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Figure 1: Fraction of ionized hydrogen atoms as a function of

microwave frequency , measured in units of level spacing

for initially excited level ; data are obtained by
numerical simulations of classical (circles) and quantum
(crosses) evolution; one-photon ionization threshold is marked

by  (from [3])
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Mi crowa v e i on i za ti on  of  h y drogen  a tom s i s

a  process of el ectron  i on i za ti on  of exci ted h y drogen

a tom s by  a n  el ectrom a gn eti c m i crowa v e f i el d

wh en  ten s or  h u n dreds of ph oton s a re requ i red to

i on i ze on e el ectron . Ev en  i f  a  m i crowa v e f i el d i s

rel a ti v el y  wea k th i s  m u l ti ph oton  i on i za ti on  i s

m u ch  m ore effi ci en t th a n  a  di rect on e-ph oton

i on i za ti on  a t h i gh  ph oton  en erg i es (see Fi g .1).

Su ch  a  ra pi d i on i za ti on  h a ppen s du e to a  di ffu si v e

growth  of el ectron  en ergy  gen era ted by  dy n a m i ca l

ch a os i n  th e cl a ssi ca l  sy stem . Qu a n tu m  effects

ca n  su ppress th i s di ffu si on  wi th  em ergen ce of

ph oton i c l oca l i za ti on  wh i ch  i s si m i l a r  to th e

A n derson  l oca l i za ti on  i n  di sordered sol i d sta te

sy stem s. Th e di ffu si v e ph otoeffect wa s fi rst

observ ed i n  experi m en ts of Ba y fi el d a n d Koch

(197 4) [1], wh i ch  h a ppen ed to be fi rst ex per i m en ts

perform ed i n  a  reg i m e of qu a n tu m  ch a os. Th e

qu a n tu m  effects of ph oton i c l oca l i za ti on  were fi rst

observ ed by  th e grou p of Koch  (1988) [2].

System description

Th e ev ol u ti on  of th e cl a ssi ca l  sy stem  i s g ov ern ed

by  th e Ha m i l ton i a n

wri tten  i n  ca n on i ca l  m om en tu m -coordi n a te v a r i a bl es i n  a tom i c u n i ts, wi th   bei n g  a m pl i tu de a n d

frequ en cy  of m i crowa v e fi el d. Th e qu a n tu m  ev ol u ti on  i s descr i bed by  th e correspon di n g  Sch rödi n ger

equ a ti on . Th e cl a ssi ca l  dy n a m i cs depen ds on l y  on  resca l ed v a r i a bl es , a n d  i s a

pri n ci pa l  qu a n tu m  n u m ber  of i n i ti a l l y  ex ci ted l ev el . For  i on i za ti on  a n  el ectron  sh ou l d a bsorb

 ph oton s. For  ty pi ca l  experi m en ta l  con di ti on s wi th  a  m i crowa v e fi el d of 10 GHz a n d

 [1],  so th a t a bou t 7 6 ph oton s a re requ i red to i on i ze on e a tom . A  stron g  i on i za ti on  ta kes

pl a ce a t rel a ti v el y  wea k fi el d a m pl i tu de bei n g  sev era l  ti m es sm a l l er  th a n  th e sta ti c fi el d i on i za ti on

th resh ol d .
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Figure 2: Poincare section of the Kepler map at

 with rescaled electron energy

 and microwave phase taken at perihelion.

