at 19 June 2025
(black; data from Ref. [35]) with the corresponding curve for
the RJS model (red curve; N = 2683) at same Gini coefficient
G = 0.9471 obtained for ε = 0.02651. The top (bottom) panel
shows the full range h ∈ [0, 1] (zoomed range h ∈ [0.8, 1]).

Fig. S12, compares the Lorenz curve for the 30 Dow
Jones companies (2025; data from Ref. [33]) with the
RJS model. Here, the Gini coefficient G = 0.3096 is very
low and the corresponding value ε ≈ 0.55 for the RJS
model is very high being in the region for T < 0 with
large |T |. The value of G is even smaller then G = 1/3
for the curve w = h2 corresponding to the RJS model
with ε = 0.5 and |T | → ∞. The chosen value N = 30 is
identical to the number of considered companies but de-
spite the modest value of N the RJS curve for N = 10000
is identical on graphical precision (with a slightly mod-
ified value for ε). We mention, that a comparison with
the EQI model for a modest value of E0 to fit approx-
imately the finite initial slope in the data provides the
energy value ε ≈ 0.48 < 0.5 corresponding to the regime
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of T > 0 but still with large |T |. We note that this case
is very special since these 30 companies are certainly not
isolated and they constitute a subset of the 504 compa-
nies of S&P500 (which are not perfectly isolated as well).
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FIG. S12: Comparison of the Lorenz curve for the 30 Dow
Jones companies of NYSE 2025 (black; data from the site
of Ref. [33] taken at June 18, 2025) with the corresponding
curve for the RJS model (red curve; N = 30) at same Gini
coefficient G = 0.3096 obtained for ε = 0.5528. The dashed
green (black) line represents the curve for w = h2 (w = h) for
the RJS model at ε = 0.5, T → ∞ (perfect equipartition).

For the data of NYSE S&P500 (and Dow Jones com-
panies) the assumption that the system is completely
isolated and the total wealth is preserved is somewhat
less justified (or not all justified for the Dow Jones case)
in comparison to populations of countries or the whole
world. We suppose that this fact is the reason for the
reduced fraction of poor companies since external fluc-
tuations may increase energies. However, in global the
Lorenz curves shown in the section for different stock ex-
change selections are rather well described by the RJS
model but indeed with strongly varying values of ε ac-
cording to the different values of the Gini coefficient with
either G ≈ 1− 2ε (if ε ≪ 1) or G ≈ 1/3 (if w ≈ h2 as in
the Dow Jones case).
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