Th e cl a ssi ca l  dy n a m i cs of on e-di m en si on a l  a tom

i s wel l  descr i bed by  th e Kepl er  m a p

wh ere  i s a  n u m ber  of ph oton s a t a

g i v en  el ectron  en erg y ,  i s th e ph a se of m i crowa v e

fi el d a t th e per i h el i on  of el ectron  orbi t, ba rs m a rk

n ew v a l u es of ca n on i ca l  con ju ga te v a r i a bl es a fter

on e orbi ta l  per i od, a n d  i s

di m en si on l ess ki ck a m pl i tu de, correspon di n g  to

a n  en ergy  ch a n ge gen era ted by  a  m i crowa v e fi el d

on  on e el ectron  per i od. Th i s sy m pl ecti c m a p i s

v a l i d for  . Th e secon d equ a ti on  ca n  be

l oca l l y  l i n ea r i zed g i v i n g   wi th

. Th i s l oca l  m a p i s equ i v a l en t to th e

Ch i r i kov  sta n da rd m a p wi th  th e ch a os pa ra m eter

. A n  ex a m pl e of th e P oi n ca re

secti on  of th e ph a se spa ce i s sh own  i n  Fi g .2, h ere

th e el ectron  en ergy  , expressed v i a  th e

n u m ber  of ph oton s , i s sh own  a s th e ph a se of

m i crowa v e fi el d  a t th e m om en t wh en  el ectron  pa sses v i a  th e per i h el i on . Loca l l y , th e dy n a m i cs

i n  th e ph a se spa ce ca n  be descr i bed by  th e Ch i r i kov  sta n da rd m a p wi th  th e g l oba l  ch a os a n d di ffu si on

a ppea ri n g  a t . A s a  resu l t th e ch a oti c di ffu si v e i on i za ti on  ta kes pl a ce a bov e th e ch a os

border  [4],[5],[6]

A bov e th e ch a os border  th e cl a ssi ca l  ch a os l ea ds to a  ra pi d di ffu si v e i on i za ti on  wh i ch  ra te i s

si gn i fi ca n tl y  l a rger  th a n  a  di rect on e-ph oton  i on i za ti on , th a t i s cl ea r l y  seen  i n  Fi g .1. Th i s di ffu si on

process g i v es a  sequ en ce of a bsorpti on  a n d em i ssi on  of ph oton s wh i ch  i s ch a n ges by   a t ea ch

orbi ta l  per i od of el ectron .
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Figure 3: The Chirikov localization of photonic transitions:
exponential probability distribution as a function of the

number of absorbed photons  for

, open circles give probability
in one-photon interval, full circles are obtained from the
quantum Kepler map, the straight line shows exponential
localization.

Th e ph oton i c tra n si ti on s a re ch a ra cter i zed by  th e

cl a ssi ca l  di ffu si on  wi th  th e di ffu si on  coeffi ci en t

. Un der  certa i n  con di ti on s th e qu a n tu m

i n terferen ce effects l ea d to th e Ch i r i kov  (or

dy n a m i ca l ) l oca l i za ti on  of th i s di ffu si on . A s for

th e qu a n tu m  Ch i r i kov  sta n da rd m a p, th e

l oca l i za ti on  l en gth  cou n ted i n  th e n u m ber  of

ph oton s i s g i v en  by  th e di ffu si on  ra te [5],[6],[7 ]

Th e l oca l i za ti on  l en gth  ca n  be a l so expressed i n

a n oth er  form  u sefu l  for  a  gen eri c sy stem  wi th

den si ty  l ev el s  exci ted by  a  m on och rom a ti c fi el d

of stren gth   a n d on e-ph oton  tra n si ti on  m a tr i x

el em en t :

Th e a bov e expressi on s a re v a l i d for  .

For  th e ca se of h y drogen  a tom  we h a v e

. Th i s l oca l i za ti on  i s  si m i l a r  to th e A n derson  l oca l i za ti on  i n  di sordered qu a si -

on e-di m en si on a l  sy stem s wi th  th e i m porta n t di fferen ce th a t h ere we h a v e a  pu rel y  dy n a m i ca l  sy stem

wi th ou t a n y  di sorder . Du e to l oca l i za ti on  th e exci ta ti on  proba bi l i ty  on  h i gh  l ev el s drops expon en ti a l l y

 a s i t i s wel l  seen  for  th e resu l ts of n u m eri ca l  si m u l a ti on s sh own

i n  Fi g .3. Th e exci ta ti on  process i s a pprox i m a tel y  descr i bed by  th e qu a n tu m  Kepl er  m a p

wh ere  a n d  i s th e projecti on  opera tor  on

cou pl ed sta tes [6].
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0 Nϕ P̂

Microwave ionization of hydrogen atoms - Scholarpedia http://www.scholarpedia.org/w/index.php?title=Microwav...

3 of 8 02/26/2013 04:58 PM



Figure 4: Scaled 10% ionization threshold filed  versus

scaled microwave frequency : experimental results

of Koch group, taken from [2], are shown by circles, results of
numerical simulations with the quantum Kepler map are

shown by full circles, here  and initial

level changes from 45 to 80, dashed curve shows quantum
delocalization border for experiment conditions, dotted curve
shows classical chaos border, no fit parameters (from [8]).

Th e qu a n tu m  del oca l i za ti on  border  ta kes pl a ce

wh en  th e l oca l i za ti on  l en gth  becom es l a rger  th a n

th e n u m ber  of ph oton s requ i red to i on i ze on e

el ectron   th a t g i v es

A t fi xed m i crowa v e frequ en cy  th e del oca l i za ti on

border  i s growi n g  wi th  a n  i n crea se of i n i ti a l l y

ex ci ted l ev el  si n ce . Th i s th eoreti ca l

predi cti on  h a d been  observ ed i n  th e experi m en ts

of Koch  grou p [2]. Th e experi m en ta l  resu l ts a re i n

good a greem en t wi th  th e n u m eri ca l  si m u l a ti on s

ba sed on  th e qu a n tu m  Kepl er  m a p a s i t i s sh own  i n

Fi g .4 from  [8]. Fu rth er  exper i m en ts of Ba y fi el d

grou p wi th  h y drogen  a tom s [9] a n d Wa l th er  grou p

wi th  R y dberg  a tom s [10] a l so con fi rm ed th e

predi cti on s of ph oton i c l oca l i za ti on  th eory .

Ionization of three-dimensional atoms

Th e a bov e th eory  i s ba sed on  a  on e-di m en si on a l

a pprox i m a ti on  of ex ci ted sta tes of th e h y drogen

a tom . In  fa ct, a s i t i s  expl a i n ed i n  [6], th i s a pprox i m a ti on  descr i bes wel l  th e i on i za ti on  process of rea l

th ree-di m en si on a l  a tom s i f  i n i ti a l  orbi ta l  n u m ber  . Th e ph y si ca l  or i g i n  of th e Kepl er  m a p

v a l i di ty  i s rel a ted to th e Kepl er  degen era cy  of h y drogen  a tom  du e to wh i ch  th e dy n a m i cs i n  orbi ta l

m om en ta  a n d con ju ga ted ph a ses i s a di a ba ti ca l l y  sl ow a n d does n ot g i v e si gn i fi ca n t i n fl u en ce on  ra pi d

dy n a m i cs i n   v a r i a bl es.

Chirikov localization and Anderson localization

Th e ph en om en on  of A n derson  l oca l i za ti on  (1958) a ppea rs i n  di sordered sol i ds wh en  a  di ffu si v e

sprea di n g  i n  spa ce, ex i sti n g  for  cl a ssi ca l  tra jector i es, becom es expon en ti a l l y  l oca l i zed du e to qu a n tu m

i n terferen ce effects (a  deta i l ed descr i pti on  ca n  be fi n d i n  i n tern a l  referen ces a n d recom m en ded

rea di n g). In  sy stem s of dy n a m i ca l  ch a os th ere i s n o di sorder  bu t th e cl a ssi ca l  di ffu si v e sprea di n g

a ppea rs du e to ch a os. In  a  wa y  si m i l a r  to th e A n derson  l oca l i za ti on  th i s ch a oti c di ffu si on  ca n  be

l oca l i zed by  qu a n tu m  i n terferen ce effects. Th i s l oca l i za ti on  of  dy n a m i ca l  qu a n tu m  ch a os i s kn own  i n  a

l i tera tu re a s dy n a m i ca l  or  Ch i r i kov  l oca l i za ti on . Th i s term  stresses th e dy n a m i ca l  or i g i n  of th i s

ph en om en on  em erg i n g  i n  a bsen ce of a n y  di sorder . Here we di scu ss th e a ppea ra n ce of Ch i r i kov

l oca l i za ti on  for  a  m i crowa v e i on i za ti on  of h y drogen  a tom s. More exa m pl es of th i s ph en om en on  i s g i v en

i n  th e i n tern a l  refer en ces bel ow.

Stabilization in strong fields
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A t v ery  stron g  fi el ds th e cl a ssi ca l  dy n a m i cs of th ree-di m en si on a l  a tom  becom es sta bl e a n d i on i za ti on

i s su ppressed. Th i s sta bi l i za ti on  reg i m e ex i sts for  th e fi el ds i n  th e ra n ge

, wh ere  i s i n i ti a l  m a gn eti c qu a n tu m  n u m ber  [11]. Th e

a n a l ogi es between  th i s sta bi l i za ti on , th e Ka pi tsa  pen du l u m  a n d ch a n n el i n g  of ch a rged pa rti cl e bea m s

i n  cry sta l s a re di scu ssed i n  [11]. Th e sta bi l i za ti on  th eory  sti l l  h a s n ot been  v er i fi ed experi m en ta l l y .

Related physical systems

Ion i za ti on  of  ch a oti c Ry dberg a tom s: A  h y drogen  a tom  i s  a n  i n tegra bl e sy stem  a n d a

m i crowa v e fi el d sh ou l d be rel a ti v el y  stron g  to i n du ce ch a oti c di ffu si v e i on i za ti on . Howev er , i t i s

possi bl e to h a v e a tom s wh i ch  a re ch a oti c i n  a bsen ce of m i crowa v e fi el d: i t ca n  be h y drogen  or

R y dberg  a tom s i n  a  m a gn eti c fi el d, or  R y dberg  a tom s i n  a  sta ti c el ectr i c fi el d. For  su ch  a tom s a

di ffu si v e exci ta ti on  ca n  ta ke pl a ce ev en  wh en  th e m i crowa v e frequ en cy  i s si gn i f i ca n tl y  sm a l l er

th a n  th e Kepl er  frequ en cy  so th a t h u n dreds of ph oton s a re requ i red to i on i ze on e el ectron . Th e

properti es of ph oton i c l oca l i za ti on  for  su ch  a tom s a re a n a l y zed i n  [12]. A  si m i l a r  ty pe of ph oton i c

l oca l i za ti on  a ppea rs for  m i crowa v e exci ta ti on  of n on i n tera cti n g  el ectron s i n  m eta l l i c qu a n tu m  dots

of m i cron  si ze, wh i ch  ca n  be v i ewed a s a rti fi ci a l  R y dberg  a tom s, th e th eory  of ph oton i c l oca l i za ti on

i n  su ch  sy stem s i s descr i bed i n  [13].

Ch a oti c a u toi on i za t i on  of  m ol ecu l a r Ry dberg sta tes: For  R y dberg  sta tes of a  m ol ecu l e th ere

i s a  cou pl i n g  between  rota ti on s of di pol e m om en t of ch a rged m ol ecu l a r  core a n d el ectron  ex ci ted

sta tes. Th i s cou pl i n g  ca n  be descr i bed i n  th e fra m e of th e Kepl er  m a p wh i ch  u n der  certa i n  con di ti on s

l ea ds to a  di ffu si v e a u toi on i za ti on  of m ol ecu l a r  R y dberg  sta tes a s descr i bed i n  [14].

Ca ptu re of  da rk m a tter by  th e Sol a r Sy stem : Th e ca ptu re of da rk m a tter  pa rti cl es sca tter i n g

on  th e Su n  wi th  a  rota ti n g  pl a n et i s a  pr ocess i n v erse to i on i za ti on . Th i s ca ptu re process i s a l so

descr i bed by  a  si m pl e m a p wh i ch  i s si m i l a r  to th e Kepl er  m a p. Th e en erg i es of pa rti cl es wh i ch  ca n  be

ca ptu red a n d th e ca ptu re cross-secti on  a re a n a l y ti ca l l y  determ i n ed i n  [15]. A ccordi n g  to th ese

resu l ts th e cross-secti on  di v erges a s a n  i n v erse pa rti cl e en ergy  bei n g  m u ch  l a rger  th a n  th e

pl a n eta ry  orbi t a rea . Th e properti es of da rk m a tter  ch a os i n  th e Sol a r  Sy stem  a re a n a l y zed i n  [16].

Historical notes

Th e str i ki n g  experi m en ts of Ba y fi el d a n d Koch  [1] don e a t Y a l e i n  197 4 rem a i n ed for  a  l on g  ti m e a s a

th eoreti ca l  pu zzl e. In  197 8 Del on e, Zon  a n d Kra i n ov  [17 ] proposed to descr i be th e exci ta ti on  process by  a

di ffu si on  equ a ti on  i n  en ergy  u si n g  ra n dom  ph a se a pprox i m a ti on  a n d a ssu m i n g  th a t th i s a pproa ch  i s

v a l i d a t , wh en  th e fi el d pertu rba ti on  becom es l a rger  th a n  th e l ev el  spa ci n g . Th i s ga v e a

correct esti m a te of th e di ffu si on  ra te a n d i on i za ti on  ti m e sca l e bu t a  wron g i on i za ti on  border  wh i ch

goes to zero i n  th e sem i cl a ssi ca l  l i m i t. In depen den tl y , i n  197 8 Leopol d a n d Perci v a l  [18] perform ed

n u m eri ca l  si m u l a ti on s of cl a ssi ca l  dy n a m i cs sh owi n g  th a t su ch  a n  a pproa ch  g i v es a  fra cti on  of

i on i zed a tom s bei n g  cl ose to th e experi m en ta l  v a l u es. Howev er , th e di scu ssi on  of  dy n a m i ca l  ch a os a s

th e or i g i n  of stron g  i on i za ti on  a ppea rs on l y  i n  th e work of Meerson , Oks a n d Sa sorov  i n  197 9 [19], wh ere

th ey  g i v e a  correct esti m a te of th e i on i za ti on  th resh ol d on  th e ba si s of th e Ch i r i kov  cr i ter i on  of

reson a n ce ov er l a p for  th e ca se of . Th e depen den ce of th e ch a os border  on  frequ en cy  wa s fou n d i n

[4]. Th e fi rst si gn a tu res of qu a n tu m  su ppressi on  of cl a ssi ca l  di ffu si v e ex ci ta ti on s h a v e been  fou n d i n

[20] a n d l a ter  i n  a dv a n ced stu di es [21]. Th e n u m eri ca l  codes for  qu a n tu m  ev ol u ti on  dev el oped i n  [20]

were u sed i n  [3],[5],[6],[9],[21],[22]. Th e a n a l y ti ca l  th eory  of  ph oton i c l oca l i za ti on  wa s dev el oped i n

10ω/(|m| + 1) < ϵ < 20 /(|m| + 1ω2n2
0 )2 m

ϵ > 1/n5

∼ 1ω0
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[5],[6],[21],[22] a n d i t wa s con fi rm ed by  exten si v e n u m eri ca l  si m u l a ti on s perform ed i n  th ese works.

Th e fi rst exper i m en ta l  con fi rm a ti on s of  th i s th eory  h a v e been  obta i n ed by  th e Koch  grou p [2] a n d l a ter

by  th e grou ps of Ba y fi el d [9] a n d Wa l th er  [10]. Th e descr i pti on  of i on i za ti on  by  th e cl a ssi ca l  a n d

qu a n tu m  Kepl er  m a p wa s dev el oped i n  [6],[22]. Th e process of m i crowa v e i on i za ti on  wa s stu di ed a l so by

Jen sen  [23], Bl u m el  a n d Sm i l a n sky  [24]. Th e cl a ssi ca l  Kepl er  m a p for  th e h y drog en  i on i za ti on  wa s a l so

obta i n ed i n  [25], for  com et dy n a m i cs i n  th e Sol a r  sy stem  th i s m a p wa s der i v ed by  Petrosky  [26]; m a p

descr i pti on  of th e dy n a m i cs of th e com et Ha l l ey  wa s dev el oped by  Ch i r i kov  a n d V ech esl a v ov  [27 ].

A ddi ti on a l  referen ces a n d resu l ts for  m i crowa v e i on i za ti on  of exci ted a tom s ca n  be fi n d i n  th e rev i ews

[28],[29],[30]. More recen t exper i m en ts on  m i crowa v e i on i za ti on  of R y dberg  a tom s a re presen ted i n

[31]. Th e term  Ch i r i kov  l oca l i za ti on  wa s i n trodu ced i n  [32] to h on or  th e pi on eeri n g  con tr i bu ti on  of Bor i s

Ch i r i kov  i n  th e di scov ery  a n d i n v esti ga ti on  of th i s ph en om en on .
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